DELHI POLYTECHNIC 

LIBRARY 

CLASS NO . __ 621.319 

BOOK NO SKI 


ACCESSION NO. 33,527 





McGraw-Hill Electrical and Electronic Engineering Series 

Frederick Emmons Terman, Consulting Editor 


ELECTRIC TRANSMISSION LINES 

Distributed Constants, Theory and Applications 


McGraw-Hill Electrical and Electronic Engineering Series 
Frederick Emmons Term an, Consulting Editor 
W. W. Harman and J. G. Truxal 

Associate Consulting Editors 


Bailey and Gault • Alternating-current Machinery 
Beranek • Acoustics 

Bruns and Saunders • Analysis of Feedback Control Systems 
Cage • Theory and Application of Industrial Electronics 
Cuccia • Harmonics, Sidebands, and Transients on Communication 
Engineering 

Eastman • Fundamentals of Vacuum Tubes 
Evans • Control-system Dynamics 

Fitzgerald and Higginbotham • Basic Electrical Engineering 

Fitzgerald and Kingsley • Electric Machinery 

Geppert • Basic Electron Tubes 

Glasford • Fundamentals of Television Engineering 

Happell and IIesselberth • Engineering Electronics 

Harman • Fundamentals of Electronic Motion 

Hessler and Carey • Fundamentals of Electrical Engineering 

Hill • Electronics in Engineering 

Johnson • Transmission Lines and Networks 

Kraus • Antennas 

KraIjs • Electromagnetics 

LePage * Analysis of Alternating-current Circuits 
LePage and Seely • General Network Analysis 
Millman and Seely • Electronics 
Millman and Taub • Pulse and Digital Circuits 
Rogers • Introduction to Electric Fields 

Rudenberg • Transient Performance of Electric Power Systems 
Seely • Electronic Engineering 
Seely • Electron-tube Circuits 
Seely • Radio Electronics 
Siskind • Direct-current Machinery 
Skilling • Electric Transmission Lines 
Skilling • Transient Electric Currents 
Spangenberg • Fundamentals of Electron Devices 
Spangenberg • Vacuum Tubes 
Stevenson • Elements of Power System Analysis 
Storer • Passive Network Synthesis 
Terman • Electronic and Radio Engineering 
Terman and Pettit • Electronic Measurements 
Thaler * Elements of Servomechanism Theory 
Thaler and Brown • Servomechanism Analysis 
Thompson • Alternating-current and Transient Circuit Analysis 
^ Tbuxal • Automatic Feedback Control System Synthesis 



ELECTRIC 


TRANSMISSION LINES 


Distributed Constants, Theory 
and Applications 


HUGH HILDRETH SKILLING, Ph.D. 

Professor of Electrical Engineering 
Stanford University 


NEW YORK TORONTO LONDON 


McGRAW-HILL BOOK COMPANY, INC. 
1951 



Electric Transmission Lines 

Copyright, 1951, by the McGraw-Hill Book Company, Inc. 
Printed in the United States of America. All rights reserved. 
This book, or parts thereof, may not be reproduced in any form 
without permission of the publishers. 


V 



PREFACE 


Twenty-five or thirty years ago, books on electric transmission lines were 
most commonly concerned with transmission of power at a single frequency. 
Some time later, reflecting the growth of long-distance telephone systems, 
authors gave attention to transmission of the audio-frequency band as well 
as power frequencies. More recently, radio-frequency transmission lines 
have come to be of great importance and value, and our practical interest 
now extends on through the radio-broadcast range and even to frequencies 
so high that transmission lines give place to hollow wave guides. 

As electrical engineers have come to use higher frequencies, colleges have 
extended their courses of instruction. Some faculties still teach trans¬ 
mission-line material in each of two or three courses covering different parts 
of the frequency range. Others now present a single unified course that 
covers transmission lines at all frequencies. 

This book is a presentation of the theory of circuits with distributed 
constants, which is valid at all frequencies, followed by chapters on the 
application of this theory to radio-frequency lines, power lines, telephone 
lines, filters, and wave guides. It is written primarily for the more general 
type of course that treats lines at all frequencies, although by appropriate 
selection of material (as will be explained shortly), it can also be used for a 
course relating to one type of application only. The advantages of the 
more general course need hardly be mentioned. If transmission lines are 
studied in several specialized courses, there is always some duplication of 
effort, a waste of the student’s time. On the other hand, a program of 
study that teaches only one type of transmission-line application is in 
danger of overspecialization. The different aspects of transmission-line 
operation that appear in different parts of the frequency range recall the 
story of three blind men describing an elephant. Their ideas of the elephant 
seemed quite at variance—one feeling the trunk, one feeling the tail, one 
feeling the legs—and yet they were all investigating the same animal. 
Transmission lines are all one animal and should be seen as a whole. 

Hence, the purpose of this book is to give as much on circuits with dis¬ 
tributed constants, and their practical applications, as is needed by all 
electrical engineers. Where there is doubt, the book leans toward giving too 
much material rather than too little, but it is not intended to train the 
specialist. A man who devotes much of his time to telephone transmission 



vi 


PREFACE 


will, of course, go beyond the scope of this book; he will not be satisfied 
with any one book, but will require a small library. The same is true of 
those who are largely engaged in the engineering of power lines or radio¬ 
frequency lines. Even the expert needs a breadth of knowledge of trans¬ 
mission lines beyond his own specialty, however, so this book is offered for 
him as well as for others. 

The reader is expected to be well acquainted with ordinary circuit theory 
involving lumped constants and to have some competence in differentiation 
and integration. That is all. More advanced mathematics is sometimes 
fnentioned, but only in footnotes that contain matters of interest lying a 
little apart from the main stream of the discussion. 

When starting to write this book, I was faced with the question that 
must confront all authors in a changing field. Should the book present 
transmission-line material in ways that have become more or less traditional 
(and thereby retain the respect of instructors who are accustomed to that 
familiar organization) or should it be arranged to take advantage of modern 
developments? The question was answered by trying new ideas in class¬ 
room teaching. One or two deviations from custom proved well worth 
while. 

For example, an easy approach to transmission-line theory is offered by 
the approximate formulas for high-frequency lines. The transmission-line 
equations, when applied to lines operating at high radio frequency, are 
greatly simplified and can be expressed in terms of the ordinary circular 
sine and cosine functions of real variables. If students are given these 
simple trigonometric forms immediately after an introductory discussion 
of traveling waves, and before the equations are generalized to complex 
hyperbolic form, the students' work is easier. Instead of having three new 
concepts (distributed constants, hyperbolic functions, and complex vari¬ 
ables) to assimilate all at once, they can work with these ideas, which are 
strange to them, and a little difficult, one at a time. In this book, the idea 
of distributed constants comes first, then real circular functions, next come 
real hyperbolic functions, and only then are complex trigonometric or 
hyperbolic functions required. 

Such an approach, by way of the high-frequency formulas, is specially 
appropriate in view of student interest, which seems to be most readily 
captured by ideas that relate to radio. Expression of the general trans¬ 
mission-line equations in terms of complex circular functions (the sine, 
cosine, and tangent with complex variables) naturally follows from the 
high-frequency presentation. Complex hyperbolic functions could be 
avoided entirely. However, because of their wide use in the literature, they 
are included, along with complex circular functions, throughout this book. 

Hyperbolic functions of complex variables are a splendid development, 
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historically. They are the natural form of mathematical expression for 
telegraph and cable lines. They describe low-frequency phenomena, and 
reduce to real hyperbolic functions for direct current. Their use in tele¬ 
graph theory in the nineteenth century by such men as William Thomson, 
(Lord Kelvin) and Oliver Heaviside, showed great mathematical ingenuity. 
Today complex hyperbolic functions in transmission-line work are a little 
anachronistic. They do no harm except to puzzle the students at first, but 
considering the modem emphasis on high-frequency transmission rather 
than on direct-current telegraphy, circular trigonometric functions fit more 
naturally into the mathematics. 

The plan of the book has been developed through ten years of teaching. 
The manuscript has gone through several editions of syllabus, rewritten as 
experience showed the need of revision. 

The book is so designed that parts of it can be included, and parts 
omitted, at the discretion of the instructor. The first five chapters are 
basic theory and are necessary for all that follows. Chapters 6 and 7 con¬ 
tain material on inductance, capacitance, and resistance that may be 
familiar from other studies; if so, these chapters can be omitted although 
occasional reference is made to their contents in the latter part of the book. 
The artificial-line concepts of Chap. 8 are essential to the discussion of 
telephone and power lines in Chaps. 9 and 11. 

Chapter 10, on filters, is preferably preceded by Chap. 9 on telephone 
lines, but apart from this the chapters on applications (from 11 on) are 
independent of each other. Thus, after Chap. 8, one may go to Chap. 9 
and 10 on telephone lines and filters, or to Chap. 11 on power lines, or to 
Chaps. 12 and 13 on radio-frequency lines, impedance charts, and wave 
guides, or to Chap. 14 on traveling waves. Thus emphasis can be placed as 
desired, on telephone applications, or on power lines, or on radio-frequency 
lines. 

The difference between telephone, power, and radio-frequency lines does 
not lie in the theory. The same basic equations are applicable over ranges 
of frequency, current, and voltage that are really worthy of consideration. 
It is not even the different assumptions or the different approximations that 
chiefly distinguish power from telephone, or telephone from radio-frequency 
engineering. It is a different way of thinking, a difference of concept. The 
author of a book like this must try to think as a power engineer when writ¬ 
ing one chapter, as a telephone engineer for another chapter, and as a radio 
engineer for another. This is so hard to do that I have gone to the special¬ 
ists for aid. I am most grateful to W. R. Johnson of the Pacific Gas and 
Electric Company; D. I. Cone, W. L. Carter, G. A. Furniss, and G. E. 
Hulstede of the Pacific Telephone and Telegraph Company; and F. E. 
Terman, K. R. Spangenberg, L. M. Field, and others of the Stanford 
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faculty, for helping me avoid unfortunate errors of concept and emphasis or 
twists of idiom. 

The aid of P.-K. Tien, who has assisted me in presenting the course and 
preparing the manuscript, is gratefully acknowledged. 

It would not be adequate to give formal thanks to my wife, Hazel Dillon 
Skilling, for assistance; she has worked with me throughout the preparation 
of the manuscript and it is her book as well as mine. 

The liberal policy of Stanford University in encouraging publication, as 
administered by President J. E. Wallace Sterling and Dean F. E. Terman, 
has been an essential factor in making this book possible. 

Hugh Hildreth Skilling 

Palo Alto, Calif. 

March, 1951 
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CHAPTER 1 


THE BASIC EQUATIONS 


1. Distributed Constants. In work with ordinary circuits, it is con¬ 
sidered that the resistance of a branch of the circuit can all be concentrated 
in one lump, even though we know that as a matter of fact it is distributed 
throughout the length of quite a long piece of wire. The same simplifying 
assumption is commonly applied to inductance. It is convenient, and 
permissible, to lump series elements of resistance and inductance in this 
way if the same current flows in each elementary part of the circuit. 
Thus the arrangement of Fig. 1-lb is equivalent for purposes of computa¬ 
tion to that of Fig. 1-la, for current is the same in each of the elements 
of resistance and inductance of Fig. 1-la. 

Lf R| 1 ? R? L3 R5 

(0) o—OMAAr-o 

IL IR 

O - . .— 'WWVW V O 

(b) -—o 

Fig. 1-1. Lumped series impedances. 

In a somewhat similar manner, the conductances and capacitances of 
Fig. l-2a can be combined as in Fig. 1-26. Elements in parallel can be 
thus combined if the same voltage is applied across each of them. 

Figure l-3a is an illustration of a network that cannot be simplified 
by merely lumping the elements. The various branches carry different 
currents, and have different voltages across their terminals. Figure 1-36 
shows a network in which a small amount of simplification is possible: the 
terminal currents are related in such a way that it is necessary for currents 
in the upper row of impedances to be equal to corresponding currents in 
the lower row of impedances; hence each impedance in the lower row can 
be combined with the impedance directly above it, giving a network 
similar to that in Fig. l-3a. 
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Fig. 1-2. Lumped shunt admittances. 
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A transmission line is comparable to the network of Fig. 1-36. The 
conductors of the line have resistance and inductance in every unit length 
of the line. There is capacitance from conductor to conductor, and possibly 
there is conductance through leaky insulation, in every unit length of line. 

Current and voltage both vary continuously along a transmission line. 
Current at one end of any short section of line differs from current at the 
other end because of the current that is shunted through the capacitance 
from wire to wire, and because of leakage current through the conductance 



Fig. 1-3. Networks that cannot be lumped. 


of leaky insulation. Voltage at one end of any section of the line differs 
from voltage at the other end of the section because of inductance and 
resistance in the line. Indeed, the characteristic of a transmission line 
that distinguishes it from any other kind of a circuit is having both series 
and shunt parameters distributed along the circuit. 

Not every pair of wires need be considered a transmission line. The 
mathematics of transmission lines should be applied to a pair of wires if 
both series and shunt parameters are important. This will always be true 
on a line so long that its length is a considerable fraction of the transmitted 
wavelength; that is, if the frequency is high or the line long. The same 
treatment is needed, however, even at low frequency, if wire resistance 
and insulation leakage are both rather large (as may be true, for instance, 
in a cable). 

Since an “electrically long” line is one with a length of the order of 
magnitude of a wavelength, or at least a reasonable fraction of a wave¬ 
length, an inch-long line (2§ centimeters) is electrically “long” for a 3,000- 
megacycle current with 10-centimeter wavelength. A telephone line of a 
few miles is “long” for a current of voice frequency. A power line carrying 
60-cycle current is hardly to be considered electrically “long” unless its 
actual length is a hundred miles or more. 
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2. Types of Lines. A line of two parallel wires is a common form of 
transmission line. A telephone line is an example. Two-wire lines are also 
used for radio-frequency transmission, but only at fairly low radio fre¬ 
quencies; a two-wire line might be used, for instance, between a trans¬ 
mitter operating in the standard broadcast frequency band and its antenna. 

For high radio-frequency work it is usually better to use a coaxial line; 
one conductor is a copper wire (or small tube) running inside a larger 
copper tube which serves as the second conductor. The inner conductor 
is supported at the center of the enclosing tube by insulating material. 
If the coaxial line is rigid, the inner conductor may be supported by in¬ 
sulating beads strung along it at intervals, but if the line is flexible the 
outer tube is commonly of copper braid, and pliant insulation fills the 
space between conductors. 

A three-phase power line is not essentially different from a single-phase 
line. Most practical power lines can be handled as readily as two-wire 
lines by a simple artifice that will be introduced later. 

The basic mathematics of transmission lines applies to lines of all con¬ 
figurations, and for the present it will perhaps be easiest to visualize the 
familiar two-wire line. The differential equations, however, and their 
solutions, are equally applicable to coaxial, polyphase, and multiconductor 
lines. 

3. The Differential Equations. The fundamental differential equations 
of transmission-line operation are derived from experimental evidence. 
By observation and measurement it is found that voltage varies from point 
to point along a line and that current in the line also changes from one 
point to another. 

Line Resistance and Inductance . Consider a transmission line carrying 
alternating (sine-wave) current. Voltage is measured at each end of a 
section of line. The voltage at the receiving end is different from the 
voltage at the sending end, and subtracting the former from the latter 
gives the voltage drop in the length of the line under consideration: 


AV = V. - V r 


( 1 - 1 ) 


The voltage difference thus obtained is then divided by the length of 
the section of line, which may be called Ax , giving 


AV 

Ax 


(1-2) 


This ratio is a kind of average voltage drop per unit length of line in the 
section Ax . If Ax approaches zero, the ratio approaches a limiting value; 
the limit of AV/Ax is dV/dXj the rate of change of voltage with respect 
to distance at a specific point on the line. 
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It is natural to expect, from previous knowledge of circuits, that the 
voltage drop along the line should be proportional to current in the line, 
and experiment shows this to be true. The rate of change of voltage with 
respect to distance, dV/dx , is found to be equal to the current times a 
constant, and we write 



(1-3) 


where I is the current at the point of the line under consideration and z 
is a constant. Since dV/dx is the voltage drop per unit length of line, 
we call z the impedance per unit length of line. 

In general, the voltage drop is not in phase with the current; so the 
impedance z is a complex quantity. One component of the voltage drop 
is in phase with the current, and another component is in quadrature 
with the current. This relation is taken into account by letting z have 
real and imaginary components of appropriate value; the real component 
is called resistance per unit length of line, and the imaginary component 
is called reactance per unit length. 

The line resistance , defined in this way, is, of course, equal to the ordinary 
d-c resistance of the two wires of the line if the frequency is low. Re¬ 
sistance of conductors of standard size can be found in the wire tables of 
handbooks; note that for a two-wire line the resistance per mile of line is 
twice the resistance per mile of wire. At high frequency, however, the 
value of resistance is increased by skin effect , which results from nonuniform 
distribution of current density in the conductor. Skin effect will be dis¬ 
cussed in Chap. 7. 

Line reactance results from the magnetic field that is produced between 
and around the line conductors by the current. As we should expect, 
measurement shows that the reactance of a line is proportional to the 
frequency / of the current. 

To obtain a constant that is independent of frequency, it is convenient 
to express the reactance in terms of inductance , l, inductance being so 
defined that 

Reactance = 2irfl (1-4) 


Inductance is substantially independent of frequency. Indeed, this value 
of inductance is the same as the value that can be computed from the 
magnetic field about a transmission line carrying steady direct current. 1 


1 Provided resistance is not excessive. It should be emphasized that when line 
inductance is multiplied by 2irf times the current flowing in the wire, the result is the 
magnitude of reactive drop along that wire. This we take as the definition of 
inductance. Use of this concept often avoids later misunderstanding. Although 
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The formulas used for computation of inductance of a two-wire line are 
numbered 1 and 3 in Table I (inside front cover), and Formula 7 is for a 
coaxial line. 

Introducing resistance r and inductance l into Eq. 1-3, 

£K = zI = (r + j 2 v fi)l (1-5) 

If the usual abbreviation of u for 2irf is used, 

g = 2 / = (r + j^I (1-6) 

This is one of the two differential equations of the transmission line for 
steady-state operation. 2 V, J, and z are, in general, complex quantities. 


inductance is computed from a magnetic field that is assumed to have a certain 
configuration about the conductor, for both practical and theoretical reasons it is 
better to define inductance in terms of voltage drop. The practical reason is that 
voltage is the measurable quantity, the quantity that affects line operation, the 
quantity of practical importance, the observed quantity from which inductance is 
computed . The theoretical reason is that there is a lack of rigor in assuming that the 
electric and magnetic field configurations determined experimentally for direct 
current are applicable to high-frequency transmission until this is proved (or, in a 
line with appreciable losses, is shown to be a good approximation) by means of 
electromagnetic field theory. (See, for instance, H. H. Skilling, “Fundamentals of 
Electric Waves,” Ref. 29 in list of references, Appendix 4.) 

2 The usual conventions of complex-quantity notation are used here. V and I 
are complex and represent magnitude and relative phase of sinusoidal, steady-state 
voltage and current. More generally, letting v and i be instantaneous values, 
instead of Eq. 1-6 we have 

(1-7) 

Assuming i sinusoidal, and using the symbol Re to indicate “Real part of”: 

i = Re 

The differential equation being linear, v is also sinusoidal: 

V = Re { 

Substitution of these expressions into Eq. 1-7 gives 


dv • , , di 
d~x = n+ l di 


£ne { F m » I e /< " <+ * ) } = r Re + Z J;Re {(1-8) 

= r Re + l Re (1-9) 

= Re {(r + jul)I mmx e Hu ‘ +,y } (1-10) 

Equation 1-9 is obtained from the derivative of an exponential as expanded by Eu- 
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If impedance, resistance, and reactance are in ohms per meter (or per 
mile), V and I are in volts and amperes. 

Inne Conductance and Capacitance . If current is measured at each end 
of a section of line, the two measurements are not, in general, the same. 
Subtracting the current at the receiving end of the section from that at 
the sending end gives the difference: 

A/ = J. - I r (1-13) 

The average change of voltage per unit length of line is found by dividing 
by the length of the section Ax, giving AI/Ax. If the length of line under 
consideration is shortened so that Ax approaches zero, the limit of the 
ratio is dl/dx. This is the rate of change of current with respect to distance 
along the line at a particular point of the line. 

It has already been mentioned that there are two reasons for the ob¬ 
served difference between I, and 7 r . One is the current that leaks from 
wire to wire of the line through imperfect insulation. The other is the 
charging current to or from the capacitance of the section of line under 
consideration as the voltage changes with time. 

Let us assume that the line is carrying alternating (sine-wave) current, 
and the voltage is sinusoidal, and the usual conventions of complex- 
quantity notation are to be used. Experiment shows, as we should expect, 
that A I in any given section of line is proportional to the voltage from 
wire to wire, and the derivative can hence be written 

i =« y 

The constant y is called the admittance per unit length of the line. 

Since dl/dx is not, in general, in phase with the line voltage, admittance 3 
is a complex quantity. 


ler’s formula, and 1-10 from the rule for addition of complex quantities. For 
Eq. 1-10, it is sufficient that 

£ [= (r + (1-11) 

Dividing by e iut , and letting a complex quantity represent rms amplitude and 

phase in the customary manner by setting F max e^ = \/2 V and I max e ,e = \/2 /, 

there results " 

£ V = (r + jwl)I (1-12) 

This development of Eq. 1-6 shows the relation of the sinusoidal equation to the 
more general equation 1-7. 

8 It may be emphasized at once, to avoid possible confusion, that there is no 
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The real component of admittance (which cprresponds to the component 
of incremental current that is in phase with the line voltage) is called 
the conductance per unit length, g. If the insulation of a line were so poor 
that current could leak from wire to wire, the line would have an ap¬ 
preciable conductance. As a matter of fact, it is unusual for insulation 
to be so poor that there is much leakage through the insulation, but other 
losses may contribute to an “effective” value of g , as will be discussed in 
Chap. 7. 

The imaginary component of admittance is called susceptance . Sus- 
ceptance accounts for the charging current to the distributed capacitance 
of the line, and experiment shows that susceptance is proportional to 
frequency. To obtain a constant that is independent of frequency, it is 
convenient to introduce capacitance per unit length, c. To define c, 

Susceptance = 2irfc = uc (1-15) 

We find that c is the ordinary electrostatic capacitance per unit length of 
the line, and it can be computed from the electrostatic field. 4 Formulas 
4 and 6 of Table I give the capacitance of a two-wire line; and Formula 8 
is for a coaxial line. 

Introducing conductance g and capacitance c into Eq. 1-14, 

§ = 2 /F = (g+juc)V (1-16) 

This equation and Eq. 1-6 are the two basic differential equations of the 
transmission line. 5 

4. Representation of Transmission-line Constants by Lumped Elements. 

If it is accepted that the distributed inductance, resistance, capacitance, 
and conductance of a transmission line can be represented by a series of 
small lumped elements, as in Fig. 1-36, a different approach to the differ¬ 
ential equations is available. This approach is quite frequently used (see, 
for instance, Refs. 7 and 30, Appendix 4). The validity of the concept is 
not self-evident, but it will be demonstrated in Chap. 8. This concept of 
lumped elements is helpful in visualizing transmission-line constants. 


reciprocal relation between z and y for a transmission line. They refer to different 
parts of the system as do the z and y indicated in Fig. 1-36. Speaking somewhat 
crudely, z relates to the conductor and y to the insulation of the line. 

4 Comments in footnote 1 about inductance and its definition are applicable to 
the definition of capacitance, also. Capacitance is here defined in terms of charging 
current. 

6 The more general form of Eq. 1-16 comparable to Eq. 1-7, is 

di , dv 
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A transmission line can be approximately represented by a number of 
impedance and admittance elements in a ladder network, as in Fig. 1-36. 
The representation is approximate if the elements are of finite size. If, 
however, the number of the elements is permitted to inornate without 
limit, each individual element at the same time becoming infinitesimally 
small, the representation becomes exact. 

Figure 1-4 shows the impedance of a section of line of infinitesimal 
length represented by a lump of inductance and a lump of resistance. 
Voltage at the end nearer the load is called V, and voltage at the farther 
end of the differential section is V + dV. Distance along the line, x, is 

i-dx-* 



.*J_ ! Idx rdx | 

Load 

Vi! | Jv+dV 


-► 1 I 


Fig. 1-4. The series elements of a transmission line. 


measured from the load toward the sending end of the line. Knowing 
the resistance of the line to be r per unit length (ohms per meter), the 
resistance of this short section of length dx is r dx. Similarly, the in¬ 
ductance of this short section is l dx. The change of voltage in the section 
dx is 

dV = (r dx + jul dx)I (1-18) 

This is in agreement with Eq. 1-6. 

Consider next the change of current in this section of infinitesimal 
length. Call the current at one end of the section /, and that at the other 
end I + dl, as in Fig. 1-5. The capacitance of this short section is c dx, 



i -dx- H 

J_ ! ! il dI 

Load 

_!ii±J 

n 

_!_ 

~r ' Cdx gdx 1 77 ^ t 


Fig. 1-6. The shunt elements of a transmission line. 

and the conductance is g dx. Current through the admittance of the 
section is 

dl = (g dx + juc dx) V (1-19) 

as in Eq. 1-16. 

It will be observed that lumps of capacitance and conductance were not 
included in Fig. 1-4, although they are known to exist. A truly rigorous 
development would take them into account, and they would cause current 
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at one end of the section of differential length to differ from current at 
the other end. However, in the consideration of voltage, they add to 
Eq. 1-18 only second-order infinitesimal terms. Such second-order in¬ 
finitesimal terms are discarded at the conclusion of the rigorous develop¬ 
ment, and Eq. 1-18 is the precise result. In a similar manner, inductance 
and resistance are omitted from the consideration of current in Fig. 1-5; 
they would, if included, produce only second-order infinitesimal terms in 
Eq. 1-19. Equations 1-18 and 1-19 are therefore correct. 

In this way, the concept of a line consisting of infinitesimal lumps of 
inductance, resistance, capacitance, and conductance can be used to de¬ 
velop the differential equations. 

6. Solution of the Differential Equations. The experimental relations of 
current and voltage at any point on a transmission line have been ex¬ 
pressed as a pair of equations: 

%-a 0 - 20 ) 

I - * r 


These equations are simple because the action of a transmission line is 
inherently simple, and also because certain assumptions and restrictions 
have been made in the derivation. The more important restrictions are: 

1. Currents and voltages are steady-state and sinusoidal. 

2. Line constants r, i, c, and g have values that are independent of 
current or voltage, and are not changing with time. It has not been as¬ 
sumed in the derivation to this point, but it will be assumed hereafter in 
the solution, that the line constants are uniform along the line, and are 
not functions of x. 

3. Resistance is not excessive (see footnote 11, Chap. 6). 

A solution of this pair of simultaneous differential equations is needed. 
A solution will be an expression for voltage and another for current, as 
functions of distance along the line, so that the voltage or current at any 
point may be computed for any given value of the distance x. 

To obtain a solution, one variable must be eliminated from Eqs. 1-20 
and 1-21. To eliminate 7, Eq. 1-20 may be differentiated, giving 


d 2 V ^ dl 
dx 2 dx 


(1-22) 


The derivative of 7 which appears on the right-hand side of this equation 
is known from Eq. 1-21, and substitution gives 


d 2 V 

dx 2 ' 


= zyV 


(1-23) 
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We now have an equation entirely in V. It is a second-order differential 
equation. It is necessary to find an expression for V that will satisfy this 
equation. 

6. The Exponential Form of Solution. One possible solution of Eq. 1-23 
is 

v = V,e V7vx (1-24) 

To show that this is a solution it may be substituted into the equation, 
which it satisfies. The value of V x can be chosen arbitrarily, for Eq. 1-24 
is a solution of 1-23 regardless of the value of V x . 

Another solution of Eq. 1-23 is 

v = V# V7 ' ,X (1-25) 

This also will satisfy Eq. 1-23 when substituted for V, and V 2 may have 
any value. Furthermore, it is readily verified that the sum of these two 
expressions 

V = V l e V7yx + V* V7ux (1-26) 

will also satisfy Eq. 1-23, and since this sum contains two arbitrary con¬ 

stants, it is the complete solution of the second-order differential Eq. 1-23. 

The solution for current is exactly similar. To find current, V instead 
of I is eliminated from Eqs. 1-22 and 1-23, and the solution of the resulting 
second-order differential equation is 

I = l^ x + l 2 e- V7vx (1-27) 

Equations 1-26 and 1-27 describe voltage and current distributions along 
a transmission line. They satisfy the requirements of Eqs. 1-22 and 1-23 
in every infinitesimal section of the line. They give the solution of the 
transmission-line differential equations in exponential form, and will lead 
to the concept of traveling waves. 

Let us consider the meaning of one of the exponential terms, such as 

7 = V 1 e V7yx (1-28) 

This represents a sinusoidal voltage 6 at a point on a transmission line. 
It is the voltage at a point that is at a distance x from the load end of 
the line. 

6 Equation 1-28 represents a sinusoidal alternating voltage by the usual conven¬ 
tion of vector or complex-quantity notation, the instantaneous voltage being 

v = Re { \/2 V 1 e V ’ yx e’“‘} 


See footnote 2. 


(1-29) 
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If x = 0, the point in question is just at the load end of the line. If 
x = 0, = 1, and V x e^ svx reduces to V x ; hence V x is the voltage 

represented by this term at the load end of the line. 

At any other point V 1 e y/r ** x differs from V x . It differs in both magnitude 
and angle, for z and y are in general complex and the exponential is there¬ 
fore a complex quantity. This means that V of Eq. 1-28 represents 
different voltages at different points along the line, voltages that differ in 
both amplitude and phase. 

An example is shown in Fig. 1-6. The voltage vectors of Fig. 1-6 illus¬ 
trate values of V x e^ tvx when the values of z and y are typical of a telephone 
line at a frequency of 1,000 cycles. As x , the 
distance, increases, the voltage represented 
by V x e^** z becomes larger in magnitude and 
more advanced in angle. 

In general, Eq. 1-28 is the expression for only 
one component of voltage on a transmission 
line. The complete expression, as in Eq. 1-26, 
contains two exponential terms. The voltage 
at any point of the line is therefore the vector 
sum of two terms of the kind we have been 
considering. _ 

It was shown that the value of V x e^ zvx at the load end of the line is 
merely V x . Similarly, when both exponential terms of Eq. 1-26 are taken 
into account, the receiving-end voltage is seen to be 



Fig. 1-6. Relative voltages 
on a typical telephone line. 


V r = V x + V 2 (1-30) 

The receiving-end voltage is indicated by the subscript r. From Eq. 1-27, 
the similar expression for receiving-end current is 


Ir = h + h (1-31) 

In general, V x and V 2 and I x and I 2 are all complex quantities. 

Characteristic Impedance and Other Parameters. Equations 1-26 and 
1-27 describe voltage and current on a transmission line in terms of the 
voltage components V x and V 2 and the current components I x and I 2y but 
there is a necessary relation between voltage and current that is not 
included in these equations. This relation was implicit in the differential 
equations 1-20 and 1-21, but was lost in the simultaneous solution. It 
may be recovered by substituting Eqs. 1-26 and 1-27 into 1-20 and 1-21, 
giving 

y/zy V 1 e V7vt - y/zy V*'' 7 '* = zl t e V7x + zI*- V7vx 
y/zy I/ 77 * 1 - y/Vy I* V7xx = yV 1 e VTxx + yV#'^* 


(1-32) 

(1-33) 
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Divide Eq. 1-32 by y/zy, and Eq. 1-33 by y , obtaining 


v^* - ^ + yj 

H j -V7v* 

y 

(1-34) 

V 1 e V7 " x + V 2 e~' /7v * = yl^he Vr ‘ x - ■yj 

& U~' rr ' ,x 
y 

(1-35) 

Adding Eqs. 1-34 and 1-35, it is found that 

II 


(1-36) 

and by subtracting Eq. 1-34 from Eq. 1-35 

1 

II 

tT 


(1-37) 


Equations 1 -36 and 1-37 show that current and voltage are related by the 
quantity y/z/y , with positive sign for one pair of components and negative 
sign for the other pair. 

This quantity, y/z/y , is used so often that it is given a special name 
and a special symbol: it is called characteristic impedance and is written Z 0 . 
Thus 


5 --4 


(1-38) 


Using this abbreviation, Eqs. 1-36 and 1-37 become V x = Z 0 I X and V 2 = 
—Z 0 I 2 . jCertain other quantities also have names and special symbols. 
Thus y/zy is called the propagation constant and is often represented by y: 


y = y/zy 


(1-39) 


Since both z and y are in general complex quantities, the propagation 
constant will generally be complex. It will have a real part and an imagi¬ 
nary part, and for convenience these are abbreviated as a and jl3: 


y = y/zy = a + j/3 


(1-40) 


The real part a is called the attenuation constant for reasons that will appear 
later, and is called the phase constant . 

Introducing these new symbols into Eqs. 1-26 and 1-27, 

V = V 1 e ax e jfix + F 2 <r a V’* x (1-41) 


= V x e ax /$x + V 2 e~‘ ax /-0x 
I = he* 1 /** + I 2 e- az e~ l0x 
= I,e“* ZM + /-frc 


(1-41) 

(1-42) 

(1-43) 

(1-44) 
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These equations are written in two notations. The complex form. Ae ip * 
may be more familiar to some readers and the form A /fix to others. 7 

7. Traveling Waves. Let us again inquire into the physical meaning of 
such a term as Y x e^ x or, as we shall now prefer to write, V y e ax e ifi *. It 
was previously mentioned, and illustrated in Fig. 1-6, that this represents 
an alternating-voltage vector, the magnitude and angle of which depend 
on the value of x. It is now seen that the change in magnitude for various 
values of x depends on the term e ax alone, whereas the change of phase 
from one point on the line to another is given solely by e ,/9x . 

Thus in Fig. 1-6 the voltage vectors are increasingly longer as distance 
from the load end of the line is increased, and this is due to the increasing 
value of e ax ; the increase in the length of the vector being exponential 
with x. At the same time, the voltage vector is advanced in phase as 
distance from the load increases, owing to the increasing angle of e ifix . 
The increase of angle is directly proportional to x. 

These relations suggest a concept of the electrical behavior of a line 
that turns out to be extraordinarily useful. Consider that an a-c generator 
is producing sinusoidal voltage at the sending end of the line and that 
the voltage is propagated along the line, toward the load, as a traveling 
wave. (The analogy of holding a rope taut and shaking one end rapidly 
up and down to produce a traveling wave is obvious.) As the traveling 
wave passes any point on the line it appears, at that point, as an alter¬ 
nating voltage. 

If the assumed wave has finite velocity, it requires time to travel. The 
traveling wave requires time to reach various points along the line with a 
delay that is in proportion to their distance from the generator. The 
traveling wave produces an alternating voltage at each point as it passes. 
Since the wave produces voltage at a slightly later instant at a more 
distant point, the alternating voltage at the more distant point appears 
to be relatively lagging in phase. If the wave travels with constant 
velocity, the angle of lag of the vector that represents voltage at any partic¬ 
ular point is proportional to the distance of that point from the generator. 

If this same assumed traveling wave becomes smaller as it travels, as 
a result of losing energy, the amplitude of the alternating voltage at a 
point near the load is less than the amplitude at a point near the generator. 
Combining this change of amplitude with the change of phase: as a wave 
travels along the line toward the load , voltage diminishes and phase becomes 
more lagging. 

7 Equivalence is shown from Euler’s formula: e ,/9x = cos fix + j sin fix . Plotting 
the right-hand side of this equation in the complex plane, the sum is a vector of unit 
length at an angle fix. Hence e 1&x is a complex quantity of magnitude one and angle 
fix . 
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This sentence describes the appearance of a traveling wave. However, 
this sentence also describes the appearance of the voltage defined by the 
exponential term F 1 e a V^*, as was shown above. Therefore this expo¬ 
nential term may be interpreted as the mathematical description of a 
traveling wave. 8 

If Vie ax e ,fi * is a wave traveling from the generator toward the load, 
V 2 e~ ax e' ipx is a wave traveling in the opposite direction, from load toward 
generator. The two expressions differ only in the sign associated with x , 
and hence in the sign of the velocity. The first expression is for a wave 
that grows smaller and more lagging in phase as it travels toward the load. 
The second is for a wave that grows smaller and more lagging as it travels 
from the load. 

Looking back to Eq. 1-41, it is seen that the voltage on a transmission 
line can be described as the sum of two traveling waves, one traveling 
toward the load and the other from the load. The first is called the 
incident wave } the second the reflected wave . 

Current, as in Eq. 1-43, is also the sum of two traveling waves, an incident 
wave and a reflected wave. From Eq. 1-36 it is known that the voltage 
of the incident wave and the current of the incident wave are related by 
the characteristic impedance 


V 1 = Zoh (1-46) 

From Eq. 1-37, the voltage and current of the reflected wave are also 
related by the characteristic impedance but with negative 9 sign. 

_ V 2 = -Z 0 I 2 (1-47) 

8 Instantaneous voltage is 

v = y/2V ie ax e lfix e iat 
= \/2V ie ax e i((ix+(a0 

= V2Fie a V* Ix+(tt/ * )n (1-45) 

When thus fully written out, the exponential term for voltage is seen to have the 
usual mathematical form for a traveling wave: it is a function of x + (a )/(3)t, and 
this indicates that it has a velocity of o)//3 in the negative x direction and is therefore 
moving from the generator toward the load. 

9 Whether the negative sign is associated with the incident wave or the reflected 
wave is a matter of convention. In Fig. 1-4 the positive directions of current and 
voltage are assumed as shown. Positive power is therefore toward the left, and for 
this reason the left end of the line is designated the load end. Consistent with this 
assumption, a wave of positive voltage that is conveying energy toward the load 
will be accompanied by a current in the direction that is called positive ; whereas a 
wave of positive voltage that is conveying energy away from the load will be ac¬ 
companied by a negative current. A negative current merely means a current 
opposite to the arrows in the figure. 
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The electrical behavior of a transmission line can thus be described in 
terms of two traveling waves. The incident wave travels from tlie gener¬ 
ator to the load. Usually part of this wave is sent back from the load 
toward the generator, constituting the reflected wave. There are both 
voltage and current components in each traveling wave, and they are 
related by the line’s characteristic impedance Z 0 . 

Total voltage and current at any point of the line are found by adding 
the voltages and currents of the two waves at that point. For instance, 
voltage at the load is the sum of the voltage of the incident wave at the 
load and the voltage of the reflected wave at the load. Voltage at the 
generator is the sum of the voltages of the incident and reflected waves at 
the generator. Note that the generator voltage is not the voltage of the 
incident wave only, for the reflected wave also contributes to voltage (and 
to current) at the generator, as it does everywhere else along the line. 

Wavelength and Velocity. If there are waves on a transmission line, they 
must have a velocity of propagation and a wavelength. The wavelength 
is defined as the distance between points at which the alternating voltages 
(or currents) produced by the wave differ in phase by one complete cycle 
or 2t radians. It is therefore the value of x, the distance, that makes 
fix, the angle of the voltage vector, equal 2w. The wavelength is called 
X, and since X is so defined that fix = 2w when x = X, it follows that fi\ = 
2 tt and 

X = j (1-48) 

Since fi is known from the line constants, X is easily found. 

A wave travels 1 wavelength in the time of 1 cycle. It travels as many 
wavelengths in a second as there are cycles in a second. Hence 

Velocity = X/ = ^ = - (1-49) 

This is the velocity of phase propagation, or phase velocity. It is the 
speed at which waves would appear to travel if the electric and magnetic 
fields were visible (see also footnote 8 regarding velocity). 

It is entirely possible to account for all transmission-line action in terms 
of traveling waves, but computation is often easier if other mathematical 
functions are used instead of the exponential functions that correspond to 
the traveling-wave concept. Lines with low losses, for example, are espe¬ 
cially easily handled with trigonometric functions, as appears in Chap. 3. 

PROBLEMS 

1-1. Give the lengths of the following lines in wavelengths, assuming velocity of 
propagation is equal to the speed of light. 
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a. A telephone line from Albany to Troy (7 miles) at 1,000 cycles. 

b. A telephone line from Albany to Ithaca (150 miles) at 1,000 cycles. 

c. A power line from Jordan Dam to Meridian, Miss. (150 miles) at 60 cycles. 

d . A broadcast transmitter line, 75 meters long, at 1 megacycle. 

c. A line 1 foot long at 10,000 megacycles. 

1-2. Give the lengths of the following lines in wavelengths, assuming velocity of 
propagation is equal to the speed of light. 

а. A telephone line from Springfield to Decatur (35 miles) at 1,000 cycles. 

б. A telephone line from Springfield to Riverton (6 miles) at 1,000 cycles. 

c. A power line from Grace, Idaho, to Salt Lake City (135 miles) at 60 cycles. 

d. A broadcast transmitter line, 115 meters long, at 800 kilocycles. 

e. A line 8 centimeters long at 3,000 megacycles. 

1-3. Equation 1-23 is the voltage-wave equation. Derive a similar current-wave 
equation. 

1-4. Show by direct substitution that Eq. 1-26 will satisfy Eq. 1-23. 

1-6. Show by direct substitution that Eq. 1-27 will satisfy the current equation 
derived in Prob. 1-3. 

1-6. The phase constant of a telephone line is 0.036 (radians) per mile and the 
attenuation constant is 0.0078 per mile. Find values of voltage of a traveling wave 
at distances of 15, 30, and 45 miles, and draw vectors as in Fig. 1-6. 

1-7. The velocity of propagation on a telephone line is 179,000 miles per second, 
and the attenuation constant is 0.0036 per mile. Find values of voltage of a travel¬ 
ing wave at distances of 20, 40, and 60 miles, and draw vectors as in Fig. 1-6. (The 
line of Fig. 1-6 has smaller wires.) 

1-8. Values in Prob. 1 -6 are at 1,000 cycles per second. Repeat the problem for a 
frequency of 500 cycles. To do this, you must assume that certain quantities do not 
vary with frequency; tell which. Explain other assumptions that you find neces¬ 
sary. 

1-9. A telephone line consists of two No. 10 AWG copper wires (102 mils diam¬ 
eter) spaced 10 inches apart, (a) Find l and c per mile from the formulas of Table I, 
using K p = 1. ( b ) Find z and y at 1,000 cycles, assuming g = 0. (c) Find Z 0 , a , 
and/5. 

Note: Do not confuse radius and diameter when finding l and c; this is a common 
mistake. 

1-10. Repeat Prob. 1-9 for a telephone line of No. 8 AWG copper wires (128.5 
mils diameter). 

1-11. A television lead-in line consists of two No. 10 copper wires (102 mils 
diameter) spaced 0.65 inch apart. Assuming K p = 0 and neglecting r and g, find 
Z 0 and /5 per meter at 200 megacycles. 

1-12. A coaxial line consists of a wire of 1.30 millimeters diameter within a tube 
the inner diameter of which is 5.50 millimeters, the space between conductors being 
filled with air. Find Z 0 and f3 at 1,000 megacycles, assuming K v = 0 and neglecting 
r and g. 

1-13. For the line of Prob. 1-9, compute and plot l and c as functions of the 
spacing between wires (from 1 to 60 inches). 

1-14. For the line of Prob. 1-9, compute and plot l and c as functions of the wire 
diameter (from 10 to 500 mils). 
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1. The Open-circuited Line. All computation of transmission-line oper¬ 
ation must begin with conditions at the load. The relation of the re¬ 
flected wave to the incident wave at every point of the line is determined 
by the nature of the load, and it is the receiving-end impedance (and not 
at all the sending-end impedance) that determines voltage and current 
distribution along a line. 

Three special receiving-end conditions are particularly important, and 
will be considered individually. Then the general case, in which the load 
can have any impedance Z r , will be discussed. 

One important termination is open circuit: the line has no load, and 
there can be no current at the receiving end. Calling the receiving-end 
current 7 r , as in Eq. 1-31, it is true on any transmission line that 

Ir = h+ h (2-D 

On an open-circuited line, for which 7, = 0, 

7i + h = 0 (2-2) 

from which 

h = -7, (2-3) 

In words, the current of the incident wave and the current of the reflected 
wave must be equal and opposite at the receiving end of an open-circuited 
line, for they must add to zero at the open-circuited point. 

The corresponding voltage relation is found by substituting Eqs. 1-46 
and 1-47 into Eq. 2-3, giving 

7, - 7, (2-4) 

That is, the voltage of the incident wave and the voltage of the reflected 
wave must be equal and in phase with each other at the receiving end of 
the line. The total receiving-end voltage will be twice the voltage of 
either traveling wave alone: 


7 r = 7, + 7, - 27, = 27, 

17 


(2-5) 
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Figure 2-1 a shows the incident and reflected voltages represented by 
identical vectors. Figure 2-1 b is a vector diagram of voltages at a point 
on the line that is f wavelength distant from the receiving end. The 
voltage produced at this point by the incident traveling wave is J cycle 
ahead of the receiving-end voltage, for the incident wave reaches this 
point before it reaches the receiving end of the line. Correspondingly, the 
vector showing the voltage of the incident wave is advanced by an angle 
of | cycle (or 45 degrees). The voltage of the reflected wave is retarded 
by the same angle. The total voltage at § wavelength from the receiving 
end, marked 7j X , is the vector sum of these two components. If the 
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Fig. 2-1. Voltage of waves on an open-circuited line. 


traveling waves were not attenuated as they travel, the voltage at this 
point would be in phase with the receiving-end voltage but smaller in 
magnitude: it would be, from the geometry of the figure, F* x = 0.7077 r . 
Actually, the traveling waves will be attenuated somewhat by energy loss 
along the line; if the attenuation is small the voltage at the f-wavelength 
point is very nearly the same as if there were no attenuation. 

Figure 2-lc shows voltage vectors at a point J wavelength from the 
receiving end. The incident-wave voltage at this point leads the incident- 
wave voltage at the receiving end by 90 degrees, and the reflected-wave 
voltage lags by an equal angle. The voltages of the two waves at the 
quarter-wavelength point are therefore opposite to each other in phase; 
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if they were equal in magnitude the total voltage at the quarter-wavelength 
point would be zero. Because attenuation makes the reflected wave 
slightly smaller tfean the incident wave, the sum of the two is the small 
voltage marked F ix in the figure. It will sometimes be convenient to 
neglect attenuation on a transmission line, and if this is done the voltage 
i wavelength from the end of an open-circuited line is found to be zero. 
Such a conclusion does not seem to be reasonable, and as a matter of fact 
it is easily seen that this is a limiting condition than can be approached, 
but never quite reached, as line loss is diminished toward zero. 

Figure 2-1 d shows voltage at a point f wavelength from the end of the 
line. Each component voltage differs in angle by 135 degrees from its 
phase at the receiving end. The magnitude of the resultant is nearly 
the same as at J wavelength, but the phase of the total voltage is reversed. 

Consideration of vector diagrams drawn for a succession of points quite 
close to the quarter-wavelength point will show that the reversal of phase 
of the voltage takes place quite rapidly in this region. If there were no 
attentuation, the total voltage would be exactly in phase with the re¬ 
ceiving-end voltage until the quarter-wavelength point was reached, and 
just at that point the phase would be suddenly reversed. On any actual 
line, most of the shift of phase may take place in a short distance near 
the quarter-wavelength point, but the reversal is never absolutely abrupt. 

At ^ wavelength the two components of voltage are again in phase, as 
shown in Fig. 2-le, and the total voltage, F$ x , is opposite in phase but 
nearly equal in magnitude to the receiving-end voltage. Because of 
attenuation, the reflected voltage at the half-wavelength point is less than 
F 2 , which is its value at the receiving end, and the incident voltage is 
greater than F,. If the reduction in one component were equal to the 
increase of the other, total voltage at the half-wavelength point would just 
equal F r ; this would be true if attenuation were linear with distance. 
Actually, however, attenuation is an exponential function of distance, with 
the result that F* x is slightly greater than F r . 

Figures 2-1/ to h show voltage vectors at f, J, and f wavelength, re¬ 
spectively. Such a series of vector diagrams could be continued indefinitely 
for a line of any length. Some lines are many wavelengths long; this is 
particularly true of lines operating at high radio frequency, for which the 
wavelength is short. Except that the effect of attenuation is cumulative, 
the diagrams of Fig. 2-1 will be similar to the diagrams that apply in the 
second wavelength of the line, and again in the third, and so on. It may 
be specifically mentioned that if there were a diagram to follow Fig. 2-1 h, 
to show voltages at a point 1 wavelength from the receiving end, it would 
be very similar to Fig. 2-la. Indeed, it is a valuable generalization that 
conditions on any line with zero losses are exactly repeated every wavelength. 



20 


ELECTRIC TRANSMISSION LINES 


[Chap. 2 


Figure 2-2 shows current vectors at the same points on the same line. 
At the* receiving end, I x and I 2 are equal and opposite as in Eq. 2-3, and 


Ux 



Reflected 

Current 


l \\ 


Incident 

Incident Curr ^ nt 
Current 


Reflected 

Current 



(c) 


<d) 


Incident Reflected 
Current Current 


Hx' 


Incident 

Current 



Reflected 

Current 


Incident 

Current 




Hx 


Reflected 

Current 


(e) 


(f) (g) 

Fig. 2-2. Current of waves on an open-circuited line. 



total current is zero. The phase of the current vectors relative to the 
voltage vectors must be investigated. We have, from Eqs.1-46 and 1-47, 

v t = Zoh ( 2 - 6 ) 

F 2 = -Z 0 I 2 (2-7) 

On most ordinary transmission lines, Z 0} the characteristic impedance, is 
very nearly a real number. By definition, from Eq. 1-38, 

Z„ = J- = (2-8) 

vy Mg+juc 

If 

r = 0 and g — 0 (2-9) 

Z 0 is real. Z 0 is approximately real on any line with low loss, for which 
r and g are small compared with ul and uc; on such a line the angle of Z 0 
cannot be large. 

Since Figs. 2-1 and 2-2 are illustrative of lines with small losses and 
consequent low attenuation, it will be appropriate to assume that 7, is 
nearly in phase with F, and that I 2 is nearly opposite F 2 . Figure 2-2a 
results. 
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Figure 2-26 shows current at $■ wavelength. At this point, as at the 
receiving end (and, indeed, at every point on the line), the current com¬ 
ponents are related to their respective voltage components in both magni¬ 
tude and angle by the characteristic impedance. Hence the incident 
current is in phase with the incident voltage (or nearly so) in Fig. 2-26, 
and the reflected current is opposite to the reflected voltage. The total 
current at this point, 7| X , is in quadrature with the total voltage at the 
same point—or, if loss is not entirely negligible, the current and voltage 
are nearly in quadrature. Considering power, this quadrature relation is 
necessary; there is no load to consume power, and little power is dissipated 
in the line. Power transmitted past any point of the open-circuited line 
must be just enough to supply losses in the rest of the line, between that 
point and the open end. Hence if voltage and current are both moderately 
large, as at the J-wavelength point, they must be nearly in quadrature; 
whereas if voltage and current are in phase, as at the quarter- and half¬ 
wavelength points, one or the other must be very small. 

It is important to notice that current leads voltage at the point f wave¬ 
length from the open end. The current is really charging current to the 
capacitance of the open-circuited section of line, and it is natural that such 
current, like the charging current to any condenser, leads the voltage. 

Figure 2-2c shows current at J wavelength. Here the incident and 
reflected components are in phase, making the total current maximum. 
This is the point at which voltage is minimum or, on an ideal line, zero. 

Figure 2-2 d shows current at f wavelength. The magnitude of total 
current is less than the maximum value reached at | wavelength, but the 
phase remains nearly the same. The phase of voltage at this point, how¬ 
ever, has reversed from the phase of all voltages in the first quarter- 
wavelength of line. As a result, current at the f-wavelength point is 
lagging, instead of leading, the voltage at that point. 

It was stated in a preceding paragraph that the current, being charging 
current, will naturally lead the voltage. This is true when the open- 
circuited line is short enough. On a longer line, however, the current 
must flow through so much inductance (the distributed inductance of the 
line) to reach the section of the line that receives it as charging current 
that the effect is predominantly inductive, and the current lags the voltage 
that drives it. The situation is analogous to charging a condenser through 
a coil if the inductive reactance of the coil is greater than the capacitive 
reactance of the condenser. From this point of view, it is not surprising 
that an intermediate length of line provides a kind of resonance, with 
inductive and capacitive effects balancing each other; this resonant condi¬ 
tion is found at the quarter-wavelength point, at which the voltage could 
be zero (as in a series resonant circuit) if the losses were zero. 
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The Polar Diagram. It is interesting to collect the voltage and current 
vectors of Figs. 2-1 and 2-2 in a single diagram, as in Fig. 2-3. In this 

diagram the magnitudes and phase 
^ Ii^ angles of the voltages and currents 

at different distances along the line 
appear in relation to each other. A 
curve is drawn, an elliptic spiral, 
through the tips of the voltage vec¬ 
tors; this is a locus of voltages at all 
points along the line. A similar curve, 
drawn as a dash line, is a locus of 
currents at all points. The discussion 
of voltage and current distribution 
on an open-circuited line may well be 
reviewed with Fig. 2-3 in mind. 

2. The Short-circuited Line. An¬ 
other receiving-end condition of ex¬ 
ceptional importance is short circuit. 
When the receiving end of the line is 
short-circuited, voltage must be zero where x = 0. Making x and V 
both zero in Eq. 1-47 gives 



Fig. 2-3. Voltage and current loci on an 
open-circuited line. 


F, + V 2 = 0 


or 


v 2 = -V 1 

Substituting into this relation, Eqs. 2-6 and 2-7, gives 


( 2 - 10 ) 

( 2 - 11 ) 


I 2 = h ( 2 - 12 ) 

From these equations, conditions along the line are determined. 

Vector diagrams of current and voltage at various points along the line 
can be drawn for a short-circuited line, similar to those that were drawn 
for the open-circuited line in Figs. 2-1 to 2-3. Indeed, the similarity is 
so great that Figs. 2-1 to 2-3 can actually be used as applying to the short- 
circuited line if we interchange current and voltage. That is, the diagrams 
of Fig. 2-1, which were drawn for voltage on an open-circuited line, 
represent equally well the current in a short-circuited line; and the diagrams 
of Fig. 2-2, intended for current on an open-circuited line, can be used for 
voltage on a short-circuited line. (This assumes that Z Q is real, or nearly so.) 

In general, the statements made in the discussion of voltage distribution 
on an open-circuited line may be applied to current distribution on a 
short-circuited line, and vice versa. The way in which magnitude and 
phase change, the repetitive nature of the voltage and current in sue- 
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cessive wavelengths, and the necessity of transmitting power only to 
supply line losses are characteristic of the short-circuited line as they are 
of the open line. 

It was mentioned that current at a point $ wavelength from the end 
of an open-circuited line leads the voltage at that point. The line being 
open, the current is charging current to the capacitance of the line, and 
the input impedance to an open-circuited line f wavelength long is ca¬ 
pacitive. Similarly, the current at a point | wavelength from the end of 
a short -circuited line lags relative to the voltage at that point, and the 
input impedance is inductive. 

The following comparison may help one remember. A short length of 
transmission line, if short-circuited, is a loop of a single turn; if open- 
circuited, it is a condenser of two parallel conductors. 

The input impedance to a short-circuited line is inductive if the line is 
short; it is capacitive, however, if the length is greater than \ wavelength 
but less than \ wavelength. 

Figure 2-3 shows the phase relation of voltage and current on an open- 
circuited line, and impedance (the ratio of voltage to current) is easily 
deduced. The same diagram may be used for a short-circuited line if the 
V’s and V s are interchanged. 

3. The Line Terminated in Z 0 . Another termination of particular inter¬ 
est is that which permits the line to carry only an incident traveling wave 
of voltage and current, without requiring the existence of a reflected wave 
also. 

The current of the incident traveling wave is related to the voltage of 
the incident wave by the characteristic impedance: 

= Z 0 (2-13) 

If there is no reflected wave, then the voltage and current of the incident 
wave are the total voltage and current, and the ratio of total voltage to 
total current at every point of the line is Z 0 : 

J = Z 0 (2-14) 

Since this is true at every point on the line, it must be true at the receiving 
end of the line, so it is necessary that the ratio of receiving-end voltage to 
receiving-end current be Z 0 : 



Z 0 


(2-15) 
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However, the ratio of V r to I r is the load impedance, for I r is the current 
through the load and V r is the voltage across the load: 

Y r - Z r (2-16) 

Hence, for the incident wave to exist alone on the line, the load impedance 
must equal the characteristic impedance: 

Z r = Z 0 (2-17) 

This suggests an interesting interpretation of transmission-line opera¬ 
tion. If a line is correctly terminated, so that the receiving-end impedance 
matches the characteristic impedance of the line, the incident wave will 
be entirely absorbed by the load and there will be no reflection. 

If, however, the receiving-end impedance has any value other than Z 0 , 
the current and voltage in the load cannot match the current and voltage 
of the incident wave on the line, and there will be a reflected wave sent 
back along the line. The size of the reflected wave will be just great 
enough to make the ratio of total voltage to total current at the receiving 
end of the line equal the load impedance. 

Considering the problem of reflection from a slightly different point of 
view, the incident wave brings energy from the generator to the load. 
The rate at which the load can absorb energy is determined by the load 
impedance. If the impedance of the load matches the characteristic im¬ 
pedance of the line, the load will absorb all the energy supplied by the 
incident wave and there will be no reflection. If the impedance of the 
load does not match the characteristic impedance of the line, the load is 
unable to absorb energy as fast as it arrives, and some of the energy is 
rejected in the form of a reflected wave that returns the rejected energy 
toward the generator. 1 

1 This concept is often useful, but it is exact only in special cases. The lossless 
line, treated in this chapter, is one of the special cases in which the concept is correct. 
The basic fallacy lies in applying the principle of superposition to a nonlinear quan¬ 
tity, power. It is not, in general, permissible to associate a certain power with the 
incident wave and a certain power with the reflected wave. Rather, the total 
received power is 

Pr = h(VrIr + V r l r ) 

= il(Vi + K0(J» + *0 + (F, + F0(7i + h)] 

= h(Vxh + V 2 I 2 + VJ 2 + V 2 I 1 + VJx + v 2 l 2 

+ V~h + V 2 lx) (2-18) 

wherein V and / are the conjugates of V and /. The power that would be associated 
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A line terminated in its characteristic impedance has a uniquely simple 
distribution of current and voltage. There is only an incident traveling 
wave, and if this travels along the line without attenuation, it provides 
the same magnitude of voltage at every point on the line. If there is 
loss as the wave travels, the traveling wave is attenuated, and voltage 
and current are somewhat smaller near the load than near the generator. 
If there is attenuation, voltage and current are both attenuated as the 
wave travels; they are attenuated at the same rate, and the ratio of voltage 
to current is the same at every point along the line, and is equal to Z 0 . 

Phase relations are also simple on a line terminated in its characteristic 
impedance. Since only the incident wave exists, the phase relations are 
those of the incident wave; that is, the phase angle of voltage at any 
point is proportional to the distance of that point from the load end of 
the line (as in Fig. 1-6). The phase angle of current at any point is like¬ 
wise proportional to distance from the load; and the angle between voltage 
at any point and current at that same point is constant. Indeed, since 
voltage and current are related by the characteristic impedance of the 
line, the angle between the voltage vector at any point and the current 
vector at that same point is the angle of the characteristic impedance. 

Since the ratio of voltage to current at every point of the line is equal 
to the characteristic impedance, it is evident that voltage and current 
will have this same ratio at the sending end of the line. Hence, if a line 
is terminated in impedance Z 0 , the input impedance to that line is equal 
to Z 0 , and this is entirely independent of the length of the line. 

For many purposes there are great practical advantages in having a 
line loaded with an impedance equal to its characteristic impedance. The 


with the incident wave if it were alone, and the power associated with the reflected 
wave if it were alone, are, respectively, 


Pi = KVJ i + VJ Y ) (2-19) 

P 2 = IOV 2 + F 2 7 2 ) (2-20) 

Comparing terms, Pi + P 2 = Pr only if 

F 1/2 + V 2 h + VJ 2 + VJi = 0 (2-21) 

Introducing Z 0 to eliminate current, the condition becomes 


v±¥i + v±Ll 

Zq Z 0 z q Z 0 


( 2 - 22 ) 


This condition is met only if Z 0 = Z 0 , or if Vj V 2 = ViV 2 , which require that either 
Z 0 be real or V 2 /V 1 be real. Hence total power is equal to the power of the two 
traveling waves considered independently if either Z 0 is a purely real quantity (see 
Eq. 2-9), or else V 2 /Vi is real, which requires (by Eq. 2-29) that Z r /Z 0 be real. 
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termination of a power line must, of course, depend on the demand for 
power—the amount of connected load on the customers’ premises. But 
communication lines can be, and nearly always are, terminated in their 
characteristic impedance. This provides for the greatest power transfer 
from line to load, as reflected waves which carry energy in the wrong 
direction are eliminated. It also provides that input impedance to the 
line, regardless of length, will be equal to the characteristic impedance. 
Other advantages of a line so terminated will be discussed in Chap. 9. 

4. The Reflection Factor. If a line is terminated in any impedance 
except Z 0 , there will be a reflected wave as well as an incident wave. 
The ratio of the voltage of the reflected wave to the voltage of the incident 
wave at the receiving end of the line is called the reflection factor or co¬ 
efficient. To find the reflection factor, Eqs. 1-30 and 1-31 are repeated: 

V r = V x + V 2 (2-23) 

I r = Ii + h (2-24) 


These are substituted into Eq. 2-16 to give 

Vi + V 2 


7 _ Zi = Vi + r* 
' ~ I r I t + I 2 


Zi 


V ,- z -vT=T, (M5) 


Solution for V 2 leads to the reflection factor: 


Iz _ - Zp 

Vx Z r + Z 0 


(2-26) 


The reflection factor gives V 2 as a fraction of V^. Sometimes it is more 
useful to be able to find both F, and V 2 in terms of the total receiving-end 
voltage V T . This is easily done by substituting Eq. 2-26 into Eq. 2-23, 
first to eliminate V 2 and then to eliminate F,. There result 


V 1 = V r - r 2 + Z ° (2-27) 

§r <«<9 

These will be useful in a later section. 

It is often helpful to think of load impedance, not as so-many ohms, 
but as some fraction or multiple of the characteristic impedance of the 
line. That is, the interesting quantity is not Z r but is Z r /Z 0 . This ratio 
is in general complex. When this ratio is the matter of interest, a better 
form of Eq. 2-26 is 
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Reflection factor = 



(2-29) 


If reflection factor is designated by p and Z r /Z 0 by f (zeta) this equation 
becomes 


P = 


r -1 
r +1 


(2-30) 


and this form will be used later. 

Examples of reflection at the ends of lines terminated in open circuit, 
short circuit, and in a load impedance equal to characteristic impedance 
were considered in the early part of this chapter. It will now be shown 
that these are merely special cases that may be deduced from Eqs. 2-26 
and 2-29. 

For the line terminated in its characteristic impedance. Z r /Z 0 = 1, and 
by Eq. 2-29 the reflection factor is zero; hence there is no reflected wave. 

For the line that is short-circuited at the receiving end, Z r = 0, and 
Eq. 2-29 gives the reflection factor as — 1; hence the reflected voltage is 
equal to the incident voltage, but of opposite sign. 

For the line that is open-circuited, Z r = 00 . The reflection factor is 
+1. (This is most readily deduced from Eq. 2-26 after dividing numerator 
and denominator of the right-hand member by Z r .) The reflected voltage 
is therefore equal to the incident voltage. 

By way of further illustration, a few more special values of reflection 
factor may be computed. If Z r /Z 0 = 3 (an illustration of load impedance 
greater than characteristic impedance), the reflection factor is §. 

If Z r /Z 0 = § (an illustration of load impedance less than characteristic 
impedance), the reflection factor is — 

If Z r = jZ 09 the reflection factor is j. This means that if we may assume 
Z 0 to be purely real, and if the load impedance has the same value in 
ohms as the characteristic impedance of the line, but is purely inductive 
reactance, the reflected wave has the same magnitude as the incident 
wave, but at the receiving end of the line the voltages of the two waves 
are out of phase by 90 degrees and V 2 = jV t . 

Similarly, if Z r = —jZ 0 , a load with capacitive reactance, the reflection 
factor is —j. 

It is seen that the reflection factor may be imaginary or complex. In 
general, Eq. 2-29 shows that the reflection factor is real on a line with 
real Z 0 if the load is purely resistive. Since the resistive load must, from 
the nature of resistance, be a positive quantity, Eq. 2-29 also shows that 
the reflection factor is never numerically greater than 1. This means that 
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the reflected wave cannot be greater than the incident wave, which is 
reasonable if the reflected wave contains only that part of the incident 
energy that is rejected by the load. 2 

Line with Resistance Load. Let us return to give further consideration 
to a line with a receiving-end impedance Z r = 3 Z 0 . As was said, the 
reflection factor is J. With a reflection factor of §, the reflected voltage 
is half the incident voltage. Vector diagrams in Fig. 2-4 show voltage 
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Fig. 2-4. Vector diagrams, Z r = 3Z 0 . 


and current at the receiving end of the line and at points along the line 
at which x = A/12, x = A/6, and x = A/4. It is convenient for some 
purposes, particularly in radio-frequency work, to identify these points 
by the value of fix expressed in degrees, and refer to them as points at 30, 
60, and 90 degrees, respectively; it is understood that 90 degrees is J 
wavelength, and 360 degrees is 1 wavelength. 

The diagrams of Fig. 2-4 are somewhat similar to the diagrams of 

2 More generally, the reflection factor is real if Z r /Z 0 is real. The reflection factor 
cannot be greater than 1 if the real component of Z r /Z 0 is positive, and this is true 
in nearly all practical cases although special conditions can be devised in which it 
is not true and which actually provide a reflected wave of greater magnitude than 
the incident wave. The reflected wave may be greater in voltage and greater in 
current but not, of course, greater in power; component power is meaningless in 
such a casa 
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Figs. 2-1 and 2-2, but there are significant differences. At the receiving 
end of the line, the current, as in Fig. 2-4, is small, but it is not zero. At 
\ wavelength the current is large, while the voltage is small, but the 
voltage is by no means as small as in Fig. 2-lc. If power is determined 
in the diagrams of Fig. 2-4, it will be found to be nearly the same in each, 
for at each point the power is equal to that delivered to the load, plus 
the power loss (assumed to be relatively small) in the part of the line that 
extends from the point under consideration to the load. 

Total voltage and current vectors from Fig. 2-4 are collected in Fig. 
2-5, and vectors for another quarter- 
wavelength of line arc also included 
in this figure. It is instructive to 
compare this diagram for a line with a 
resistive load to Fig. 2-3 which relates 
to an open-circuited line. 

Line with Reactive Load. If the 
load on a transmission line is purely 
reactive, either inductive or capaci¬ 
tive, it will not consume any energy. 

As a result, the reflected wave on the 
line (assuming Z 0 is real) is as large 
as the incident wave, for all the energy of the incident wave is rejected 
and must be carried away by the reflected wave. 

The reactive load, however, although it cannot consume energy, is able 
to store energy for part of a cycle and then return it to the line as a re¬ 
flected wave that is not in phase with the incident wave. This is consistent 
with the determination that the reflection factor of an inductive reactive 
load for which Z r = jZ Q is j, and the reflection factor of a capacitive re¬ 
active load for which Z r = — jZ Q is — j. 

The vector diagram of Fig. 2-6a shows the relation that must be true 
in order to satisfy both line conditions and load conditions when Z r = 
— jZ 0} a capacitive load. As indicated in the figure, I r leads V r by 90 
degrees, V x and Ji are in phase (for Z Q is assumed real), and V 2 and I 2 
are opposite. The reflection factor is seen to be —j because V 2 is lagging 
V t by 90 degrees. 

Figure 2-65 shows vectors of voltage and current at a distance of J 
wavelength from the load end of the line. Since the incident and reflected 
components of current are in phase at this point, this is a point of maximum 
current in the line. Since incident and reflected voltage are opposite, and 
would be equal except for attenuation, it is a point of minimum voltage. 
Voltages and currents at other points on the line can be found by drawing 
a series of such diagrams. 


lx/4 



Fig. 2-5. Voltage and current loci, 
Z r — SZq. 
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It was stated above that the reflected wave is as large as the incident 
wave if the load is purely reactive and Z 0 is real. A little more generally, 


/h, e 



Fig. 2-6. Vector diagrams, Z r = —jZo. 


if Z r /Z 0 is imaginary the magnitude of the reflection factor is 1. To see 
that this is true, consider Fig. 2-7. Z r /Z 0 is plotted as a point in the complex 
plane, and if it is imaginary it will fall somewhere on the vertical axis. 
The denominator of Eq. 2-29 is obtained by adding 1 to this value, and 
the numerator by subtracting 1. The reflection factor is the ratio of these 

two complex quantities, which are shown as 
vectors, and since the vectors are of the same 
length, the magnitude of the ratio is 1. The 
angle of the reflection factor is the angle be¬ 
tween the two vectors, 20, where 0 is the angle 
shown whose tangent is | Z 0 \/\ Z r |. 

Hence the wave reflected at a purely reac¬ 
tive load is equal in amplitude to the incident 
wave, but the reflected wave is out of phase 
with the incident wave by an angle dependent 
upon the load reactance. 

Line with Load of Complex Impedance. 
Although only purely real or purely imaginary 
load impedances have yet been considered, the load impedance can, in 
general, have a complex value. 

It would not be fruitful to try to discuss the entire range of complex 
impedances, but an interesting cross section is obtained by studying the 
behavior of the line when the magnitude of the load impedance is required 
to be equal to the magnitude of Z Q while the angle of the load impedance 



Fig. 2-7. If is imaginary, 
I P I - 1. 
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is permitted to vary. That is, if <p is the difference between the angle of 
the load impedance and the angle of the characteristic impedance, 



With this restriction, the reflection factor, from Eq. 2-29, is 

V 2 __ e iv — 1 _ . sin <p 
Vi ~ e' r + 1 ~ 3 C0S¥> + 1 


(2-31) 


(2-32) 


This result has two interesting implications. First, the reflection factor 
is always imaginary, meaning that V 2 is in quadrature with V x if | Z r | = 

| Z 0 |. From this it follows that a line so terminated will always have a 
point of either maximum or minimum voltage | wavelength from the load; 
consider Fig. 2-6. 
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Fig. 2-8. Vector diagrams, Z T = Zq /— 45° . 


Second, this type of termination is identical in three special cases with 
terminations that have been discussed earlier. If <p = x/2 the load is an 
inductive reactance; the reflection factor is j. If <p = — 7 r /2 the load is 
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a capacitive reactance, as illustrated in Fig. 2-6; the reflection factor is 
—j. If <p sb 0, the load impedance is equal to the characteristic impedance 
of the line, the reflection factor (see Eq. 2-32) is zero, and there is no re¬ 
flected wave. 

As a single example, let us consider a line with a load such that Z r = 
Zq / —45° . Vector diagrams for conditions at the receiving end and at 
|, \ and f wavelength are shown in Fig. 2-8. Note the voltage minimum 
at | wavelength, and the corresponding maximum at f wavelength. If 
a diagram similar to Fig. 2-5 is drawn for a line with this termination, it 
gives an interesting comparison. Note also the imaginary reflection 
factor, indicated in Fig. 2-8a by the 90-degree angle between Fj and F 2 , 
and the way in which the voltage and current components combine at the 
receiving end to produce the necessary relations between load voltage 
and load current. 

5. Line Impedance. The input impedance to a transmission line is the 
ratio of the voltage at the sending end of the line to the current entering 
the line at the sending end. It is obvious that if a line is exceedingly 
short, the input impedance will hardly differ from the load impedance. 
It has been mentioned that if a line is terminated in its characteristic 
impedance, the input impedance to a line of any length will also be equal 
to the characteristic impedance, but this is a special case, and in general 
the input impedance will be different from the load impedance. 

The input impedance to a line can, of course, be measured experi¬ 
mentally. An impedance bridge, or suitable instruments for measuring 
current, voltage, and phase angle, will give the necessary data. The input 
impedance can be computed by dividing voltage by current. 

By an extension of the idea of impedance at the sending end of the line, 
it is customary to speak of impedance at any point of a transmission line. 
The impedance at any point is defined as the ratio of voltage to current 
at that point. Such an impedance can be found experimentally by measur¬ 
ing voltage, current, and relative angle at the point in question, or it 
can be measured on a bridge by cutting the line at the desired point and 
measuring the input impedance to the part of the line that leads to the 
load. 

For purposes of computation, the impedance is to be found from 

Z = J (2-33) 

F, the voltage at a point on the line, is the sum of the voltage of the in¬ 
cident wave and the voltage of the reflected wave at that point, and /, 
the current, is the sum of the current components; using Eqs. 1-41 and 
1-43 in 2-33, 
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(M4) 


Vt/Ii is Z 0 , the characteristic impedance. V 2 /V l is, by definition, the 
reflection factor p. From Eqs. 2-6 and 2-7 it is evident that It/I x is — p. 
Hence 


?L = 1 + pe~ 2TI 
Zo 1 - pe -21 ' 1 


(2-35) 


where, by Eq. 2-30, 



(M6) 


This pair of equations gives a means of computing impedance at any point. 
First find p, the reflection factor at the load, by using the load impedance 
in Eq. 2-36. Then find Z, for any value of x, from Eq. 2-35. 

This computation for impedance can be a little tiresome, although it is 
quite straightforward. The labor of computation is saved if a graphic 
solution is employed and it will be shown in Chap. 12 that charts can be 
evolved from Fig. 2-9, using Eqs. 2-35 and 2-36, to give Z/Z 0 very easily 
if the impedance at the load, Z r /Z 0 , is known. Certain charts for this 
purpose will now be mentioned. 

6. The Complex Impedance Plane. In Fig. 2-7 the impedance ratio 
Z r /Z 0 is plotted as a point in the complex plane. Since the impedance 
ratio in that case is purely imaginary, it is represented by a point on the 
vertical axis of imaginaries. 

Similarly, other values of Z r /Z 0 , corresponding to all other load im¬ 
pedances, can be represented by other points in the complex plane. As 
a matter of fact, since Z 0 is usually real or approximately so, and since 
the resistance component of Z r , the load impedance, can ordinarily have 
only a positive value, we can expect that the complex quantity Z r /Z 0 will 
have a positive real component, and hence will be represented by a point 
somewhere in the right-hand half of the complex plane. 

Figure 2-9a shows the location in the right-hand half of the complex 
plane of the line terminations that have been discussed in this chapter. 
All loads of pure resistance (or, more precisely, all loads for which Z r /Z 0 
is real) are represented by points on the horizontal axis. If the resistance 
of the resistive load is less than the characteristic impedance, it is repre¬ 
sented by a point on the real axis between the origin and the point Z r /Z 0 = 
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1; if the resistance is greater than Z 0 , the corresponding point falls on the 
axis to the right of that point. 

For every value of the ratio Z r /Z 0 , which may be called there is a 
corresponding value of the reflection factor p (as from Eq. 2-30). Values 
of the reflection factor are noted on the chart at the points at which Z r /Z 0 
equals zero, one, and infinity. 

Points representing purely reactive loads (more precisely, loads for 
which Zr/Zo is imaginary) fall on the vertical axis. If the reactance is 
low, the point is near the origin; if the load is capacitive, the point is 
below the origin; if inductive, above. For all points on this vertical axis, 
the reflection factor p has a magnitude of 1 and an angle that varies with 
the load reactance. 



Fig. 2-9. The impedance plane and the reflection-factor plane. 


When the load impedance is equal in magnitude to Z 0 , though it may 
differ in angle, the ratio f will have a magnitude of 1. Corresponding 
points in the f plane of Fig. 2-9a will lie on the semicircle of radius 1. 
The position on the semicircle will be determined by the angle of the load 
impedance. 

The practical value of this chart in the f plane will be seen later. An¬ 
other chart, even more useful in later work, can be made by plotting values 
of p, the reflection factor, in a complex plane. This is called the p plane 
to distinguish it from the f plane of Fig. 2-9a, and it is shown in Fig. 2-96. 
The origin of this chart is the point p = 0, and this corresponds to the 
point on the f plane for which f = 1. Real reflection factors, corresponding 
to resistive loads, lie to the right and left of the origin on the real axis, 
with short circuit at —1 and open circuit at +1. No useful points lie to 



Chap. 2] 


TRAVELING WAVES 


35 


the right of +1, or to the left of —1. Indeed, since all practical use of 
a chart of this kind is with lines that cannot have a reflection factor greater 
than 1 (see footnote 2), all the points of interest of the chart lie on or 
within the circle of radius 1 about the origin. 

The point p = 1 is open circuit, and this is true whether the load is 
considered to be an infinite resistance or an infinite reactance. It has 
already been mentioned that all resistance loads correspond to points on 
the horizontal axis and that the point 1 is approached as the resistance 
becomes large without limit. If the load is purely reactive, all corre¬ 
sponding points lie on the circle shown in Fig. 2-96 which has radius 1 
with center at the origin. Inductive loads correspond to points on the 
upper semicircle; capacitive loads to points on the lower semicircle. If 
the reactance of an inductive load is increased without limit, the point 
p = 1 is approached along the upper semicircle; if a capacitive reactance 
is increased without limit, the same point is approached along the lower 
semicircle. 

As a crude but sometimes helpful concept, imagine the f plane of Fig. 
2-9a to be a sheet of rubber. The left-hand part is now stretched, and 
the right-hand half is shrunk, so that the semicircle is bent into a straight 
line and the vertical axis is bent and distorted until it becomes a circle; 
the right-hand section of the real axis is shrunk so much that the point 
formerly at infinity becomes a point at +1, and by the same shrinking and 
bending operation the infinitely distant ends of the vertical axis are also 
brought to the point +1. The result is the diagram of Fig. 2-96, the p 
plane. Everything in the right-hand half of the f plane is within the unit 
circle of the p plane. As will be discussed later, this is a type of conformal 
transformation, and the diagram in the p plane turns out to be useful in 
a form commonly known as the Smith chart . 


PROBLEMS 

2-1. A line has small loss of energy in conductor resistance, and negligible con¬ 
ductance from one conductor to the other. The line is open-circuited at the receiv¬ 
ing end. Show that the power passing a point f wavelength from the open-circuited 
receiving end is approximately three times the power passing a point J wavelength 
from the end. 

2-2. Several values of the ratio Z r /Z 0 (the normalized receiving-end impedance) 
are given below. Find the corresponding values of the reflection factor, (a) 2; 
(6) (c) 4; (d) J; (e) 3/45° ; (/) j/2; (g) 1 - jl; (h) l/-30° . 

2-3. Z 0 of a radio-frequency line is 60 ohms (purely real). Find the values of 
the reflection factor that correspond to the following values of Z r : (a) 100; (6) 25; 
(c) 125; (d) 20; (e) 10 0/-45° ; (/) j75; (g) 30 - j40; (h) 50 + j50. 

2-4. Draw vector diagrams of current and voltage for a low-loss line on which 
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Z, = —jZ 0 , as in Fig. 2-6. Draw such diagrams for points at the following dis¬ 
tances from the load: 0, $X, £X, fX, jX, and fX. 

2-6. Draw vector diagrams of current and voltage for a low-loss line on which 
Z, = jZ 0 for points at the following distances from the load: 0, |X, |X, §X, jX, and fX. 
2-6. Derive Eq. 2-32. 

2-7. Draw a diagram similar to Fig. 2-5 but for a line on which Z, = Z^/— 45°. 
What is the reflection factor? 

2-8. Draw a diagram similar to Fig. 2-5 for a line on which Z T — Z 0 / 45° . What 
is the reflection factor? 

2-9. Assume a transmission line to be without loss. The load is such that 
Z T — %Z 0 . Find the reflection factor. Using Eq. 2-35, find Z/Z 0 , the normalized 
impedance, at a distance of -fa wavelength from the receiving end. 

2-10. On the line of Prob. 2-9, and with the same load, after finding the reflection 
factor, compute Z/Z 0 , the normalized impedance, at a distance of 0.15 from the 
receiving end. 

2-11. On a cross-section sheet representing the complex plane, as in Fig. 2-9a, 
locate the values of Z r /Z 0 given in Prob. 2-2 or 2-3. On another sheet, as in Fig. 
2-96, locate the computed values of the corresponding reflection factors. Note 
which points lie on the axes or unit circles of the diagrams. 
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STANDING WAVES ON LOW-LOSS LINES 


1. Low-loss Lines. The application of transmission-line mathematics 
to actual lines is greatly simplified if the energy loss in the line is small. 
Approximate forms of the equations are then adequate for many purposes. 

The parameters that represent loss in the line are r and g. There are 
three types of problems to be distinguished: 

1. r and g can be considered zero. 

2. r and g are to be taken into account, but they are so small that an 
approximate method is satisfactory. 

3. r and g are so significant that approximate methods are not adequate. 
For many purposes, r and g are negligible if they are very much smaller 

than coZ and coc, respectively. This condition is satisfied if r and g are 
exceedingly small, and it is also satisfied if <d and coc are very large. Since 

co is 27r/, this criterion will ordinarily be satisfied if the frequency is high. 

For many radio-frequency problems, therefore, r and g are negligible. 

If r and g can be considered zero, z and y from Eqs. 1-6 and 1-16 become 

2 = r -f- jcol = jwl (3-1) 

V = 9 + j<*C ~ jeoc (3-2) 

The characteristic impedance of the line is then merely 



and the propagation constant on a lossless line is 

7 = y/zy * V = jco y/Tc (3-4) 

The characteristic impedance is purely real, for Z and c are always positive 
quantities. Similarly, the propagation constant is purely imaginary. 

Since a and jp are by definition the real and imaginary parts of the 
propagation constant, it follows that when r and g are neglected, and y 
is purely imaginary, 

= 0 and P = coy/lc 
37 


a 


(3-5) 
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v = V l e' 0x + V 2 e~ i0x (3-6) 

I = he’ 0 ’ + I 2 e~ i0x (3-7) 

On such a line, waves travel without attenuation. The incident wave is 
represented by voltage vectors that are all the same length, but that are 
more retarded in phase at points nearer the load. Vectors representing 
the reflected wave, on the contrary, are more retarded in phase at points 
more distant from the load. 

Velocity of wave propagation on a lossless line is simply 

Velocity - | = ^ (3-8) 

and the wavelength is 

_ velocity _ 2 tt _ 1 

1 ~ 6 " iVh ' ' 

A numerical value for the velocity of propagation on a lossless line is 
easily computed, for Eq. 3-8 shows that velocity is determined by the 
inductance and capacitance of the line, and these are found from the 
formulas of Table 1. 

As a specially simple illustration, let us find velocity when the frequency 
is high enough to make the skin-effect constant K * of Formula 1 in Table I 
practically zero. Using values of inductance and capacitance from formulas 
1 and 4, and substituting into Eq. 3-8, 

Velocity = — -— 1 — * ■■■ —- = 1 ■ 

V [1.482 log (6/a) 10 -3 ][19.44/log (6/a)10" 9 ] 

in 6 

= — .. . = 186,300 miles per second (3-10) 

V(1-482X19.44) 


The formulas used for inductance and capacitance in this computation 
are in terms of distance in miles, so the velocity is in miles per second. 
If Formulas 3 and 6 or 7 and 8 had been used, the velocity would have 
been found to be 3.00 X 10 8 , in units of meters per second. 

This velocity of propagation will be recognized as being also the velocity 
of light. It is a limit approached by waves on transmission lines; it is 
an ideal value, for if the value of K v were considered, or if there were any 
dielectric or magnetic material present, or if line losses were considered, 
the velocity of propagation would be somewhat less than the velocity of 
light. 
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The wavelength on an ideal line is f 

x 3 X 10 8 

X =--— meters (3-11) 

2. Standing Waves. We have seen that the mathematical solution of the 
basic transmission-line equations can be interpreted as representing the 
sum of two traveling waves. One, the incident wave, travels from the 
generator toward the load, and the other, called the reflected wave, travels 
from the load toward the generator. On a line without loss, these waves 
travel without attenuation, and are described by Eqs. 3-6 and 3-7. 

A change in the form of the mathematics gives a new point of view, 
and leads to another interpretation of the transmission-line phenomena. 
Transformation of the exponential functions into trigonometric functions 
suggests that the current and voltage distribution on the transmission line 
can be considered in terms of standing waves. 

To make this change, Eq. 3-6 is modified by substituting into it Eqs. 
2-27 for V x and 2-28 for V 2 . The result is 


V = V - r — — e lPx 4- V —- —e~ 

v v T 2Z e + v r 2Z ' e 


i$z 


Regrouping terms, 




+ , Z 0 e ipz - 


. ( 


( 3 - 12 ) 

(3-13) 


The first of these fractions is identical with cos fix. (Various trigonometric 
formulas are collected in Table II, inside back cover, for convenient 
reference.) The second fraction in Eq. 3-13 would be equivalent to sin 
fix if it had j in the denominator. Hence we multiply both numerator 
and denominator by j and obtain 

V = 7 r ^cos fix + j sin fixj (3-14) 

or, since 7 r /Z r = / r , 

V = V r cos fix + jI r Z 0 sin fix (3-15) 

These are the trigonometric equations for voltage distribution. Current 
distribution is derived in the same way from Eq. 3-7, giving 
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Equations 3-14 to 3-17 represent standing waves. The distinction 
between a traveling wave and a standing wave is shown in Fig. 3-1; 
Fig. 3-la shows a traveling wave at three instants of time; the wave keeps 
the same size and shape as it moves along the line. Figure 3-1 b shows a 
standing wave at three instants; it stays in one place and surges, up and 
down, each cycle. A standing wave has fixed nodes , or points of minimum 
amplitude, and loops of maximum amplitude. 


h *2 h 



(a) One Traveling Wave 


ti 



Envelope 

(b) Standing Wave 



(c) Two Traveling Waves 
v-Re jv mox 


v.Re|2.V max cos 


Fig. 3-1. Traveling waves combine to form a standing wave. 


As in Fig. 3-lc, two traveling waves of the same amplitude, moving in 
opposite directions with the same speed, combine to give a standing wave. 
(If the two components were not equal in amplitude, the sum would not 
be a pure standing wave, but would be a combination of a traveling and 
a standing wave.) 

The mathematical description of each type of wave is given in Fig. 3-1. 
The mathematical equivalence of b to c is apparent. For transmission-line 
work, as for other theory, it is customary to omit the symbol Re (“real 
part of”) and, by dividing out the time variation (see footnote 2, Chap. 1), 
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represent voltage (or current) by a complex quantity as in Eqs. .3-14 to 
3-17, and in most of the other equations of this book. But in Fig. 3-1 
the expressions for instantaneous voltage are fully written out to avoid 
any possible misunderstanding. 

An envelope that contains the standing wave is shown in Fig. 3-16. 
Hereafter when standing waves are to be represented, as in Figs. 3-2 a, 
3-3o, 3-6a, and so on, only this envelope will be shown. Using the envelope 
to represent the wave is equivalent to representing the wave by plotting 
the amplitude of the voltage vector at each point on the line. 

3. Examples: Open Circuit. When the receiving end of the line is open- 
circuited, and I r — 0, Eq. 3-15 becomes 

V = V r cos fix (3-18) 

The value of ft, a real number, can be computed from Eq. 3-5. F r , we 
assume, is known. V, the voltage at any point, is a cosine function of the 
distance of the point from the receiving end of the line. Such a voltage 
distribution along the line is shown graphically in Fig. 3-2a. 




Distance from Open-Circuited End of Line 
Fig. 3-2. Voltage, current, and impedance on open-circuited line. 

The curve for voltage as plotted in Fig. 3-2a is the magnitude of the 
cosine function. The usual cosine curve indicates algebraic sign by plotting 
negative values below the axis, but in Fig. 3-2 algebraic sign is considered 
separately from amplitude. 
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The curve of voltage plotted in Fig. 3-2 a can be considered a plot of 
the readings of an ordinary voltmeter at various points along the line. 
The curve is not a picture of a traveling wave. It shows the amplitude of 
a standing wave on the line. 

Voltage nodes are seen at l wavelength, f wavelength, and the other 
odd quarter-wavelength points. At these nodal points there is no voltage. 
It is not at a particular instant only that the voltage is zero, but at all 
instants. A voltmeter connected from wire to wire of the line at a nodal 
point would read zero. This, it will be recalled, is assuming an ideally 
lossless line. 

Current distribution along the open line is found from Eq. 3-17 to be 

I = jXf sin fix (3-19) 

The amplitude of current is shown as a dash line in Fig. 3-2a, and the 
curve has the familiar form of a sine curve. Since only amplitude is shown, 
however, the negative values are folded up and appear above the axis. 
Equation 3-19 indicates that the maximum amount of current is deter¬ 
mined from the voltage and the characteristic impedance of the line. The 
current (because of the j) is everywhere in quadrature with the voltage, 
assuming, as we do, that the open-circuited line is ideally without loss. 

In drawing or using these curves it is not necessary to know the actual 
length of the line. If the actual line is shorter than the distance for which 
the curves have been plotted, the excess length of the curves is merely 
disregarded. The plot may be cut off at any length, and the section re¬ 
maining is entirely correct. Thus if the line is 1 wavelength long, every¬ 
thing to the right of the point X is thrown away, and the voltage and cur¬ 
rent values at the point X are the voltage and current at the sending end 
of the line. Note that in this special case, for which x = X, the sending- 
end voltage and current are equal to voltage and current at the receiving 
end. 

The longest existing power transmission lines are about one-tenth wave¬ 
length. For such lines, the curves of Fig. 3-2 are correct (neglecting line 
loss), but only the parts of the curves from the receiving end to the point 
A/10 are significant—the rest of each curve is meaningless. At the gener¬ 
ator end of the power line, which is at X/10, the voltage is somewhat less 
than at the open-circuited receiving end. This rise of voltage at the 
receiving end of an open-circuited power line is sometimes called the 
Ferranti effect; it is obviously due to resonance between the capacitance 
and inductance of the line. The amount of charging current that the 
generator must supply to the open-circuited line may be read from the 
current curve at X/10. 
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It will be seen that the voltage curve of Fig. 3-2a gives the voltage at 
any point in terms of the voltage at the receiving end. If the voltage at 
the receiving end is not known, and it often is not, the vertical scale of 
the graph has not been established, although the shape of the curve is 
known. Further information is needed, from which the scale can be found. 
If the actual voltage were known at any one point, that would be enough 
to give the voltage scale. Frequently the actual value of the sending-end 
voltage is known, and since the curve includes a point for sending-end 
voltage, this value is sufficient to determine the scale of the curve in volts. 

The scale of the current curve is easily found when the voltage scale is 
known. From Eq. 3-19, the maximum current, at A/4, is equal to the 
maximum voltage (at the receiving end) divided by the characteristic im¬ 
pedance of the line. Other values of current are then in proportion. 

The ratio of voltage to current along the open line is found by dividing 
Eq. 3-18 by 3-19: 

Z = y = —jZ 0 cot px (3-20) 

This will be recognized as the quantity that is called impedance, as in 
Sec. 6, Chap. 2. The magnitude of the impedance is plotted as Z in Fig. 
3-2c; Eq. 3-20 indicates that the curve of Z is a cotangent curve. As 
Fig. 3-2 b, there is plotted the angle of Z. If x is less than \ wavelength, 
Px is less than 7r/2, the cotangent function is positive, and Z is imaginary 
and negative. The angle of Z is therefore —90 degrees. If x is more than 
i wavelength, but less than § wavelength, the cotangent function is 
negative, making Z imaginary and positive. The angle of Z is then +90 
degrees, as shown. It is evident that the angle of Z will continue to alter¬ 
nate in successive quarter-wavelengths. Thus the input impedance to an 
open-circuited line slightly less than a half-wavelength long is an induc¬ 
tive reactance, corresponding to a positive imaginary impedance, whereas 
if the line were slightly more than | wavelength long the input impedance 
would be a capacitive reactance. Reversal of the angle of the impedance 
takes place at quarter-wavelength points where the magnitude of the 
impedance is either zero or infinite. 

The statements in this discussion are true for an ideally lossless line. 
It will be seen in Chap. 4 that when there are small losses the curves of 
Fig. 3-2 are approached as limiting conditions, but the more extreme 
values and abrupt discontinuities are moderated. 

Voltage and current distribution on a short-circuited line are found by 
making V r = 0 in Eqs. 3-15 and 3-17. This gives 

V = jLZo sin px 
I = I r cos px 


(3-21) 

(3-22) 
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The sine curve of voltage distribution and the cosine curve of current 
distribution are shown in Fig. 3-3a. The ratio is 

V 

Z as y = jZ Q tan fix (3-23) 

Hence the impedance curve in Fig. 3-3c is a tangent curve. The angle 
of the impedance is +90 degrees for the first quarter-wavelength where 
the tangent function is positive, and —90 degrees in the second quarter- 



Distance from Short-Circuited End of Line 
Fig. 3-3. Voltage, current, and impedance on short-circuited line. 

wavelength where the tangent is negative, and so on. This is shown in 
Fig. 3-36. 

Distribution on a line that is terminated in characteristic impedance is 
not as readily deduced from the trigonometric equations. Indeed, when 
Z r = Zo is substituted into Eqs. 3-14 and 3-10, they revert to exponential 
form: 

V = 7 r (cos fix + j sin fix) = V r e i0x (3-24) 

I = I r (cos fix + j sin fix) = I r e'* x (3-25) 

These indicate that the magnitude of V is everywhere that of V r , and the 
magnitude of I is everywhere that of 7 r , as in Fig. 3-4a; and that the 
angles of both V and I differ from the angles of V r and I r by the angle 
fix . This is shown in Fig. 3-46. 
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The ratio of voltage to current is 

V V 

Z = j - Y = z * (3-26) 

Hence, if the impedance that terminates a line is equal to the characteristic 
impedance, the input impedance to the line is also equal to the character¬ 
istic impedance. This is true for a line of any length, for the input im¬ 
pedance is quite independent of the length of the line. These relations 
are illustrated in Fig. 3-4c and d. 



Distance from Load 
Ir-*o 

Fig. 3-4. Voltage, current, and impedance on “flat” line. 

The curves of Fig. 3-4 for a line terminated in an impedance equal to 
its characteristic impedance do not have the maxima and minima that 
appear in Figs. 3-2 and 3-3. Neglecting loss, as we are doing in this chapter, 
the distribution curves for such a line are merely straight lines. There 
are no periodic fluctuations owing to resonance along the line. Because 
of this, a line terminated in its characteristic impedance is, in radio¬ 
frequency work, called a “flat” line. The practical advantages of using 
a “flat” line in communication work have already been mentioned, and 
will be discussed more fully in Chap. 9. 






46 


ELECTRIC TRANSMISSION LINES 


[Chap. 3 


In Chap. 2 we considered a line with a load impedance three times the 
characteristic ifnpedance. Vector diagrams are shown in Figs. 2-4 and 2-5. 
For a line so terminated, Eqs. 3-14 and 3-16 can be written 

V = F r (cos fix + j\ sin fix) (3-27) 

I = 7 r (cos fix + j3 sin fix) 

V 

= (cos fix + j3 sin fix) 

= (| COS fix + j sin fixj (3-28) 

To see what these equations mean, it would be helpful to show V and I 
graphically as functions of x, as has been done for lines with other termi¬ 
nations. On this line, however, V and I are 
complex quantities, as in the above equations. 

A complex variable can be plotted as a 
function of a real variable, but two sets of 
curves are required. One method of showing 
V and I as functions of distance is to plot 
the components of V and / that are in phase 
with F r , as in Fig. 3-5a, and to plot separately 
the quadrature components of V and I as in 
Fig. 3-56. The in-phase and quadrature com¬ 
ponents are the real and imaginary terms of 
Eqs. 3-27 and 3-28; they are simply cosine 
and sine functions as shown. 

It is usually more interesting to plot volt¬ 
age and current by showing amplitudes and 
angles, however, rather than by showing real 
and imaginary components. Thus magni¬ 
tude of voltage is shown in Fig. 3-6a; it is the square root of the sum of the 
squares of the voltage components shown in Fig. 3-5a and b. The magni¬ 
tude of the current is also shown, and the corresponding angles are plotted 
in Fig. 3-66. 

Essentially the same information is plotted in Figs. 2-5, 3-5, and 3-6. 
The first of these cannot show distance along the line graphically. The 
other two give complete information, but require two sets of curves each. 
These limitations result from the inherent inadequacy of curves plotted 
on a plane sheet of paper. If a solid model could be constructed, it would 
be very satisfactory to use cylindrical coordinates, and to plot distance 
along an axis, magnitude of voltage (or current) as a radial distance from 
that axis, and phase angle as an angle about that axis. In this way a 



F" X Imaginary 
/ \Component 
// v_ 


Load * 
4 


(b) 


■K 


Fig. 3-5. A plot of real and 
imaginary components. 
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single curved line in space would represent magnitude and angle of yoltage 
(or current) at every point of the transmission line. Figure 3-6 would 
take the form of a lopsided corkscrew. Such a three-dimensional dingr am 
can be imagined more easily than it can be constructed. Figures 2-5, 
3-5o and b can be considered to be the end view, plan, and elevation, 
respectively, of such a solid model. As a practical matter, however, the 
plot of magnitude and angle as used in Fig. 3-6 is usually the most satis¬ 
factory method of presentation. 



Distance from Load 

Fig. 3-6. Current, voltage, and impedance, Z r — 3Z 0 . 

Figure 3-6c and b show the magnitude and angle of the line impedance 
V/I. The magnitude of the impedance is something between 3Z 0 and 
fZ 0 , depending on the length of line. That is, the input impedance may 
be as great as the load impedance, or as little as £ the load impedance. 

Although the load is pure resistance, the input impedance to the line 
may have a phase angle as great as 53 degrees. The angle of Z is the 
angle of V minus the angle of 7. Input impedance to the line has a ca¬ 
pacitive reactance in the first quarter-wavelength, an inductive reactance 
in the second quarter-wavelength, and continues to alternate in successive 
quarter-wavelengths. 

It is evident that the curves of Fig. 3-6 are intermediate between the 
curves of Fig. 3-2 and those of Fig. 3-4. It is natural to find that the 
behavior of a line terminated in high resistance (Z r = 3Z 0 ) is between 
that of an open-circuited line (Z r = ») and that of a flat line (Z r = Z 0 ). 
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For instance, the voltage does not become zero at the odd quarter-wave- 
length points, as it does on an open-circuited line, but the minimum 
voltage is one-third of the maximum. Similarly, the maximum current is 
three times the minimum. For this reason the line is said to have a 
standing-wave ratio of 3. 

4. Variable Frequency. Curves in this chapter (Figs. 3-2 to 3-6) show 
voltage, current, and impedance as functions of the variable Px, We have 
taken the independent variable to be distance x along the line, assuming 
frequency to be constant, and have indicated distances in terms of the 
wavelength X. 

All the curves of these figures are just as satisfactorily interpreted by 
assuming that we are discussing a line of fixed length and changing the 
frequency. The independent variable is then ft the product px varies, 
and x remains constant; p = co \/fc, and is hence proportional to frequency. 
When so interpreted, the curves give sending-end voltage, current, and 
impedance as functions of applied frequency, and the calibration of the 
horizontal axis is in terms of the number of wavelengths in the physical 
length of the line. 

Interpreted in this way, Fig. 3-6 indicates that the input impedance to 
a line for which Z, = 3Z 0 is maximum when the frequency is such that 
the length of the line is JX. It is again maximum if the frequency is in¬ 
creased to make the wavelength equal to the length of the line. If the 
wavelength is four-thirds the length of the line (x = |X), input impedance 

is minimum, and so on. 

6. Other Trigonometric Equations. 
Equations 3-14 to 3-17 express 
voltage and current at a point on a 
transmission line in terms of the 
receiving-end voltage and current 
and the distance of the point from 
the receiving end. Such equations 
can just as well be written to give 
voltage and current at any point q (see Fig. 3-7) in terms of the voltage 
and current at any other point p and the distance x from point p to point q : 

V Q = V v cos px + jl v Z 0 sin Px (3-29) 

V 

I Q = Ip COS px + j ~ sin px (3-30) 

"0 

The distance x is measured from p to q in the positive direction, which is 
defined as being away from the load and toward the generator. 

To see that these equations are valid, it is only necessary to review 


Load 


f 


■*P 




Point p Point q 

Fig. 3-7. Arbitrary points on a trans¬ 
mission line. 
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the derivations of Eqs. 3-14 and 3-17, for it will be found that there is 
nothing unique about the point referred to as the receiving end of the 
line, and this reference point may actually be any point. Or, from a 
slightly different point of view, we may consider that everything to the 
left of point p in Fig. 3-7 constitutes the load on the section of transmission 
line that extends from point q to point p; and that point p is indeed the 
receiving end of this section of line. The impedance “looking toward the 
load” at point p is Z p ; this is the receiving-end impedance of the section 
of line under consideration. Z a , the impedance looking toward the left at 
point q , is the sending-end impedance of the section of line from q to p. 

Figure 3-7 shows point q at a greater distance from the load than is 
point p. Thus x is a positive quantity. However, Eqs. 3-29 and 3-30 can 
be used even though point q is between point p and the load; in such a 
case, the distance x is negative. To avoid using negative distances it is 
customary to let some other symbol, say u , represent distance measured 
toward the receiving end. Obviously, u = —x. Then 

V q = V p cos &u — jJ p Zo sin fiu (3-31) 

V 

I Q = I p cos fiu — j sin $u (3-32) 

A special form of these equations gives voltage and current at any point 
in terms of sending-end conditions: 

V = V 9 cos pu — jI a Z 0 sin / Qu (3-33) 

y 

I = /, cos fiu — j sin fiu (3-34) 

This pair of equations is less often useful than are Eqs. 3-14 to 3-17 be¬ 
cause the sending-end current is usually not known, and has to be com¬ 
puted from the receiving-end impedance. There are occasional applica¬ 
tions, however, to lines for which sending-end current is specified and 
receiving-end impedance is to be found. It has previously been emphasized 
that computations on a transmission line must ordinarily start at the 
receiving end of the line, and the difficulty of using Eqs. 3-33 and 3-34 
provides another illustration of that fact. 

6. Line Impedance. We have considered the impedance of transmission 
lines with certain terminations. Now, having general equations for voltage 
and current, a general trigonometric expression for impedance is easily 
found. Taking impedance to be the ratio of voltage to current at any 
point on the transmission line, as in Eqs. 2-34 and 3-20, the impedance 
is found by dividing Eq. 3-14 by 3-16: 
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Z = 


V 

I 


F r ^cos fix + jy- sin fixj 
I r (cos fix + j y sin #») 


= Z 0 


Z r cos fix + jZg sin fix 
Z 0 cos fix + jZ r sin fix 


(3-35) 


The form of equation giving relative impedance is often more useful: 


j? 

Z 0 


Z r 


cos fix + j sin 

_ 


fix 


Z r 


cos fix + j tt sin fix 


(3-36) 


With certain line terminations, Eqs. 3-35 and 3-36 reduce to the simple 
forms that have already been discussed. For a short-circuited line, Z r = 0 
and Eq. 3-35 becomes 

Z = jZ 0 tan fix (3-37) 


For an open-circuited line, Z r = oo and Eq. 3-35 reduces to 

Z = —jZ 0 cot fix (3-38) 


For a “flat” line, Z r = Z 0 and Eq. 3-35 gives 

Z = Z 0 (3-39) 

7. Trigonometric Functions. When the transmission-line equations are 
written as trigonometric functions, the argument of the function is such a 
quantity as fix. The quantity fix is a dimensionless number. Though 
we wish to find its sine, cosine, or tangent, it is not an angle. 

It is customary in elementary trigonometry to give geometrical defini¬ 
tions of the sine, the cosine, and the tangent. They are defined as the 
ratios of sides of triangles. This geometrical definition is satisfactory for 
elementary purposes, but is severely limited. For more general applica¬ 
tion, it is best to take a broader definition of the functions, and to consider 
the geometrical use to be a special interpretation. 

Let us define the sine and cosine in terms of the exponential function 

e ’* — P -' X 

sin x =-- (3-40) 

ix , -j* 

cos x =-^- (3-41) 
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The exponential function, in turn, is defined by the infinite series 

6* = 1+ x + | + |5+ ... (3-42) 

Sine and cosine being defined, tangent is defined as the ratio 

4- SHI X /q A ON 

tan x = - (3-43) 

cos x 

These are the first four formulas of Table II (inside back cover). 

By combining these definitions, the trigonometric functions can be ex¬ 
pressed, if desired, as infinite series 

sina: = a:-|j-|-|y-|j + ••• (3-44) 

2 4 6 

, X . X X , /o AK\ 

cos x = 1 “ 2 ] + 4j + “* (3-45) 


In all these expressions, x can be any number. It has no necessary relation 
to angle, and it is certainly not to be conceived as an angle measured in 
degrees. It is possible for x to have any value, positive or negative, and 
x can be imaginary or complex as well as real; all these possibilities lie 
within the scope of the above definitions. 

Numerical values of the sine, cosine, and tangent are most conveniently 
found, for transmission-line work, from tables prepared with radian argu¬ 
ments. The radian, so-called, is really a dimensionless pure number, and 
need not be geometrically interpreted as an angle. Since tables of trigo¬ 
nometric functions of numbers (or radians) are relatively rare, such a 
table is given in this book as Appendix 1. Reference 31 is a much more 
extensive table. 

If tables of radian arguments are not available, it is possible to use a 
table prepared in degrees: the argument, really a pure number, is assumed 
to be in radians, and the equivalent number of degrees is computed, and 
the table is then entered with this value. For instance, to find sin $x 
when fix = 1.00: the desired value is the same as the sine of 1.00 radian, 
or (approximately) of 57.3 degrees. The sine of 57.3 degrees is then found 
from an ordinary table to be 0.8415, which is therefore sin 1.00. 

Occasionally, if tables are inadequate, or for special purposes, it is helpful 
to compute a function from the infinite series. Thus, to find sin 1.00, 
using Eq. 3-44, 


sin 1.00 1 6 + 12Q 5040 


+ 


= 1 - 0.16667 + 0.00833 - 0.00020 + 


= 0.8415 


(3-46) 
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which is the same as the value obtained from a table in degrees, and may 
also be compared with the table of Appendix 1. 

8. Applications. In the first section of this chapter it was mentioned 
that there are many practical problems for which r and g , the resistance 
of the wires and conductance of the insulation, can be entirely neglected. 
This is possible only if r is quite small compared with c cl and g is quite 
small compared with wc. 

The trigonometric formulas and the simple standing-wave pictures of 
current and voltage distribution are characteristic of lines operating at 
very high frequency, in the range of hundreds or thousands of megacycles 
per second. The operation of such lines, and the application of the equa¬ 
tions of this chapter, will be discussed in Chap. 12. 

For the simple equations of this chapter to apply, however, although 
the above requirement is necessary, it is not sufficient. It is also necessary 
that the total loss in the whole length of the line be small. Most radio¬ 
frequency lines satisfy this requirement also, for whereas power lines and 
telephone lines are commonly several miles or even hundreds of miles 
long, most radio-frequency lines are to be measured in meters or centi¬ 
meters. This is not always true, however. Long coaxial lines are obvious 
exceptions, and it can by no means be assumed that the output power of 
such a long line is equal to its input power; if that assumption cannot be 
made, the equations of this chapter do not apply. 

Still another precaution is necessary in using the simple trigonometric 
equations of this chapter. They may give excellent approximations of 
voltage, current, and impedance at almost all points along a transmission 
line, but exactly at a node, where they predict exactly zero voltage or zero 
current, and either zero or infinite impedance, they always fail completely. 
However small the current or voltage may be at a node, it cannot be quite 
zero. An equation that gives a value of zero at a node is therefore in 
serious error at that point. Since values at the nodal points are of the 
greatest practical importance, they will require careful attention in Chap. 
12. It was to problems of this kind that item 2 of the classification on 
page 37 referred. 

Most telephone lines and power lines, and even some radio-frequency 
lines have so much loss that the approximations of this chapter cannot be 
applied. For such lines, it is necessary to revise the equations of voltage 
and current distribution, and impedance, to include the effect of line loss. 
Fortunately, this can be done rather easily, and without greatly changing 
the form of the equations, as will be seen in the next chapter. 
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PROBLEMS 

3-1. If loss is negligible and = 0, find the velocity of propagation on a two- 
wire line in meters per second. Use Formulas 3 and 6 of Table I. 

3-2. If loss is negligible and K 9 = 0, find the velocity of propagation on a coaxial 
line, using Formulas 7 and 8 of Table I. 

3-3. Derive Eqs. 3-16 and 17 for current distribution from Eq. 3-7. 

3-4. Draw curves to show the combination of two traveling sine waves into a 
standing wave as in Fig. 3-lc, but continue the diagram until one complete cycle 
has been illustrated. 

3-5. Draw curves to show the combination of two traveling sine waves, as in 
Fig. 3-lc, but let the two traveling waves have different amplitudes. What is the 
nature of the result? 

3-6. The receiving-end voltage of an open-circuited 60-cycle power line is 127,000 
volts (to neutral). The line is y 1 ^ wavelength long. Neglect line losses. What is the 
sending-end voltage? How many miles long is the line? 

3-7. If the sending-end voltage of the line of Prob. 3-6 is 127,000 volts, what is 
the receiving-end voltage? 

3-8. If the characteristic impedance of the line of Prob. 3-6 is 390 ohms, what is 
the sending-end current? (Receiving-end voltage is 127 kilovolts.) 

3-9. What is the sending-end impedance of the open-circuited line of Prob. 3-6? 

3-10. What is the sending-end impedance of a lossless line open-circuited at the 
receiving end, the line being 9.0 centimeters long, at an operating frequency of 
1,000 megacycles per second? Characteristic impedance of the line is 70 ohms. 

3-11. What is the sending-end impedance of the line of Prob. 3-10 if the line is 
short-circuited at the receiving end? 

3-12. A line leading to a broadcast transmitter antenna operates at a frequency 
of 1,200 kilocycles. It is 100 meters long, and has a 500-ohm characteristic imped¬ 
ance. What is the input impedance if the remote end of the line is (a) open- 
circuited? (b) short-circuited? Neglect loss. 

3-13. Z r = 2 Z 0 . Compute V/V r and lZ 0 /V r , and plot as in Fig. 2-5. Compute 
the magnitude and angle of Z/Z 0 , and plot as in Fig. 3-6. 

3-14. Compute and plot the values required in Prob. 3-13, but for a line on 
which Z r = |Z 0 . 

3-16. Determine sin 0.5 and sin 2.0 by the following methods (obtain results 
correct to four figures): 

a. Compute from infinite series. 

b. Read from the table of Appendix 1. 

c. Read from a table using degrees. 

3-16. Determine cos 0.5 and cos 2.0 by the three methods of Prob. 3-15 (obtain 
results correct to four figures). 
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1. Voltage and Current Equations. It was shown in Chap. 3 that volt¬ 
age and current distribution on a transmission line, and the line impedance, 
can conveniently be given mathematical expression in the form of trigo¬ 
nometric functions if the frequency is so high, or the line loss so low, that 
losses can be neglected. The trigonometric functions describe standing 
waves on the line, standing waves that result from the superposition of 
two traveling waves moving in opposite directions. 

The trigonometric equations were derived from the exponential equa¬ 
tions. The general exponential expression for voltage distribution is 

V - TV' + V/tt (4-1) 

and when loss is zero this can be written (as in Eq. 3-6) 

v = F,e’* + V 2 e~ ,$z (4-2) 

which, in Sec. 2, Chap. 3, was transformed to 

V = 7 r ^cos j 8x + j sin fixj (4-3) 


A comparable form will now be derived without making the assumption 
that loss is negligible. Equation 4-1, a solution of the differential equations 
of the transmission line that includes the effect of line loss, provides a 
starting point for the new derivation. For convenience, let us introduce 
a new symbol B that is defined by its relation to y in the following equation: 

7 = jB (4-4) 


When this new symbol is introduced into Eq. 4-1, we obtain 

V = V l e tBs + V 2 e~’ Bx (4-5) 


and the similarity of Eq. 4-5 to Eq. 4-2 is obvious. Steps paralleling those 
of Chap. 3 may now be taken to put Eq. 4-5 into trigonometric form. 

Equation 4-5 is modified by substituting into it Eqs. 2-27 for V x and 
2-28 for V 2 . The result is 


V = V r 


Zr 4" Zo 
2Z r { 


i Bx 


+ V r 


Z r 


2Z r 


Zp — ; Bx 
" 6 


(4-6) 
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Regrouping terms 


V = 



7 J Bx _ 

Zoe - =1 6-\ 

^ J Z . 2 j ) 


(4-7) 


The first of these fractions is identical with cos Bx. The second fraction 
is equivalent to sin Bx. Hence 

V = 7 r (cos Bx + j ^ sin Bxj (4-8) 

or, since V r /Z r = I r} 

V = V r cos Bx + jI r Z 0 sin Bx (4-9) 


Equation 4-8 includes the effect of line loss, whereas Eq. 4-3 does not. 
The difference is in the use of B rather than 13. B is a complex quantity. 
From its definition in Eq. 4-4 it is seen that 


jB = y = a + jfi 


(4-10) 


from which 


B = j = —jy = (3 — ja (4-11) 

It is apparent that if a transmission line has negligible loss, so that the 
attenuation constant a is zero, B is identical with /3. In this ideal case, 
B is a purely real quantity. When line loss is considered, B has an imagi¬ 
nary component equal to — ja. On most practical lines, losses are small 
enough so that a is relatively small and the quantity B is not greatly 
different from the quantity 13. 

Equation 4-8 or 4-9 gives voltage distribution along a line. Current 
distribution is given by similar equations, derived in the same way: 


I = 7 r ^cos Bx + j sin Bxj 

(4-12) 

v 

I = I r cos Bx + j sin Bx 

Zq 

(4-13) 


2. Trigonometric Functions of Complex Variables. These equations for 
voltage and current distribution that take line loss into account have a 
familiar appearance, but they include the sine and cosine of the complex 
variable Bx. To make use of these equations, it is necessary for trigono¬ 
metric functions of a complex variable to be understood. 

The definitions that we already have adopted for the sine, cosine, and 
tangent are broad enough to include complex arguments, and the possi¬ 
bility of using complex arguments was mentioned in connection with the 
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definitions on page 50. The sine and cosine are given in Eqs. 3-44 and 
3-45 as 


sin 2 = *-*- + *-- ... 

(4-14) 

2 4 

cos z = 1 “ 2 !+- 

(4-15) 


(These expressions are given also in Table II.) Using these definitions 
(which we do, consistently, throughout this book) z can be real, or it can 
be complex or imaginary. 1 

It is possible to use the series of Eqs. 4-14 and 4-15 for actual computa¬ 
tion to determine the numerical values of the functions of a complex 
variable, for only the familiar operations of multiplication and addition 
of complex quantities are required to evaluate the terms. Enough terms 
can be used to give any desired precision. The computation is likely to 
be tedious, however, unless z is small, and other methods of evaluation are 
usually preferable. 

The trigonometric functions can be evaluated from their exponential 
equivalents. Referring to Formula 3 of Table II for example, we may use 

e is + 

cos z = --- (4-16) 

The exponentials in this formula can be evaluated even though z is com¬ 
plex, for if z = x + jy 

e u = e ix ~ v = e“V = <T V (4-17) 

This is handled like any complex quantity, the value of e~ v being found 
from a table of exponentials. 

However, the sine and cosine of a complex argument are often most 
easily found by expanding the complex functions into expressions that 
contain only functions of real variables. This method requires the use of 
hyperbolic functions, and since hyperbolic functions are not as generally 
familiar as trigonometric functions, it will be well to review the meaning 
of hyperbolic functions of a real variable before proceeding with the dis¬ 
cussion of functions of a complex variable. 

Real Hyperbolic Functions . The hyperbolic functions sink and cosh are 

1 The use of z in these equations does not imply any connection with impedance. 
In these abstract equations, we follow the mathematical custom of using z as a 
complex variable and x and y as real variables. Also w will be used as another 
complex variable, and u and v as real variables. 
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closely related to the circular functions sin and cos. The hyperbolic sine 
and hyperbolic cosine are defined in Table II as 


sinh*= * + fj + fj+- 

(4,18) 

z 2 z 4 

cosh z = 1 + gj + + • • • 

(4-19) 

The hyperbolic tangent is defined as the ratio 


, . sinh z 

tanh z — , 

cosh z 

(4-20) 


The hyperbolic sine, cosine, and tangent of a real variable are plotted 
in Fig. 4-1, together with the exponential function to which they are 
closely related. Unlike the circular 
functions, they are not cyclic. Some 
of their more useful characteristics 
are as follows. 

cosh x ) with x real, is never less 
than 1, and is positive for both posi¬ 
tive and negative values of x. For 
very small values of x , cosh x ap¬ 
proaches 1, and its rate of change 
approaches zero. For very large 
values of x , cosh x approaches \e x ) 
this is most clearly evident from the 
equation 

cosh x = - ~]~ - 6 (4-21) 

Z 

for if x is large, e~ x is vanishingly 
small. 2 

The sinh of a real variable may 
have any value from — oo to + 00 • If x = 0, sinh x = 0. For small values 
of x , sinh x approaches x , and its curve approximates a straight line at 45 
degrees through the origin. For very large positive values of x , sinh x> like 
cosh x , approaches \e z . If x is negative, sinh x is negative. The hyperbolic 
sine, like the circular sine, is an odd function, whereas the hyperbolic cosine 
and circular cosine are even functions. 



Fig. 4-1. Real hyperbolic functions. 


2 It is convenient, if somewhat inelegant, to pronounce the abbreviations cosh and 
tank to rhyme with gauche and ranch, sinh is not so easily pronounced, but is 
sometimes spoken as if it were spelled cinch or shine, or, perhaps most commonly, as 
sinch, with long i. 
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tanh x is defined as sinh x divided by cosh x . Hence it is zero if x is 
zero, and its curve, like that of the sinh function, approximates a straight 
line at 45 degrees as it passes through the origin. If x is real, tanh x must 
lie between —1 and +1, and these are the limits of the function as x 
approaches — and + . 

Various useful formulas relating to trigonometric and hyperbolic func¬ 
tions are collected in Table II. All these formulas can be derived from the 
definitions in the first seven equations of Table II. The formulas relating 
to trigonometric functions will be familiar to most readers, and the formulas 
for hyperbolic functions are quite similar. 

Formulas 14 to 19 of the table show relations between circular and 
hyperbolic functions. For instance, Formula 14 states that sin jy = 
j sinh y. To verify this expression, substitute jy for z in Formula 2 of 
Table II which defines the sine, and substitute y for z in Formula 5 which 
defines the hyperbolic sine. Either the exponential or the series form of 
Formulas 2 and 5 may be used, and in either case the relation of Formula 
14 of the table is readily obtained. 

The other formulas of this group in Table II are derived in a similar 
manner. It is interesting to notice that the sine of an imaginary quantity 
is imaginary, but the cosine of an imaginary quantity is real. This group 
of equations will be immediately useful in expanding the trigonometric 
functions of a complex variable into a form that contains only functions 
of real variables. 

Expansion of the Complex Functions . Usually the value of the sine or 
cosine of a complex quantity is most easily found by rewriting the function 
as follows. Assume that the complex variable z has the real and imaginary 
components x and jy: 

z = x + jy (4-22) 

Taking the cosine function as an example, it may be written 

cos z = cos (x + jy) (4-23) 

This can now be expanded by using the formula for the cosine of the sum 
of two quantities (Formula 21 of Table II): 

cos z = cos x cos jy — sin x sin jy (4-24) 

Formulas 14 and 15 of the table are now used, to give 

cos z = cos x cosh y — j sin x sinh y (4-25) 

Since both x and y are real, each term in this expansion can be evaluated 
by reference to almost any handbook, 3 and a numerical value of the cosine 
of a complex variable z is thereby obtained. 

3 For convenience, short tables of circular, hyperbolic, and exponential functions 
are included in the appendixes. 
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The similar expansion of the sine function is 
sin z = sin (x + jy) 

= sin x cosh y + j cos x sinh y (4-26) 

In applying these relations to a transmission line, as in Eq. 4-8 or 4-12, 
the complex argument is usually Bx = fix — jax, the x in this equation 
being distance. The sine and cosine of Bx are expanded by using the 
general forms of Eqs. 4-25 and 4-26 to give 

sin Bx = sin (fix — jax) 

= sin fix cosh ax — j cos fix sinh ax (4-27) 

cos Bx = cos {fix — jax) 

= cos fix cosh ax + j sin fix sinh ax (4-28) 


Finally, these expressions can be substituted into the transmission-line 
equations. Equation 4-8, for example, which gives voltage distribution on 
a line with loss, can be written entirely in terms of real functions, giving 


V = F r |^cos j&r^cosh ax + —■ sinh ax^j 

+ j sin fix^sinh ax + |p cosh (4-29) 


This form of the voltage equation can be readily evaluated from ordinary 
tables, and, indeed, the equation will always take some form equivalent 
to this if ordinary tables of real variables are to be used for computation. 

3. Hyperbolic Functions of Complex Variables. The solution of the 
differential equations of the transmission line was first expressed in expo¬ 
nential form, as Eqs. 1-26 and 1-27. The solution was then rewritten in 
trigonometric form, in Eqs. 4-8 and 4-12, for greater convenience of compu¬ 
tation. The solution can also be expressed in the form of complex hyper¬ 
bolic functions. Indeed, hyperbolic functions are quite commonly used 
for this purpose, probably for historical reasons. 

Starting with the exponential solution for voltage, Eq. 4-1, we may 
substitute into it Eqs. 2-27 and 2-28, giving 


V = 



+ <r 7 * 

2 


+ 



(4-30) 


These fractions may be recognized as the hyperbolic cosine and hyperbolic 
sine functions, and the equation can be written 

V = F r (cosh yx + I 2 sinh yx) (4-31) 

or 

V = V r cosh yx + Zo?r sinh yx (4-32) 
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I = 7 r ^cosh yx + ~rjr sinh yx J (4-33) 

or 

V 

I = I r cosh yx + -=r- sinh yx (4-34) 

" 0 

On an ideal line, or a high-frequency line on which loss can be neglected, 
y is purely imaginary. Equations 4-31 to 4-34 can then be reduced to the 
circular trigonometric functions of a real variable, as in Chap. 3. But if 
line loss is to be considered in the above equations, hyperbolic functions 
of complex variables must be evaluated. 

Methods of evaluating the complex hyperbolic functions are similar to 
those discussed for the circular trigonometric functions: 

1. From infinite series, Eqs. 4-18 and 4-19, or Formulas 5 and 6 of 
Table II, using as many terms as needed. 

2. From exponential expansions, as in Formulas 5 and 6 of Table II. 

3. From trigonometric expansions, as in Formulas 26 and 27 of Table II. 
The latter equations, which are 

sinh (x + jy) = sinh x cos y + j cosh x sin y (4-35) 

cosh (x + jy) = cosh x cos y + j sinh x sin y (4-36) 

provide the most convenient means of computation for most purposes. 

The argument of the complex hyperbolic functions appearing in Eqs. 
4-31 to 4-34 is yx = ax + jfix. The hyperbolic sine and cosine of yx are 


sinh yx = sinh {ax + jfix) 

= sinh ax cos fix + j cosh ax sin fix (4-37) 

cosh yx = cosh {ax + jfix) 

= cosh ax cos fix + j sinh ax sin fix (4-38) 


By introducing Eqs. 4-37 and 4-38, the complex hyperbolic functions of 
Eqs. 4-31 to 4-34 can be replaced. When this is done, the equations for 
voltage and current are written in terms of functions of real variables, and 
evaluation may proceed by use of tables found in ordinary reference 
books. For example, Eq. 4-31 for voltage distribution can be expanded 
to give 


= Vr COS fix [^ 


cosh ax + sinh axj 


+ j sin fix(smh ax + cosh axj (4-39) 
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and in this form, which is the necessary form for computation, we find 
that we have reached exactly the same expression that was obtained as 
Eq. 4-29 by expanding the complex circular functions. 

Actual computation of transmission-line quantities is therefore the same 
whether the general form of an equation is written in circular or hyperbolic 
functions. It is optional with the reader whether he prefers to use circular 
or hyperbolic functions, for all equations may be expressed in either form. 
The hyperbolic functions of a complex quantity are not fundamentally 
more difficult than the circular functions. It is only because they are less 
familiar that they seem so. 

4. Charts of Complex Functions. When values of the complex functions 
have been computed, they can be preserved, for later use, in a table or a 
set of curves. It is easy to tabulate or plot the circular and hyperbolic 
functions of a real variable, as in Fig. 4-1, but to plot a function of a 
complex variable is more difficult. It is necessary to indicate both real 
and imaginary components of the variable and both real and imaginary 
components of the function. A four-dimensional plot would be con¬ 
venient, but lacking this it is possible to use a two-dimensional plot with 
two families of curves. The plot may be arranged in any of several ways. 

For instance, if it is desired to plot the cosine of a complex variable, 
which will itself be a complex quantity, we may write 

cos Me* 11 = 8ef 9 (4-40) 

and then plot S and a as functions of M and p. Note that M, p, S, and 
<r are real. M is the magnitude of the quantity of which the cosine is to 
be determined, and p is its angle. 

If we were finding the cosine of a real number, p would be zero and we 
would find merely cos M. If the angle p is small, it is to be expected that 
cos Me 1fl will not differ much from cos M . This is true, and is shown in 
Fig. 4-2a. In that figure the magnitude S of the cosine function is plotted; 
the lowest curve is for a real variable (p = 0) and is hence the familiar 
cosine curve. The next curve above it shows the magnitude of the cosine 
for a variable having an angle (with the axis of reals in the complex plane) 
of 5 degrees. (This same curve gives the magnitude of the cosine function 
if the angle of the argument is —5 degrees.) 

The next curve is for an argument with a =b 10-degree angle, and other 
successive curves are for variables with increasing angles until, with an 
angle of dt90 degrees, the argument is purely imaginary. Since cos 
jx = cosh x, this last curve is a plot of the hyperbolic cosine of a real 
variable, and is the same as the hyperbolic cosine curve in Fig. 4-1. 

Expressed in other words: The curve for a real variable is the ordinary 
cosine curve, the curve for an imaginary variable is the hyperbolic cosine 
curve, and the curves for complex variables lie between those two. 
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The cosine of a complex quantity, however, is itself complex, and cannot 
be expressed merely as a magnitude. We must know either its real and 
imaginary components or else its magnitude and angle. The latter form 
is used in Fig. 4-2; the magnitude is shown in Fig. 4-2a, and the angle in 
Fig. 4-26. 



Magnitude M 



When the variable is real (n = 0), the angle of the function is zero 
until M = x/2, when the angle suddenly becomes 180 degrees. (This 
abrupt change corresponds to the change of sign of the function; the cosine 
of a real variable changes from positive to negative as the argument passes 
x/2.) If /x has a small value (let us say — 5 degrees), the angle <r of the 
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cosine function rises quickly, but without discontinuity, when M ap¬ 
proaches and passes r/2. For small values of M, a is almost zero; if M 
is near i r, <r is almost 180 degrees. The discontinuous curve for the real 
variable is approached as a limit if the angle n of the argument becomes 
very small. 

Other curves for arguments with increasing (negative) angle are shown. 
Finally, when the argument is purely imaginary (m = “90 degrees), the 
function is purely real (<r = 0). This, again, is in agreement with the 
relation cos jx = cosh x. Curves for complex arguments approach more 
nearly the curve for a real variable or the curve for an imaginary variable, 
depending on whether the argument is more nearly real or imaginary. 

Although the magnitude S of the cosine is the same for either positive 
or negative values of n, the sign of a is dependent upon the sign of /z. 
This can be seen from Eq. 4-25. If Me' 11 = x + jy, 

cos Me ,#i = cos (x + jy) 

— cos x cosh y — j sin x sinh y = Se 1ff (4-41) 

Reversing the sign of /z will reverse the sign of y. Reversal of the sign of 
y will not change cosh y , but it will reverse the sign of sinh y (see Table II) 
and therefore of the imaginary component of Se ,<T . This results in reversal 
of the sign of the angle a. In mathematical terms, the cosine of the con¬ 
jugate of a quantity is equal to the conjugate of the cosine of that quantity. 4 

The curves of Fig. 4-2 are drawn for negative values of n in order to 
include the range that is useful for transmission-line equations. In Eqs. 
4-8 and 4-12 for instance, Bx is a quantity with a negative imaginary 
component, for B = ft — jot, and lienee, when written in polar form, /z is 
negative. See also Eqs. 4-27 and 4-28. 

Because of the conjugate relationship, the same curves could be used 
for positive values of \i , instead of negative, by taking a to be negative 
instead of positive. That is, the signs of a and /z in Fig. 4-26 could both 
be reversed. 

A similar set of curves for the sine function of a complex variable is 
shown in Fig. 4-3. For a real variable, with n = 0, the familiar sine 
curve appears in Fig. 4-3a. For an imaginary variable, with \x = ± 90 

4 It is readily shown that not only does cos z = cos z (using the bar above a 
quantity to indicate the conjugate of that quantity, in the usual mathematical nota¬ 
tion, so that if z = x + jy, z = x — jy), but also sin z = sin z. Indeed, there is a 
theorem that if R is any rational operation, 

R(a) = R{a) (4-42) 

and this includes the trigonometric functions which can be expanded into series of 
rational terms. 



64 


ELECTRIC TRANSMISSION LINES 


[Chap. 4 


degrees, the magnitude is that of the hyperbolic sine and the curve is 
similar to the hyperbolic sine curve of Fig. 4-1. If the variable has some 
complex value, the magnitude of the sine lies between these extremes, as 
shown. 



The angle of the sine, called r, is indicated in Fig. 4-36. Unlike the 
cosine, the sine function is imaginary if the argument is imaginary. Like 
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the cosine function, however, if the sign of p is reversed the sign, of r is 
reversed also (see footnote 4). 

Figures 4-2 and 4-3 show how the complex sine and cosine are related 
to the more familiar sine and cosine of a real variable, but there are other 
ways of plotting the functions of complex arguments tJ at are more compact 
and better for use in computation. 5 One such plot is presented in Fig. 4-4. 
Let us consider any complex quantity z, with components x and jy, 

z = x + jy (4-43) 

Figure 4-4 is a plot of the z plane, with two families of curves superim¬ 
posed to show the magnitude and angle of sin z. Any point in the chart 


sin (x+jy^SeJ* 



represents a value of z by reference to the rectangular coordinate system; 
vertical lines give values of x y using the scale at the top , and horizontal 
lines give values of y, referring to the scale in the left margin. Each point 
represents the corresponding value of sin z by reference to the super¬ 
imposed coordinate system of curves, sin z is a complex quantity, and it 
is read from this chart in the polar form Se 1 *. The more or less elliptical 
lines give values of the magnitude S, and the more or less radial lines give 
values of the angle <r. 

6 The reader who does not wish to use charts for computation may omit the rest 
of this chapter. 
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To find sin (x + jy) from the chart, first locate a point with coordinates 
x and y , referring to vertical and horizontal straight lines. Then read S 
and a at that point, referring to the two families of curves. Interpolate 
if necessary. S and a are the magnitude and angle of sin z. 

For example, sin (1 — j 1) is not greatly different from 1.5 X—30° , for 
the intersection of the lines x = 1 and y = — 1 is close to the intersection 
of the lines S = 1.5 and a = — 30 degrees. Interpolation will give a more 
accurate reading. (The correct value is 1.45 /—26.1° .) For comparison, 
this same value of sin (1 — j 1), or of sin 1.41 /--45 0 , can be found in 
Fig. 4-3. It is evident that Fig. 4-4 gives a neater presentation of the 
data. 6 

It is remarkable that the chart of Fig. 4-4, plotted for the sine function, 
can also be used for the cosine. This follows from the fact that sin z = 
cos ( z — 7r/2). It is only necessary to adjust the horizontal scale of the 
chart by subtracting tt/2 to have a chart of the cosine. In Fig. 4-4, the 
scale to be used in finding the cosine is given at the bottom of the chart, 
and the scale that applies in finding the sine is given at the top, and they 
differ by tt/2. Vertical coordinate lines are drawn for integer values of x 
for finding the sine, and not for x f for finding the cosine; this is merely to 
avoid a confused appearance of the chart and actually the chart is equally 
applicable to either function. 7 


6 Some of the characteristics of Fig. 4-4 are as follows. Values of sin z read along 
the horizontal axis (y = 0) give the ordinary circular sine of a real variable (sin x). 
Values of magnitude read along the vertical axis (x — 0) give the hyperbolic sine. 

Near the origin, where z is small, sin z is approximately equal to z. This is more 
clearly evident if the reader imagines, or actually sketches in the figure, concentric 
circles and radial lines to show magnitude and angle of z as expressed in the polar 
form. 

sin z is periodic; that is, sin z = sin (z + 27r). Also it is odd, for 
sin z = — sin (— z ). These relations make it possible to extend the chart indefinitely 
to the right or left; or, what is the same thing, they make it possible to use the 
section of chart that is given to find sin (x + jy) for any value of x. Ind eed, with 
the aid of these relations and the fact (from footnote 4) that sin z = gin z, a strip of 
chart from x = 0 to x = tt/2 and for only positive y can be used to evaluate 
sin {x + jy) for any value of x and either positive or negative y . The absolute 
value of y y of course, must not fall beyond the vertical range of the chart. 

7 To prove for a complex function that sin z = cos ( z — 7t/2), 


sin z = sin (x + jy) = sin x cosh y + j cos x sinh y 



cosh y — j sin 



sinh y 
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An outstanding feature of this chart, and perhaps its greatest advantage, 
is that there is no uncertainty regarding sign. If x and y are known, S 
and a are indicated without ambiguity. 

Another method of plotting the same data is shown in Fig. 4-5. Here 
x and y are read from the curvilinear coordinate system, and the real and 
imaginary components of sin (x + jy) are read from the rectangular 
system. The following notation is convenient: 



sin (x + jy) = u + jv 

(4-46) 

If 

x + jy —t 

(4-47) 

and 

u + jv = w 

(4-48) 

then 

sin z — w 

(4-49) 

It will be seen that Fig. 4-4 is a plot of w from Eq. 4-49 in the complex 
z plane, and Fig. 4-5 is a plot of z in the complex w plane. Only one 
quadrant of the full chart is shown in the figure, 8 as the other three 
quadrants are symmetrical with it. 

Hence if x — tt/2 = x', 

sin 0 + jy) = cos O' + jy) 

(4-45) 


The lower scale in Fig. 4-4 is x', and the origin of the cosine chart is displaced by 
tt/2 to the right of the origin of the sine chart. 

Some of the characteristics of the cosine chart are as follows. Values of cos z 
read along the horizontal axis give the ordinary circular cosine of a real variable. 
Values read along the vertical axis give the hyperbolic cosine. Near the origin, 
where x f and y are small, the cosine is approximately I/O 0 . The cosine function is 
periodic like the sine function. It is an even function, however, and 
cos z = cos (— 2 ). 

It is interesting to imagine that the lines of constant S in Fig. 4-4 are the contour 
lines of equal elevation of a surface above the plane of the figure. It is instructive 
to visualize such a surface, and even to draw a perspective sketch of it. (Such a 
drawing is given by Jahnke and Emde, “Tables of Functions with Formulae and 
Curves,” p. 67 of Addenda, Ref. 11). Lines of constant a, being an orthogonal sys¬ 
tem, are gradient lines in the three-dimensional picture. Referring to the sine 
coordinates, there are conical sinks at the origin, at w, 2ir, and so on. There is a 
saddle surface at tt/2 and at other points midway between sinks. The surface rises 
steeply (exponentially, in fact) at the top and bottom of the chart. 

8 This quadrant of the w plane is equivalent to the single panel of the z plane 
iescribed in footnote 6. 
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Lines of equal x are drawn for decimal fractions of * rather than for 
integer values of x; this makes it easier to use the chart for values of x 
greater than t/2. Lines of equal x are hyperbolas, lines of equal y are 



Axis of u 

Fig. 4 - 5 . Chart of complex sine and cosine. 


ellipses. Signs to be attached to y, u, and v are not determined from 
the chart, but from the accompanying table. 

9 Proof : By Eq. 4-26 


u = sin x cosh y 

(4-50) 

v = cos x sinh y 

(4-51) 

« 2 

sin® * * C08h y 

. M ® 

.2 — sin x 

cosh y 

(4-52) 

t.® 

cos® x ~ smh y 

V* 

• 1,2 — cos X 

sinh y 

(4-53) 
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sin (x + jy) = u + jv sinh (y + jx) = v + ju 
cos (s' + jy) = u + jv cosh (y — jx f ) = u + jv 


For sin or sink, when 
x is in the range 


For cos or cosh , when 
x f is in the range 


If y is d—► 


If y is-► 


To find sin z , the components x and y must be known. Divide x by tt to get a 
value with which to enter the chart. (If x/t is greater than 0.5 but less than 1.0, 
consider that the scale is folded back as indicated. If the value is greater than 1, 
subtract any integer and enter the chart with the remainder.) On the two families 
of curves, find the point corresponding to x and y. At this point read u and v from 
the rectangular coordinates; these are the real and imaginary components of sin z. 

To find cos z, the real part of z is called x ', and the scale for x' on the hyperbolic 
curves is used instead of the scale for x. The real and imaginary components, x' 
and y, are used to find the cosine in exactly the same way that x and y are used to 
find the sine. 



°to| 

l to * 

3x 

xto- 

3t 

— to 27r 

A 

0 . 5tt 
2 xt°- 

~ 2 to 0 

°to| 

V , 

-tox 

3x 

xto- 

~~ to 2 tt 

u is + 

u is + 

u is — 

u is — 

u is + 

v is + 

v is — 

v is — 

v is + 

v is + 

u is *4” 

u is + 

u is — 

u is — 

u is + 

v is — 

v is + 

v is + 

v is — 

v is —■ 


The auxiliary table for determining signs requires little explanation. As 
an example of its use, consider sin (2 — j 1); here x is between tt/2 and 
and y is negative; hence u is positive and v is positive. This may be 


sin 2 x 


cos 2 x 


= 1 


(4-54) 


cosh 2 y 


+ 


sinh y 


= 1 


(4-55) 


Equation 4-54 with constant x gives hyperbolas in the w plane. Equation 4-55 with 
constant y gives ellipses in the w plane. 
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verified by comparison with Fig. 4-4. Indeed, the auxiliary table is es¬ 
sentially a skeleton of Fig. 4-4, showing no curves but only giving the 
sign of the function in each panel of the chart. 

Among the many possible ways of plotting the sine and cosine of complex 
functions, only three of which are shown here, the chart of Fig. 4-5 seems 
the most generally useful for computation. This is partly because it is 
simple and symmetrical, and partly because it is available in large, ac¬ 
curate charts. 10 For many ordinary uses the chart of Fig. 4-5 gives 
sufficient accuracy if larger charts are not available. For accuracy beyond 
the scope of charts, computation from Eqs. 4-25 and 4-26 is recommended. 

Charts of complex hyperbolic functions are similar to charts of circular 
functions; indeed, the similarity is so great that the same charts can be 
used if interpreted correctly. Consider Fig. 4-5. This is a chart relating 
x and y to u and v where, by Eq. 4-26, 

u = sin x cosh y (4-56) 

v = cos x sinh y (4-57) 

However, by Eq. 4-35, 

sinh ( y + jx) = sinh y cos x + j cosh y sin x 

= v + ju (4-58) 

Hence this same chart can be used to find the hyperbolic sine: call the 
real part of the argument y and the imaginary component x ; enter the 
chart with these values and find v and u, and these are the real and imagi¬ 
nary components, respectively, of the hyperbolic sine. 

The chart of Fig. 4-5 can also be used to find the hyperbolic cosine, 
Using the scale for x' on the hyperbolas. Since x f = x — 7r/2, Eqs. 4-56 
and 4-57 can be written 


u = cos x f cosh y (4-59) 

v = —sin x r sinh y (4-60) 


Then, from Eq. 4-36, 

cosh (y — jx') = cosh y cos x' — j sinh y sin x f 

= U + jv (4-61) 

This means that to find the hyperbolic cosine of a quantity, the real 

10 “Chart Atlas of Complex Hyperbolic and Circular Functions” by A. E. 
Kennelly (Ref. 12) is an excellent presentation of charts of this kind and of other 
useful forms also. Although Kennedy’s charts are primarily arranged for hyperbolic 
functions, it is easy to use them for circular functions also. The same author has 
published “Tables of Complex Hyperbolic and Circular Functions” (Ref. 13). 
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component of the quantity is called y and the negative of the imaginary 
component is called x f . The chart is entered with these values of ^ and 
x', and u and v, the real and imaginary components of the desired hyper¬ 
bolic cosine are read. 


PROBLEMS 

4-1. Derive Eq. 4-12 from the exponential form. 

4-2. Compute cos z for the following values of z: 0. 5/— 25° ; 1. 0/—25 0 ; 
1.5/—25°. For each value of z , use the following methods: 

a. By infinite series (Eq. 4-15) using four terms. 

b . By expansion in exponential form (Eq. 4-16). 

c. By expansion in trigonometric form (Eq. 4-25). 

Locate the results on the charts of Fig. 4-2a and b. 

4-3. Compute sin z for the values of z given in Prob. 4-2, using for each the three 
methods specified in that problem. Locate the results on the charts of Fig. 4-3a 
and b. 

4-4. Compute cosh z and sinh z for z = 1.0/65°, using any one of the three 
methods specified in Prob. 4-2. 

4-5. Compute cosh z and sinh z for z = 0.5/65°, using any one of the three 
methods specified in Prob. 4-2. 

4-6. Starting from Formulas 1 to 7 of Table II, show that Formulas 8, 9,12, 14, 
15, and 16 are correct. 

4-7. Starting from Formulas 1 to 7 of Table II, derive Formula 25. 

4-8. Using Formulas 1 to 7 of Table II, show that sin z — sin z and cos z = cos z 
(see footnote 4). 

4-9. Read sin z from the charts of Fig. 4-3 for z = 1 — j0.5 and z = 2 — jl.O. 
Repeat using Fig. 4-4, and again using Fig. 4-5. Compute sin z (by any desired 
method) for comparison. 

4-10. Read cos z from charts, as in Prob. 4-9. (It may be helpful to draw 
appropriate vertical cross-sectional lines in Fig. 4-4). Compute cos z for comparison 

4-11. Read sin z and cos z from Fig. 4-5 for the following values: 

z = 1.0 + jO z = 0.8 + j0.6 z = -1.5 - jO.l 

2=0 +jl.O z = 0.5 — jl.2 z == 0.1 + jl.5 

4-12. Read sinh z and cosh z from Fig. 4-5 for the values of z given in Prob. 4-11. 

4-13. Find z from Fig. 4-5, given that 

cos z = 1 + jl sin z = 0.7 — j0.6 

cos z = —1.2 + j0.5 sin z = 1.0 — jO.l 

(Any of the possible values of z will be acceptable.) 

4-14. Given z = 0.4 + j0.3, find tan z by using Formula 25a of Table II. Check 
the result by using Formula 50 of Table II. 

4-16. Given z = 1.2 + j0.15, find tan z by using Formula 25a of Table II. 
Check the result by using Formula 50 of Table II. 



CHAPTER 5 


LINE PARAMETERS 


1. Range of Values of Parameters. The previous chapters have dis¬ 
cussed the derivation of the differential equations of a transmission line 
and the solution of the differential equations expressed in exponential 
functions, in trigonometric functions, and in hyperbolic functions. 

Certain quantities appear as parameters in these equations. The param¬ 
eters that have been used most frequently are Z 0 , y , B, a y and (3. These 
parameters are combinations of the so-called line constants l f c, r, and g; 
the parameters are used for convenience and brevity of notation, but they 
are more fundamental than mere abbreviations and have physical meaning 
in connection with transmission-line behavior. This chapter will relate 
primarily to the line parameters, and the next two to the constants from 
which the parameters are derived. 

First, it is helpful to consider the practical range of values of the line 

parameters, and it is possible to reach 
certain fairly general conclusions, at 
least for specific types of lines. 

The constants Z, c, r, and g are al¬ 
ways positive. This implies that z, 
the impedance per unit length of line, 
is a complex quantity in the first 
quadrant of the complex plane. The 
admittance y is likewise a complex 
quantity in the first quadrant. 

At radio frequency, the reactance, 
2i r/Z, is usually so much larger than 
r that the impedance z is very nearly 
imaginary. Similarly, 2rfc is much 
greater than g , and the admittance y 
is practically imaginary. 

At voice frequency, in the neighborhood of 1,000 cycles, the reactance 
of an open-wire telephone line is several times the resistance; z has an angle 
in the complex plane of 70 or 80 degrees. Since loss from line to line is 
quite small, the angle of y is nearly 90 degrees. Representative values of 
z and y are shown in Fig. 5-1. 



Fig. 5-1. Angular relations on open-wire 
telephone line or power line. 
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At power frequency the reactance of a transmission line is rather low, 
but the resistance is even lower. Lines that are long enough to require 
treatment as circuits with distributed parameters are designed to carry 
large amounts of power, as long lines are usually economic only with heavy 
loads. Consequently long power lines have rather large conductors, and 
the resistance is correspondingly low. The reactance of a long, high- 
voltage power line is typically five to eight times its resistance. Figure 
5-1 is therefore reasonably applicable to a high-voltage power line as well 
as to an open-wire telephone line. 

Figure 5-1 can also be used in considering angular relations on radio¬ 
frequency lines, although for the typical high-frequency line it greatly 
exaggerates the effect of loss. That is, y and z would typically be at angles 
hardly to be distinguished from 90 degrees. 

When the angles of y and z are as shown in Fig. 5-1, the product zy has 
an angle approaching 180 degrees, as indicated, and itsjsquare root is at 
an angle of something less than 90 degrees. 1 Since y/zy = y = a + jfi, 
a and are the components of y/zy as shown in the figure. Note that 
for typical lines, a is smaller_than 13. 

The quantity B is —J_y/zy (by Eq. 4-11). This implies that B has the 
same magnitude as y/zy but is displaced from it by —90 degrees as shown 
in the figure. The components of 5, from B = (3 — ja, are also shown in 
the figure. On ordinary lines, B is nearly a real quantity, approximating 
/3. B , however, has a small negative angle unless the line is ideally without 
loss, in which case B equals 0. 

The magnitude of B is mainly dependent on the frequency. Both z and 
y are approximately proportional to frequency and so, therefore, is B . 
The phase constant (3 is even more nearly proportional to frequency. This 
is interesting in its relation to the velocity of propagation of waves on the 
line. It was shown in Eq. 1-49 that 

1 The negative of the vector shown in Fig. 5-1 as %/zy is, of course, also a square 
root of zy. In deciding which of the alternative values of the square root to use for 
7 , we must be consistent throughout the mathematical development of the subject. 
If it were decided to select the value of y/zy that lies in the third quadrant in Fig. 
5-1, a and f3 would both be negative. This would require a different physical inter¬ 
pretation, and much of the discussion of Chaps. 1 and 2 would have to be altered, 
for it was there tacitly accepted that a and 0 are positive. The mathematics of 
transmission lines could be developed on the opposite assumption, but there is no 
advantage, it is not customary, and the complications are greater. Therefore we 
shall now explicitly decide to use for y the value of y/zy that falls in the first 
quadrant. 

In this connection, note that jB — y — y/zy, and hence B = y/zy/j — ~jy/zy. 
It is mathematically correct to write B = y/—zy, but this form should be carefully 
avoided because it suggests that B could be written jy, instead of —jy. To write 
B = jy is incorrect because it is inconsistent with the assumptions made above. 
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Velocity = ^ (5-1) 

Hence, in the range in which p is approximately proportional to frequency, 
velocity is nearly independent of frequency. 

Indeed, it was shown in Sec. 1, Chap. 3, that the velocity of waves on 
a transmission line is equal to the speed of light if waves travel on the 
line without loss and if the term containing K * in the inductance formulas 
of Table I can be neglected. This latter condition is met if there is negli¬ 
gible magnetic field within the line conductors, owing either to high fre¬ 
quency and hence marked skin effect or to a large ratio of line spacing 
to conductor radius. 

Conditions that make the wave velocity approach the speed of light are 
approximated most closely at high frequency. At low frequency, loss is 
relatively more important and there is more magnetic field within the 
conductor; both of these effects tend to slow the wave. It is not surprising, 
therefore, that velocity is low at low frequency, increases to some extent 
with increasing frequency, and then approaches the speed of light as fre¬ 
quency is indefinitely increased. Velocity of wave propagation on a typical 
open-wire telephone line is shown in Fig. 5-2. It is plotted as a function 
of frequency, and is seen to be nearly constant above 1,000 cycles. 



Frequency-Cycles per Second 

Fig. 5-2. Phase velocity, attenuation, and characteristic impedance of a typical tele¬ 
phone line. 

Open-wire line r = 10.44 ohms per mile 

12-inch spacing l = 3.66 millihenrys per mile 

104-mil copper c = 0.00838 microfarad per mile 

Neglecting skin effect g = 0 
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Velocity on a high-voltage power line (the Hoover Dam line) is shown 
in Fig. 5-3. Resistance is low because of the large cross section of the 
copper conductors. Because the conductors are tubular, they have no 
internal magnetic field. Hence, the velocity of propagation is nearly the 
speed of light for all frequencies above 50 cycles. 

Attenuation depends on a, which is the imaginary component of J5, or 
the real component of 7 . Large loss gives rapid attenuation, and a is 
greatly larger for the telephone line of Fig. 5-2 than for the power line 
of Fig. 5-3. Generally speaking, attenuation increases slightly with in¬ 
creasing frequency in the lower frequency range and becomes practically 
constant in the higher frequency range. (It will be shown in Chap. 12 
that a at high frequency increases as the square root of frequency, but at 
the highest frequencies of Figs. 5-2 and 5-3 this slow increase, the result 
of skin effect, has not begun to appear.) 

Dimensionally, a is measured in inverse length; ax is a dimensionless 
number, as indeed it must be to be used as an exponent or as the argument 
of a trigonometric function. For convenience the term nepers is frequently 
used in speaking of ax. The value of a is given as so-many nepers per 
mile or nepers per meter, depending on whether x is measured in miles 
or meters. The neper, however, like radians or degrees or decibels, is 



Frequency-Cycles per Second 


Fig. 5-3. Phase velocity, attenuation, and characteristic impedance of a high-voltage 
power line. 

Three-phase line r = 0.113 ohms per mile, each wire 

390-inch spacing in plane l = 0.00212 henry per mile, each wire 

512,000 c.m. copper cross section, seg- c = 0.0136 microfarad per mile, each wire 
mental hollow conductor g = 0 

Outside diameter: 1.40 inches Neglecting skin effect but considering thin 

walls of conductor 
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dimensionless; it merely gives a name to a ratio of dimensionally similar 
quantities. 2 

Returning to Fig. 5-1, the characteristic impedance of the line,_Zo, can 
be shown in relation to the other line parameters. Since Z 0 = y/z/y, and 
since the angle of z is commonly less than the angle of y although both 
are typically near 90 degrees, the angle of Z 0 is usually small and negative. 
It is a useful check on computation to note that the angle of Z 0 must be 
a somewhat smaller negative angle than the angle of B unless the line 
admittance is purely imaginary (g = 0) in which case they are the same. 
A typical value of the angle of Z Q} or of B ) for either a 60-cycle high- 
voltage power line or an open-wire telephone line at 1,000 cycles, is about 
— 5 or —10 degrees. The angle is greater at lower frequency, as appears 
in Figs. 5-2 and 5-3. 

The magnitude of the characteristic impedance is more or less inde¬ 
pendent of frequency, except that it typically increases at low frequency, 
but unlike the velocity or the propagation constant it is greatly dependent 
upon the physical dimensions of the line. If the spacing between wires is 
large, or if the wires are small, z is great and y is small; Z 0 is consequently 
large. If, on the contrary, the conductors are large and close together, z 
is small, y is large, and the characteristic impedance is quite low. 

As an example, the characteristic impedance of the telephone line of 
Fig. 5-2 is about 700 ohms at 1,000 cycles. The characteristic impedance 
of the power line of Fig. 5-3 is about 400 ohms, but this is Z Q to neutral ; 
the characteristic impedance of a two-wire line with the same equivalent 
spacing and the same conductors would be twice as much, or about 800 
ohms. 3 The ratio of b/a for the power line is roughly twice that for the 
telephone line, and the comparable characteristic impedances are 800 and 
700 ohms, respectively, for two-wire lines. 

2 It will be seen in Chap. 9 that nepers and decibels are both capable of interpre¬ 
tation as ratios of power input to power output if applied to a single pure traveling 
wave. Attenuation in nepers can be changed to attenuation in decibels by multi¬ 
plying by 8.686. This factor can be used to change the attenuation scale in Fig. 5-2 
or 5-3 to decibels per mile if the line is terminated in its characteristic impedance 
and there is no reflected wave. 

3 When inductance and capacitance to neutral are used in computing Z 0 , the 
result is a characteristic impedance to neutral. This may be visualized by consider¬ 
ing a three-phase line terminated in its characteristic impedance; such a line has a 
Y-connected three-phase load, the impedance of each arm of the Y being the 
characteristic impedance of the line to neutral. 

If a two-wire line is terminated in its characteristic impedance, it may either be 
loaded with a single impedance equal to the characteristic impedance of the two- 
wire line, or it may be loaded with two impedances in series, each of which is equal 
to the characteristic impedance of the line to neutral. The mid-point, between the 
two impedances, is visualized as being the neutral point (see also Sec. 10, Chap. 6). 
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It is usual for the characteristic impedance of a high-voltage power line 
to be in the neighborhood of 400 ohms to neutral. For an open-wire 
telephone line, Z 0 is commonly 600 to 700 ohms for the two-wire line. 

Coaxial lines for radio-frequency transmission usually have much lower 
impedance. It will be shown in Chap. 12 that a line with a characteristic 
impedance of about 70 ohms is particularly advantageous because of low 
loss. By having very small spacing between the inner and outer con¬ 
ductors, it is possible to design a coaxial line with characteristic impedance 
as low as a fraction of an ohm. 

2. Typical Cable Parameters. Frequently the pair of wires that con¬ 
stitutes a telephone transmission line is grouped with many other similar 
pairs and enclosed within a protecting sheath, as of lead, to form a cable. 
A cable may contain only a few pairs of wires, or hundreds or even thou¬ 
sands of pairs. A telephone cable may be suspended from poles, but it 
may also be run in ducts underground. The outstanding advantages of 
the use of cable are the saving of space that results, and protection of the 
circuits from the weather. Also, in cities, underground construction is 
usually required by law. 

Power circuits are frequently run underground in cable, also, and for 
much the same reasons. Sometimes one conductor and sometimes three 
conductors are enclosed within a protective sheath, properly insulated 
from the sheath and from each other. 

Cables, whether for power or telephone work, have close spacing of the 
conductors. This results in relatively low inductance and high capacitance. 
Conductors in cables are made small to save expense; therefore resistance 
is relatively high. Insulation is a comparatively thin layer of solid ma¬ 
terial, or of solid material impregnated with oil or some other insulating 
liquid, or with gas under pressure, and as a result the line-to-line con¬ 
ductance and often the dielectric losses are appreciable. 

Because of the close spacing, characteristic impedance of a cable is low. 
Because of high loss, attenuation is large. Because the insulating material 
has a dielectric constant greater than that of air, the velocity of propaga¬ 
tion is less than on open-wire lines. 

The behavior of power cable as a long transmission line is not often of 
interest, for power cables are always very short compared to the wave¬ 
length of power frequencies. In telephone practice, however, long cables 
are becoming continually more important, both for transmission of voice 
frequency and for carrier-current operation. 

Comparing telephone cable with open-wire telephone line, the resistance 
is of the order of magnitude of eight times as much, inductance (of unloaded 
cable) is about one-fourth, capacitance about eight times, and conductance 
is five times or more. Because of the high resistance and low inductance, 
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the "impedance per unit length, z, of a cable is a quantity more nearly real 
than imaginary. The admittance, however, remains almost imaginary. 
This means that zy for a cable has an angle of only slightly more than 90 

degrees, as indicated in Fig. 5-4, and y/zy is at 
zy about 45 degrees. B is at about —45 degrees, 

T $ y _ and a is nearly as great as /3. These compari- 

l —£ ~ zy sons are valid in the voice-frequency range, 

1 / / | with 1,000 cycles as typical. 

1 / / j As shown in Fig. 5-5, the characteristic im- 

/ / pedance, wave velocity, and attenuation of a 

_—l, - cable are all quite dependent upon frequency. 

^ a 1* This is mainly because the z of the cable is largely 

| resistance throughout the voice-frequency 

\ i range and hence is by no means proportional to 

_ ot _frequency, whereas y varies approximately with 

frequency. 

^ . . . .. Because of the variation with frequency it 

telephone cable. is h ar d to compare cable parameters with those 

of an open-wire line, but if the voice-frequency 
range for ordinary telephone transmission of speech is taken to be 200 to 
2,700 cycles, some idea of relative values can be suggested. Very roughly, 
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attenuation, and characteristic impedance of a typical tele- 

r = 83.4 ohms per mile, both wires 
l = 0.0010 henry per mile, both wires 
c = 0.062 microfarad per mile, both wires 
^ = 1.5 micromhos per mile, both wires 


cable attenuation is ten or more times that of open-wire telephone line; 
velocity on the cable is less than one-third the speed of light; and char- 
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acteristic impedance of a cable centers around 400 or 500 ohms in magni¬ 
tude, with an angle of 40 to 45 degrees. 

3. Computation of Parameters. Computation of Z 0 , the characteristic 
im ped ance, for any transmission line, offers no particular problems. It is 
y/z/y , and can be computed from 



At high frequency, with large w, the characteristic impedance approaches 
the purely real value of 



Since, at high frequency, skin effect is quite fully developed, the values 
of l and c from formulas of Table I can be substituted into Eq. 5-3 to give: 

For parallel-wire line, 

= 276 log - (5-3a) 

a 

For coaxial line, 

Z 0 = JjL 4 f > L- 1 °g (fr/ Q ) X 10 ~ e ~ = 138 log - (5-36) 

V 24.16& X 10 _12 /log (6/a) a 


0.921 log (6/a) X 10~ a 
12.08 X 10“ ,2 /log (6/a) 


These equations neglect any effect of line loss. They are almost exact at 
radio frequency. 

On the other hand, if frequency is extremely low, so that r is much 
greater than cd, and g is much greater than coc, the characteristic impedance 
approaches 



This limiting value is also a purely real quantity. It is the limit of the 
characteristic impedance at frequencies so low that zero-frequency or d-c 
operation is approached. 

Computation of the parameters a and is possible in several ways. 
Since they are the magnitudes of the real and imaginary components of 
y/zy , it is possible to compute \/zy and find its real and imaginary com¬ 
ponents: 

a + jp = y/zy = VV + jo>l)(g + jox) (5-5) 


This is very often the simplest means of computation. However, explicit 
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formulas for a and 0 are sometimes desired, and they can be derived 4 
from Eq. 5-5 as 

a = VMvV + « 2 W + »V) +rg- u %] (5-6) 

and 

0 = Vj[ \/(r 2 + ul 2 ){g 2 + wV) — + w 2 fc] (5-7) 

In computing a numerical value for a, it is hard to get good accuracy 
from either Eq. 5-5 or 5-6 if a is much smaller than 0. This difficulty 
arises at high frequency, and in this range it can fortunately be avoided 
by using a different form of expression for a. Eq. 5-5 is expanded by the 
binomial formula to give 

a + jP = V(r + jul)(g + juc) 

= [(rgr — u?k) + jw(lg + rc )] 1 




1 [jcdjg + rc)] 2 , 
8 (rg - Jle)* 


(6-14) 


4 The derivation is as follows. From Eq. 5-5 

(« + = a 2 — /3 2 + j(2a0) 

= rg — u 2 lc + j(ulg + urc) (5-8) 

Equating the real and the imaginary components, and introducing the abbrevia¬ 
tions M and N for convenience, 

a — 0 2 = rg — oo 2 lc = M (5-9) 

2 afi = colg + cocr = N (5-10) 

Simultaneous solution gives 

a 2 — ~2 = M or a 4 — Mot — \ N 2 = 0 (5-11) 

4a 4 

2 M ± y/~M 2 + N 2 _ 

a = - - - (5-12) 

whence 

a = y/%[(rg — a 2 k) ± y/(rg — w 2 Zc) 2 + (coZ# + a>cr) 2 ] (5-13) 

Consider the ambiguity of the zb sign: since the quantity under the inner radical 
must always be numerically greater than (rg — w 2 Zc) 2 , the negative sign would lead 
to an imaginary value for a. Since, according to our original stipulation in Eq. 1-41, 
a and 0 are both real, the negative sign is spurious and only the positive sign is 
retained. The ambiguity of sign of the outer radical is discussed in footnote 1. 
Simplification of Eq. 5-13 then leads to Eq. 5-6. 

Similarly, eliminating a between Eqs. 5-9 and 5-10 ,0 is found to be as in Eq. 5-7. 
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If a) is sufficiently large, rg is very small compared to o> 2 fc, and as a good 
approximation at high frequency: 


ol + jP = jco\/fc + 


lg + rc , . {lg + ref 
2 Vic 3 &o(lc)* 


+ ••• 


(5-15) 


Equating the real terms on each side of this equation, the second term on 
the right-hand side is an approximation of a. There are other real terms 
in the expansion, but other terms have w to at least the second power in 
the denominator. If w is of an order of magnitude of millions or greater 
(and possibly if it is of the order of thousands), the term shown is the 
only one that need be considered. Thus, as an approximation valid at 
radio frequencies (and possibly at the higher audio frequencies) 


a 


lg + rc 

2 Vic 


(5-16) 


Similarly, equating imaginary terms, the first and third terms on the right- 
hand side of Eq. 5-15 contribute to ft. Since, however, the first term has 
a in the numerator, and the third has co in the denominator, and all suc¬ 
cessive terms have higher powers of a> in the denominator, only the first 
term need be retained at sufficiently high frequency, and as an approxima¬ 
tion valid at high frequency 

p = w\/fc (5-17) 

This same expression for /3 was obtained in Eq. 3-5; there is, however, a 
difference in assumptions. Equation 3-5 was derived for a lossless line at 
any frequency, whereas Eq. 5-17 is for a high-frequency line even though 
there are losses. 

Contrasting to the values obtained at high frequency, approximations 
for a and can be found that are valid only at extremely low frequency . 
If, in Eq. 5-14, rg is very large compared to a> 2 Zc, we find, as an approxi¬ 
mation that is good as zero frequency is approached, 

a. = V r g (5-18) 


^ o(lg + rc) 


(5-19) 


From & an expression for velocity of wave propagation can be found: 

Velocity = ^ = (5-20) 

With direct current, corresponding to zero frequency, it is inappropriate 
to speak of waves or wave propagation. Nevertheless, the wave concept 
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can be used for any a-c frequency, however low, and such a quantity as 
velocity of propagation has meaning for waves of any frequency. It is 
therefore reasonable to speak of the value approached by the velocity as 
frequency is reduced toward zero. 

If r/l = g/c (see Eq. 9-32), the velocity given by Eq. 5-20 is l/\/fc, ap¬ 
proximately the velocity of light. If either r or g is zero, velocity ap¬ 
proaches zero, as in Figs. 5-2 and 5-3. For all other conditions, the velocity 
approaches some intermediate value between these extremes. 

The value of a in Eq. 5-18 finds practical application in connection with 
d-c lines. At zero frequency, the propagation constant y is equal to a , 
for fi vanishes. 

4. Direct-current Transmission. Voltage and current distribution along 
a d-c transmission line are found by using these relations for zero frequency 
in the appropriate transmission-line equations. Equations 4-32 and 4-34 
are well adapted to use with a d-c line, and give 


V = V r cosh y/rg x + I r ^ 

sinh y/rg x 

(5-21) 

I = I r cosh y/rg x + V r y 

sinh y/rg x 

(5-22) 


These equations are needed if a d-c transmission line has both resistance 
r and conductance g. They describe voltage and current in terms of real 
hyperbolic functions. If either r or g is zero, it is unnecessary to consider 
distributed constants, for the one remaining constant can be considered 
to be lumped. 

It is interesting to notice that transmission-line equations in terms of 
hyperbolic functions are particularly suited to d-c lines, as the equations 
in terms of ordinary circular trigonometric functions are specially fitted 
to high-frequency lines. 

6. Effect of Parameters on Voltage and Current Distribution. Let us 

next consider the effect of the various parameters on the behavior of trans¬ 
mission lines. The discussion will show why the combinations of constants 
that are called Z 0 , a, and f3 are specially significant as parameters. 

Characteristic Impedance . The characteristic impedance Z 0 appears in 
most equations in relation to the load impedance Z r . The ratio Z r /Z 0 
determines the reflection factor, and therefore the standing-wave ratio of 
the line. It determines whether resonant peaks of voltage and current 
appear on the line. 

This is illustrated in Fig. 5-6, which shows voltage and current distri¬ 
bution on a line with a series of different values of Z r /Z 0 . Figure 5-6a 
shows the large standing waves that occur on a line with infinite load 
impedance. Figure 5-66 shows the less extreme standing waves on a line 
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with a load that makes Z r /Z 0 = 3; it is intermediate between the open- 
circuit condition of Fig. 5-6a and the total lack of resonance on the flat 
line for which Z r /Z 0 = 1, as in Fig. 5-6c. When the load impedance is 
less than the characteristic impedance, there is resonance, but the standing 
waves are inverted; this is shown in Fig. 5-6d for which Z r /Z 0 is £. Finally, 
with short circuit, Z r /Z 0 = 0, as in Fig. 5-6e, and the standing waves are 
as prominent as on the open-circuited line. 


(«) 




W 


Low 

Impedance 
~ L \~ 5Z.0 



(•) 


Short 

Circuit 

Ir-0 




Fig. 5-6. Effect of load on voltage and current distribution. 


In Fig. 5-6a to e, it is assumed that the load impedance has the same 
angle as has the characteristic impedance of the line. This implies a load 
that is largely, or entirely, resistive. Figure 5-6/ and g illustrate current 
and voltage distribution when the load is reactive; these will be discussed 
later. 

Attenuation . Figure 5-7 shows the effect of changing the attenuation 
from a small value to a large value. Since some specific condition of load 
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on the line must be selected for purposes of illustration, let us assume that 
the receiving end of the line is open-circuited; this gives maximum standing 
waves. Curves of voltage distribution are shown, with magnitude of 
voltage in curves a and b and angle of voltage relative to angle at the 
receiver in c. 

The voltage distribution on such a line is given mathematically by either 

V = V r cos Bx (5-23) 

or 

V = V r cosh yx (5-24) 

derived from Eqs. 4-9 and 4-32 by letting I r = 0. These two equations 



Distance from Open-circuited End of Line 
Fig. 5-7. Effeet of attenuation on voltage distribution. 

express exactly the same information, and either may be used according 
to personal preference. For an ordinary line, B is nearly a real quantity, 
whereas y is nearly imaginary. 

The voltage at any point on the line being proportional to the cosine, 
the voltage distribution curve of Fig. 5-7a is merely the curve of the cosine 
of a complex quantity, Bx. As x increases, Bx increases in magnitude but 
retains a constant angle in the complex plane. That is, the curve of Fig. 
5-7 a is one of the curves of Fig. 4-2. It is similar to the curve from Fig. 
4-2 for /x = —5 degreea 
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Voltage distribution along a line with greater loss and higher attenuation 
is shown in Fig. 5-76. For this curve the angle of B (m in Fig. 4-2) is 
perhaps —15 degrees. 

Indeed, each of the curves of the chart of Fig. 4-2 can be interpreted as 
voltage distribution along an open-circuited line, the different curves corre¬ 
sponding to different amounts of loss in the line. The lowest of the family 
of curves gives voltage distribution with zero loss, and is the circular 
cosine of a real variable. 

The phase angle as well as the magnitude of the voltage at different 
points along the line can be read from the chart of Fig. 4-2. In Fig. 5-7c 
there are plotted two phase angle curves, one for a line with low attenua¬ 
tion and one for a line with high attenuation. 

Current distribution along the open-circuited line is given by Eq. 4-13 
or Eq. 4-34 with I r — 0: 


= jZ 1 sin Bx 

&Q 

(6-25) 

II 

! 

(5-26) 


Since Bx is nearly real, sin Bx is nearly real, and they in Eq. 5-25 therefore 
indicates that current is substantially in quadrature with the voltage. 
(This conclusion is valid except in the neighborhood of quarter-wavelength 
points.) 

Voltage distribution on an open line with low attenuation is repeated 
in Fig. 5-8. Current distribution is also shown in this figure, being plotted 
as a curve of Z 0 I (this permits a direct comparison of magnitude between 
current and voltage). The curve of current distribution, being a curve of 
the sine of a complex argument, might be taken directly from Fig. 4-3. 

The current and voltage curves of Fig. 5-8a are contained within enve¬ 
lopes indicated by dash lines. The upper envelope is a real hyperbolic 
cosine curve and the lower envelope is a real hyperbolic sine curve. 6 

5 Expand either Eq. 5-23 or 5-24 by using the formulas of Table II or by Eq. 4-28 
or 4-38, giving 

V = V r cos Bx = V r cos (fix — jax ) (5-27) 

or 

V = V r cosh yx = V r cosh (ax + jfix) (5-28) 

From either of these, 

V = V r (cos fix cosh ax + j sin fix sinh ax) (5-29) 
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A helpful way to think of the curves of Fig. 5-8a is to consider that the 
median dash line represents the magnitude of the incident wave Vie**, 
as marked. It slopes down from right to left as the incident wave becomes 
smaller while traveling toward the load. The reflected wave, traveling 
from left to right, is continually changing in phase relative to the incident 



Distance from Open-circuited End of Line 


Fig. 5-8. Voltage, current, and impedance distribution with medium attenuation. 


The points of tangency to the upper envelope in Fig. 5-8a are at the half-wavelength 
points where 0x = 0, w, 2tt, and so on. At these points | cos/fo | = 1 and sin @x = 0, 
so, for points on the envelope, Eq. 5-29 gives 

Upper envelope of V = V r cosh ax (5-30) 

The points of tangency to the lower envelope are at the odd quarter-wavelength 
points where cos fix = 0 and | sin /3x \ = 1. Hence, for points on the lower envelope, 
Eq. 5-29 gives as the magnitude of V : 

Lower envelope of V = V r sinh ax (5-31) 

By expanding Eq. 5-25 or 5-26 it is shown that the current distribution curve lies 
between exactly the same upper and lower envelopes. Mathematically, these 
curves are envelopes of the voltage and current distribution curves as j3 varies, a 
remaining constant. 
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wave. At the half-wavelength points the incident and reflected waves 
add; at X/2, for example, V 2 e~ ax adds to the incident wave to give the 
total voltage, as shown. At odd quarter-wavelength points, on the con¬ 
trary, the reflected wave is to be subtracted, as indicated at 3X/4. 

From this it will be seen that the median line between envelopes is the 
magnitude of the incident wave, and the distance between upper and lower 
envelopes is twice the magnitude of the reflected wave. This concept is 
quite general; it is not limited to this example of an open-circuited line, 
but can be applied to any line with any termination. For instance, Fig. 
5-9 shows the application of this idea to a long line with moderate at¬ 
tenuation, the reflection factor at the load being something less than 1. 



Fig. 5-9. Voltage and current distribution with large attenuation. 

Because the reflection factor is less than 1, the magnitude of the reflected 
wave is everywhere less than the magnitude of the incident wave. At 
great distances from the load the reflected wave is small, whereas the 
incident wave is large, so the maxima and minima of resonance are less 
pronounced. 

If the distance from the load is so great that ax is as much as 1 or 2, 
the reflected wave is quite overshadowed by the incident wave. Condi¬ 
tions at such a distance, and from there on toward the sending end, are 
practically as if no reflection had been produced at the load; the reflected 
wave has virtually disappeared in this region, and the curves of voltage 
and current distribution are hardly to be distinguished from exponential 
curves. 

It is interesting that on any line with loss, if the line is long enough, 
conditions at a great distance from the load will be similar to those on a 
line that is terminated in its characteristic impedance. This tendency, 
seen in Fig. 5-9, applies to angle and impedance, as well as to magnitude 
of voltage and current. This gives the concept of the infinite line , a line 
so long that behavior near the sending end is quite unaffected by conditions 
at the receiving end. It is unnecessary to have any information about 
the receiving end if the line can be assumed to be infinitely long beyond 
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the point at which its action is being studied. No reflections will return, 
and the part of the line under investigation carries an incident wave only. 

6. Effect of Attenuation on Impedance. On a line with loss, the input 
impedance is somewhat affected by the attentuation. Curves of im¬ 
pedance are similar to those of Figs. 3-1, 3-2, and 3-5, but as a result of 
attentuation the magnitude of impedance is never zero, and never infinite, 
and the angle of the impedance does not change abruptly. Moreover, the 
resonant maxima and minima of impedance become less marked at in¬ 
creased distance from the load. 

An example is shown in Fig. 5-8c. An open-circuited line is used for 
this illustration, but the discussion may be extended to a line with any 
termination. 

The impedance of any line with loss is found by dividing V by J, as 
was done in deriving Eq. 3-36. Dividing Eq. 4-8 by 4-12, 


7 Y cos Bx + j sin Bx 

y - ^^- (5-32) 

0 cos Bx + j —■ sin Bx 

Z/Q 

(This is the same as Eq. 3-36, except that loss is taken into account by 
using B instead of £.) For an expression in hyperbolic functions, divide 
Eq. 4-31 by 4-33 1 

7 y cosh yx + sinh yx 

f - -- y~. - (5 ~ 33) 

0 cosh yx + y sinh yx 


When applied to an open-circuited line , as in Fig. 5-8, Eq. 5-32 reduces to 


or Eq. 5-33 to 


Z _ cos Bx 
Z Q j sin Bx 


—j cot Bx 


Zo 


cosh yx 
sinh yx 


= coth yx 


(5-34) 

(5-35) 


(In Eq. 5-35, it must be remembered that the hyperbolic cotangent of an 
imaginary quantity is imaginary and negative.) 

Impedance at the open-circuited end of the line is, of course, infinite. 
At $ wavelength the impedance is again high (see Fig. 5-8c). Another 
maximum occurs at 1 wavelength. The second maximum of impedance is 
not as high as the first, for the current (as in Fig. 5-8o) does not reach as 
low a minimum at X as at X/2. Indeed, the amplitude of current at the 
nlinimum is proportional to sinh ax , and since a is rather small, sinh ax 
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is approximately equal to ax. Hence the current at a minimum point is 
approximately proportional to the distance of that point from the load. 
Since the voltage at X is of the same order of magnitude as voltage at 
X/2, it follows that impedance at X is about half the impedance at X/2. 

There are points of low impedance at \ wavelength and at f wavelength. 
For reasons analogous to those discussed, the minimum at the latter 
point is about three times as high as the minimum at the former. Thus it 
is clear that a line that is open-circuited at the receiving end has lower 
impedance if it is | wavelength long than if it is f wavelength long. 

The angle of the impedance of the open-circuited line is shown in Fig. 
5-86. It is nearly —90 degrees for a short line; the impedance, that is, is 
almost pure capacitive reactance. In the second quarter-wavelength the 
angle is positive and the impedance is inductive. Each quarter-wave¬ 
length the angle swings back and forth from positive to negative, but each 
time the swing is less extreme, and the angle of the input impedance to 
a long line does not reach a value of even approximately 90 degrees. 

An important fact that must not be overlooked is that if the impedance 
is at maximum or at minimum (at the quarter-wavelength points on the 
line) the impedance is not reactive but resistive. At these points the 
current and voltage are in phase, as shown in Fig. 5-86. It is immaterial 
how small the loss in the line; if an open- or short-circuited line is exactly 
a multiple of a quarter-wavelength long, it has the properties of a high or 
low resistance . 

An aspect of the impedance that is occasionally misinterpreted is the 
appearance of sharpness of the peaks of high impedance, as at X/2 in 
Fig. 5-8c, and the seeming lack of sharpness of the minima, as at X/4. At 
first glance it looks as if it would be necessary to adjust the length of a 
line (or the frequency) quite exactly to get the full advantage of the im¬ 
pedance peak at X/2, whereas a line anywhere near X/4 in length would 
be good enough for providing a low impedance. This is not true. Let us 
plot the admittance, which may be called Y, the reciprocal of the im¬ 
pedance Z. Y is the sending-end admittance of a line. Referring to the 
curves of Fig. 5-8a admittance is the ratio of the current to the voltage, 
I/V. When derived in this way it is clear that the admittance curve will 
have maxima approximately as high and as sharp at the odd quarter- 
wavelength points as the impedance curve has at the even quarter-wave¬ 
length points, height and sharpness of both being dependent on distance 
from the load. The curve for Y is actually a plot of the magnitude of the 
function 6 tan Bx. 

6 For numerical computation, the tangent of a complex quantity is most easily 
obtained from Formula 25a of Table II, and the cotangent is the reciprocal of the 
tangent. Charts of the tangent and cotangent of complex variables can be plotted 
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Equation 5-34 gives the impedance of an open-circuited line. The im¬ 
pedance of a short-circuited line is, correspondingly, from Eq. 5-32, 

2 

•=■ = j tan Bx = tanh yx (5-36) 

with which Eq. 3-37 may be compared. 

A short-circuited line has high input impedance if it is £ wavelength 
long. The input impedance of a short-circuited quarter-wavelength line is 
about twice that of an open-circuited half-wavelength line, assuming the 
same line and the same frequency. Curves of Fig. 5-8 can be applied to 
the short-circuited line if voltage and current are interchanged, and also 
impedance and admittance. 

7. Equivalent Short-circuited Line. In general, a transmission line is 
terminated in a load, the impedance of which we may call Z r . It is an 
interesting concept that the behavior of the line will be in no way altered 
if the receiving end of the line is connected, not to the load of impedance 
Z r , but instead to an additional length of line with input impedance equal 
to Z r . In previous discussion we have mentioned the possibility of sub¬ 
stituting a lumped impedance for a section of transmission line; it is now 
suggested that a section of transmission line may be substituted for a 
lumped impedance. 

Let us consider the mathematics that leads to such an interpretation. 
The numerator and the denominator of Eq. 5-32 are each of the form of 
Formula 28 of Table II. By transforming the numerator of Eq. 5-32 into 
a sine form and the denominator into a cosine form, and dividing, we 

obtain the following expression for 
impedance: 

§- =j tan (Bx + D) (5-37) 

"Q 

where D is defined by 

tani) = |- (5-38) 

0 

Equation 5-37 has the appearance of 
an expression for the impedance of 
a short-circuited line. Referring to Fig. 5-10, it may be interpreted as 
meaning that Z is the impedance at any point on a line; the line extends 


1- D — t~ 

Bx- 

i -r~ 

■— Z 


Short 

Circuit 


I Line j Real Line 

Receiving End of Real Line, 
with Actual Load Removed 
and Equivalent Line 
Substituted 


Fig. 5-10. Substitution of a hypothetical 
short-circuited line for a lumped load. 


as are the sine and cosine functions, but since the tangent and cotangent can be 
computed from the sine and cosine if required, charts are not given here. See 
Jahnke and Emde, “Tables of Functions with Formulae and Curves” (Ref. 11), and 
also A. E. Kennedy, “Chart Atlas of Complex Hyperbolic and Circular Functions” 
(Ref. 12). 
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from that point to a junction point where it joins another line. The first 
line has a propagation constant B , a length x , and its contribution to the 
argument of the tangent function is Bx. The additional line beyond the 
junction point is terminated in a short circuit. Its contribution to the 
argument of the tangent function is D. This additional line is really non¬ 
existent; it is merely a hypothetical line of such characteristics that its 
input impedance is Z r . 

Similar expressions for voltage and current distribution are derived by 
applying Formula 28 of Table II to Eqs. 4-8 and 4-12. They are 

V = V r yfi + (j fj sin (.Bx + D) (5-39) 

1 = 1, yjl + (Jr)" cos ( Bx + (5-40) 

These equations are greatly helpful for a line terminated in a purely re¬ 
active load. If Z 0 is a real number and Z r is purely imaginary, either 
positive or negative, Z r /jZ 0 is real, and D is real. 

For example, consider a line with a load that has an impedance Z r equal 
to jZ 0 . Such a load is inductive reactance. From Eq. 5-38, tan D = 1; 
therefore D = 7r/4. By Eq. 5-39, 

V = \/2 V r sin (Bx + 7r/4) (5-41) 

This describes a sine-wave distribution of voltage along the line, but with 
the sine wave slid sideways, to the left, | wavelength, corresponding to the 
7r/4 term. Figure 5-6/ shows such a voltage distribution. Current dis¬ 
tribution on such a line, found from Eq. 5-40, is also plotted in the figure. 
The impedance is readily determined from Eq. 5-37. 

Next consider that the same line has a capacitive load for which Z r = 
~~jZ 0 . For this load, tan D — —1, and D = 37r/4. Three-eighths of a 
wavelength of short-circuited line is equivalent to such a load, as indicated 
in Fig. 5-6gr. Curves of current distribution and impedance can also be 
drawn. 

For any line with a reactive load, the current, voltage, and impedance 
curves will be displaced sideways more or less depending on the magnitude 
of the load reactance. 

For a line with loss, or a load that consumes energy, B and D are in 
general complex. Computation then becomes somewhat more involved, 7 
but the general principle is the same. 

7 See Sec. 6, Chap. 8, regarding evaluation of inverse trigonometric functions. 
In evaluating D, there will be ambiguity of sign of the components, and we may be 
guided by the following criterion (due to P.-K. Tien). Let us write D = d* + 



92 ELECTRIC TRANSMISSION LINES [Chap. 5 

8. Parallel and Series Connections. Frequently in practice a trans¬ 
mission line is not merely connected to a load at one end and to a generator 
at the other, but is part of a more complicated system. For instance, one 
section of line may be in series with another section with different char¬ 
acteristic impedance, as in Fig. 5-1 la. Or a line may divide, as in Fig. 

5-116. A line may supply not only 
one load, but may be connected to 
other loads along the line, as in Fig. 
5-1 lc. One section of a line may sup¬ 
ply a subsequent section of the line 
by being connected to it through an 
impedance, or through a bad joint in 
the wire which is effectively a high 
series resistance, as in Fig. 5-1 Id. 

In each case, an incident wave is 
partially reflected at the junction, 
where there is a discontinuity of im¬ 
pedance. Basically, all the examples 
of Fig. 5-11 are similar. 

Let us illustrate the solution by 
reference to Fig. 5-1 la, in which a 
line changes characteristic imped¬ 
ance at point m. This may be visual¬ 
ized as a point at which a cable cir¬ 
cuit is connected to an open-wire 
circuit, or as a connection of one co¬ 
axial line to another coaxial line of 
different dimensions. The load im¬ 
pedance Z r is connected to the end 
of the left-hand section of line, and 
from the known value of Z r the behavior of the line from the load to point m 
is determined. Input impedance to this left-hand section is computed, 
giving a value that we shall call Z m . But Z m is also the terminating imped¬ 
ance for the right-hand section, and when Z m is known the operation and 
characteristics of the right-hand section can be found. Thus the study of 
the operation of the two lines in series may be completed. 



Gen 

(e) -Generator Impedance 


Fig. 5-11. Composite lines. 


Since d x and d 2 are analogous to 0x and —ax, respectively, we may know that for 
any dissipative load to be represented by D : 

d x is positive, and is between 0 and w/2 if the load is inductive, and between 
w/2 and w if the load is capacitive (more precisely, between 0 and w/2 if the 
imaginary component of Z r /Z Q is positive; between w/2 and w if the imagi¬ 
nary component of Z r /Z 0 is negative), 
da is negative. 
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The same method is applied to the divided line of Fig. 6-116, as follpws. 
There are two lines to the left of point m. The input impedance of each 
of these, looking into each line at point m, is found. These two impedances 
in parallel constitute the load on the single line that arrives at point m 
from the right. 

The input impedance of line and load, looking to the left at point m in 
Fig. 5-1 lc, in parallel with the impedance connected at that point, is the 
terminating impedance for the right-hand section of line. In Fig. 5-1 Id, 
the impedance of line and load to the left of point m is added in series with 
the inserted lumped impedance. 

Generator impedance is always in series with the transmission line, as 
in Fig. 5-1 le. Power, telephone, and radio-frequency lines all have send¬ 
ing-end equipment with internal impedance. If the sending-end network 
is more complicated than a single impedance, it may be simplified to a 
single source of constant voltage and a single series impedance by use of 
Th^venin’s theorem. 

It often happens that voltage is known, and is held constant, not at 
the sending-end terminals of the transmission line, but at a point “behind 
the generator impedance.” Sending-end voltage can be found by noting that 
the generator voltage divides proportionately between the generator im¬ 
pedance and the line input impedance, as between any two impedances in 
series. Having computed sending-end voltage from this relation, receiving- 
end voltage and all other line voltages and currents can be determined. 

It is entirely possible to write equations for line voltages and currents 
in ternivS of generator internal voltage and generator impedance, together 
with the transmission-line parameters. This is sometimes useful when 
working with specific problems, and it can readily be done when needed. 

9. Balanced Lines. In previous work, the effect of ground has been 
neglected. With most practical transmission lines, the mere presence of 
ground does not much affect the operation of the line itself. (Obvious 
exceptions are one-wire telephone or telegraph lines with ground return 
and unbalanced three-phase power lines with ground return.) The small 
change in the line constants that results from the proximity of ground is 
usually negligible. So, also, is the slight increase of energy loss resulting 
from current in the earth. However, the presence of ground has effects of 
practical importance when the mutual influences of one line on another 
are considered. 

Telephone circuits are, in general, carefully “balanced” to ground. This 
means that the two w r ires of the line are identical, and when any piece of 
apparatus is put into the line (such as loading coils, filters, etc.) half the 
impedance is connected to one wire and half to the other. Neither wire 
is connected to ground, for the potential of one wire of a balanced line 
must be equal and opposite to that of the other with respect to ground. 
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Not only is there no metallic connection to ground, but capacitance to 
ground must be equalized between the two sides of the circuit. Thus a 
line consisting of two wires in a horizontal plane is balanced, but if the 
two wires lie in a vertical plane, the line is not balanced as the lower wire 
has a greater capacitance to ground. The reason for balancing telephone 
lines is to maintain equal coupling from each of the two wires of a circuit 
to other nearby circuits, and thus to prevent mutual inductive and ca¬ 
pacitive effects that result in crosstalk. 

Radio-frequency two-wire lines may be balanced, but terminal equip¬ 
ment sometimes makes balancing impracticable. Coaxial lines are in¬ 
herently unbalanced. The outer conductor of a coaxial line is commonly 
connected to ground. Coaxial lines have no electric or magnetic fields 
outside the outer conductor, and so have no mutual inductance or capaci¬ 
tance with other circuits, and no radiation. A coaxial line is sometimes 
called self-shielding. 

Occasionally it is necessary to use a line that is both shielded and bal¬ 
anced. A double coaxial line may then be used, or a balanced shielded 
pair. These can be directly connected to other balanced lines, whereas a 
simple coaxial line cannot (see Fig. 12-1). 

PROBLEMS 

6-1. Using data from Fig. 5-2, plot a vector diagram such as Fig. 5-1 for a 
telephone line at 1,000 cycles. Relative angles of y, z, zy, y, B, and Z 0 are to be 
shown; magnitudes of vectors need not be comparable. 

6-2. Using data from Fig. 5-3, plot a vector diagram such as Fig. 5-1 for a power 
line at 60 cycles. Relative angles of y , z, zy } y, B, and Z 0 are to be shown; magnitudes 
of vectors need not be comparable. 

6-3. A telephone line consists of two 165-mil-diameter copper wires with 12-inch 
spacing; r = 4.11 ohms per mile of two-wire line, and g = 0. = 0. Compute 

and plot Z 0 (magnitude and angle), attenuation, and velocity of propagation, as 
functions of frequency. The line is similar to that of Fig. 5-2 except for size of wire; 
compare the results. (This type of line was formerly used, but recent practice 
favors lighter wires.) 

6-4. A power line (Tennessee Valley Authority) has conductors with an equiva¬ 
lent spacing ( b in Table I) of 20.2 feet. Use 0.99 inches for the diameter of the con¬ 
ductor (this is outside diameter of the ACSR cable, an approximation), and K 9 = 1. 
Compute l and c to neutral; r = 0.117 ohms per mile of conductor, g = 0. Compute 
and plot Z 0 to neutral (magnitude and angle), attenuation, and velocity of propaga¬ 
tion, as functions of frequency (10 to 1,000 cycles). Compare with Fig. 5-3 (for a 
Hoover Dam line). 

6-6. Assuming a 10-mile length of the telephone line of Fig. 5-2 is terminated in 
its characteristic impedance, find the ratio of power input to power output at 50, 
200, and 1,000 cycles. (A relation to decibels will appear later.) 
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6-6. Assuming a 10-mile length of the cable circuit of Fig. 5-6 is terminated in 
its characteristic impedance, find the ratio of power input to power output at 50, 
200, and 1,000 cycles. (A relation to decibels will appear later.) 

6-7. Using data from Fig. 5-5, compute the angles of vectors in Fig. 5-4 for a 
cable circuit at 1,000 cycles. 

6-8. For the telephone line of Fig. 5-2, compute attenuation at 1,000 cycles 
(a) from Eq. 5-5, (6) from Eq. 5-6, and (c) from Eq. 5-16. Comment on the relative 
accuracy of the three values. 

6-9. A telephone line 100 miles long has 10 volts direct voltage applied at the 
sending end. The receiving end is open-circuited. Given r = 10 ohms and g = 1 
micromho per mile of circuit, find the receiving-end voltage. 

6-10. For the d-c line of Prob. 5-9, find the sending-end current. 

6-11. From inspection of Fig. 5-9, what can you tell about the load on the line? 
Is it inductive, capacitive, or resistive? What is the reflection factor? Is the 
magnitude of the load greater or less than Z Q , and how much? 

6-12. The telephone line of Fig. 5-2, 200 miles long, is open-circuited at the 
receiving end. Test voltage applied at the sending end is 10 volts at 1,000 cycles. 
Compute and plot voltage and current along the line. 

6-13. The telephone line of Fig. 5-2 is open-circuited at the receiving end. Com¬ 
pute and plot input impedance (magnitude and angle) at 1,000 cycles as a function 
of length of line (0 to 200 miles). 

6-14. The telephone line of Fig. 5-2 is open-circuited at the receiving end. For a 
60-mile line, compute and plot input impedance (magnitude and angle) as a function 
of frequency (100 to 3,500 cycles). 

6-16. A coaxial line consists of a wire of 3-millimeter diameter and a tube of 
8-millimeter inside diameter. Neglect loss. It is terminated in R r = 25 ohms. 
Frequency is 250 megacycles. Compute impedance at x = 10, 20, and 30 centi¬ 
meters. Sketch a diagram to indicate (approximately) current, voltage, and im¬ 
pedance variation (as in Fig. 5-8) along 1 wavelength of line. Assume air dielectric. 

6-16. Repeat Prob. 5-15 for a line terminated in R r = 150 ohms. 

6-17. The line of Prob. 5-15 is terminated in a load capacitance of 20 micro¬ 
microfarads. Find D of Eq. 5-37, and sketch impedance as a function of length of 
line (to 1 wavelength). 

6-18. The line of Prob. 5-15 is terminated in Z r = 50 + i50 ohms. Using Eq. 
5-39, plot V/V r as a function of distance (to 1 wavelength). 

6-19. A low-loss line contains a lumped resistance, as in Fig. 5-1 Id, that is equal 
to the characteristic impedance of the line. Sketch (approximately) curves of 
current and voltage distribution along the line assuming the load impedance 
equals Z Q . 

6 - 20 . All lines in Fig. 5-116 have the same Z 0 . Assuming that each branch line 
is terminated in its characteristic impedance, sketch current and voltage distribu¬ 
tion along the main line. 

6-21. Which of the five lines of Fig. 12-1 are balanced to ground? Tell whether 
balance is (a) impossible, or (6) possible but not inherent, or (c) inherent for that 
type of line. 
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LINE CONSTANTS: INDUCTANCE AND CAPACITANCE 


1. Computation from Dimensions. The four basic line constants, in¬ 
ductance, capacitance, resistance, and conductance per unit length, were 
defined and discussed in Chap. 1. They were defined in terms of measure¬ 
ments on a transmission line. It was explained that the inductance and 
capacitance are the same at all frequencies (except for a minor variation 
of inductance resulting from skin effect at high frequency which will be 
discussed in Chap. 7). Resistance is constant through a low-frequency 
range, and at higher frequencies can be computed from the low-frequency 
value. These simple relations make it possible to compute r, l, and c 
from the dimensions and the properties of the materials of the transmission 
line. 

2. Inductance. Inductance will first be discussed without considering 
skin effect. The modification resulting from skin effect will be described 

in Sec. 9, Chap. 7. 

Inductance is a measure of the reactive 
voltage drop along a transmission line. 
Current flowing in the line produces a 
magnetic field about the conductors, and 
since this magnetic field links with the 
transmission line it induces a reactive 
voltage in the line as the line current 
alternates, and consequently the mag¬ 
netic flux linkages increase and decrease. 
The first step in the solution for induc¬ 
tance is to define the magnetic field about 
a conductor carrying current. 

Consider a single long, straight con¬ 
ductor carrying a steady current. A 
cross section of the conductor is shown 
in Fig. 6-1. The current flowing in this conductor must return in some other 
conductor, but for the present it will be assumed that the other conductor is 
at such a great distance that it has no appreciable effect on the magnetic 
field in the vicinity of the conductor shown in the diagram. This simplifies 
the problem by giving perfect symmetry to the field about the conductor, 
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Fig. 6-1. Magnetic field about an 
isolated round wire. 
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permitting the magnetic flux lines, as in the figure, to be concentric circles. 

The condition that defines the strength of the magnetic field is that the 
magnetomotive force about any closed path is equal to the current enclosed 
within that path. 1 Symbolically, 

j> Hds = i (6-1) 

where the integral is taken around a closed path, and the symbols have 
the following meanings: 

H is the magnetic intensity (ampere-turns per meter) 

S is distance along the path of integration (meters) 
i is current enclosed within the path of integration (amperes) 

The dot between H and ds indicates that only the component of magnetic 
intensity H that lies along the path of integration parallel to ds is to be 
taken into account. 

To find the magnetic field that circles about the conductor of Fig. 6-1, 
we first consider that there will be symmetry. This means that the magni¬ 
tude of the magnetic intensity will be the same at eveiy point on a circle 
of radius r. It is known from other considerations (i.e., that the divergence 
of the magnetic field is zero) that the direction of the magnetic intensity 
vector is everywhere tangential to the circle. Hence the field at every 
point of the circular path of integration has magnitude H and a tangential 
direction. 

This makes it possible to write, for a circular path of integration, 

j> Hds = i (6-2) 

and since H is constant along the path of integration it may be taken out 
from under the integral sign giving 

H (j) d$ = i (6-3) 

Since the integral of ds is merely the circumference of the circle of radius r, 

2rrH = i (64) 

or 

<M) 

This, then, is the magnetic field intensity about a circular conductor. In 
1 See, for instance, “Fundamentals of Electric Waves,” Eq. 199, p. 85 (Ref. 29). 
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this derivation it is assumed that the path of integration surrounds the 
conductor and that r is greater than the conductor radius a. 

If magnetic field is to be determined within the conductor, r must be 
less than a. Such a circle does not enclose all the current carried by the 
conductor. The amount of current within such a circle must be found. 

In the absence of skin effect, current density is uniform throughout the 
conductor, and the current within a circle of radius r is proportional to 
the cross-sectional area of the conductor enclosed within the circle. Hence, 
if Eq. 6-4 is to be applied to the region within the conductor it must be 
written 

2 «rH = (£fi (6-6) 

from which 

H -i? i «”> 


This is the magnetic field intensity within a circular conductor. It will 
be seen that at the surface of the conductor, where r = a, Eqs. 6-5 and 6-7 

give identical values. There is no 
discontinuity in H at the surface of 
the conductor. Within the conduc¬ 
tor, H is directly proportional to 
radius; outside the conductor, H is 
inversely proportional to radius. 
This relation is shown diagram- 
matically in Fig. 6-2. 

Fig. 6-2. Plot of magnetic intensity. It is next necessary to find the 

magnetic flux density B. This is 
found from Eqs. 6-5 and 6-7, multiplying H by the magnetic permeability fx: 

About the conductor: 




(6-8) 


Within the conductor: 


B = 


firi 
2ira S 


(6-9) 


In Eq. 6-8, n is the permeability of the space around the conductor; if 
this is empty space, n = 4ir X 10 -7 , and the same value is satisfactory 
for air or any insulating material. In Eq. 6-9 the permeability of the 
conductor itself is to be used for n; for copper, brass, al uminum , or any 
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nonmagnetic material, the value is the same as for empty space.’ The 
only important deviation in the value of /x is for a conductor of iron, steel, 
or some ferromagnetic alloy; the value for fx in Eq. 6-9 is then 4ir X 10~ 7 
multiplied by the relative permeability of the material. B is in webers 
per square meter. 

The next step is to translate magnetic field into inductance. Inductance 
may be defined as 


L = 


m 

i 


(6-10) 


where L is inductance (henrys) of a circuit 

N$ is flux linkages (weber-turns) of magnetic field with the circuit 
i is the current (amperes) in the circuit that produces the mag¬ 
netic field 

We call the inductance of unit length of a transmission line l . To 
compute l, the flux linkages of the magnetic field with the transmission¬ 
line conductors are to be found. The first step is to find how many flux 
lines surround the conductor of Fig. 6-1 or 6-2. Considering flux external 
to the conductor, flux density is given by Eq. 6-8; the flux surrounding 
the conductor, between the surface at radius a and any greater radius 6, 
is found by integrating flux density between limits a and 6. For unit 
length of conductor (1 meter), 


$ = 


/: 


^dr = 4-\n~ 


2irr 


2t 


( 6 - 11 ) 


All flux external to the conductor links all the current of the conductor 
once and only once; therefore N in Eq. 6-10 is 1. Equation 6-11 therefore 
gives N$ as well as <£. 

Considering the flux within the conductor, flux density is given by 
Eq. 6-9. For flux within the conductor, N is not 1. A flux line within the 
conductor encloses only part of the total current, and is said to produce 
a partial linkage. If the radius of the flux line is r, and current is uni¬ 
formly distributed within the conductor, the fraction of total current 
enclosed within the flux line is (r/a) 2 . This fraction is the value of N for 
a flux line of radius r within the conductor. Hence the flux linkages be¬ 
tween the center of the conductor and the surface are found by integrating 
(r/a) 2 $ between the limits 0 and a. Using Eq. 6-9, 



(This use of “partial flux linkages” is discussed in footnote 6, Chap. 7.) 
Adding Eqs. 6-11 and 6-12, w r e obtain the total linkages (weber-turns 
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per meter) of the magnetic field in and about a long, straight, isolated 
conductor of circular cross section with the current in the conductor which 
produces that field: 

= <«*> 

Since the long, straight conductor carries current, it is part of a circuit, 
and the flux linkages of Eq. 6-13 contribute to the inductance of that 
circuit. To complete the solution for inductance it is necessary to know 
about the other conductors of the circuit. We must find all the flux 
linkages produced by current in all the conductors, and the result, in 
Eq. 6-10, gives the inductance. 

3. Coaxial Line. The simplest example is the coaxial line, indicated in 
Current is carried by the inner conductor, and 
equal and opposite current is carried by the 
outer tubular conductor. It is often most con¬ 
venient to consider the magnetic field from the 
point of view of superposition: current in the 
inner conductor produces a circular magnetic 
field directed, let us say, clockwise, and extend¬ 
ing from the inner conductor to infinity; current 
in the outer conductor produces a circular mag¬ 
netic field directed counterclockwise, extending 
from the outer conductor to infinity. Since the 
currents in the inner and outer conductors are 
equal in magnitude they produce equal but 
opposite magnetic fields in all the region beyond 
the outer conductor, with a consequent resultant field strength of zero. 
Within the inner surface of the outer conductor, the field is determined 
entirely by the current in the inner conductor. 

From another point of view, which is simpler for the coaxial line, there 
is no magnetic flux surrounding both inner and outer conductors because 
any path encircling both conductors encloses zero total current. 

From either point of view, flux linkages of the magnetic field with the 
circuit result from flux that is enclosed within the outer conductor, and 
these linkages are given by Eq. 6-13 if the radius of the inner conductor 
is a and the inner radius of the outer conductor is b. This expression in¬ 
cludes (1) flux within the inner conductor and (2) flux between the con¬ 
ductors. Flux also exists (3) in the material of the outer conductor; it is 
usual, however, to neglect linkages resulting from flux in this third region, 
and this is a reasonable approximation because the outer wall is usually 
thin, because flux density is low at this relatively large radius, and be¬ 
cause skin effect that is associated with high frequencies tends to con- 


cross section in Fig. 6-3. 



Fig. 6-3. Cross section of a 
coaxial line. 
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centrate current at the inner surface of the outer conductor. At very low 
frequency it might be more exact to let b be the mean radius of the tubular 
outer conductor, but at high frequency the best approximation results 
from using the inside radius for b. For any ordinary coaxial line the 
practical difference is negligible. 

Finally, therefore, using linkages from Eq. 6-13 in Eq. 6-10 for in¬ 
ductance, the inductance of unit length of the coaxial line is 


1 2jt h a + 8x 


(6-14) 


Let us specify that permeability of the region between conductors is 
4 tt X 10“ 7 as it is for empty space and for all nonmagnetic materials, and 
represent the relative permeability of the conductor material by /x r which 
will differ from 1 only for iron and ferrous alloys. Then 

1 = (2In^ + | #tr )lO" 7 (6-15) 


Formula 7 of Table I follows immediately when the common logarithm is 
substituted for the natural logarithm, using 

In, x = In, 10• logio x = 2.303 log l0 x (6-16) 

(K,p, the permeability and skin-effect constant in Formula 7, contains \x r 
as a factor, and is also affected by frequency, etc., as will be explained in the 
discussion of skin effect.) 

4. Two-wire Line. Consider the 
two wires shown in Fig. 6-4. Current 
in the left-hand conductor produces 
flux that is circular about that con¬ 
ductor, and current in the right-hand 
conductor produces flux that is circu- Fig. 6-4. Cross section of a two-wire line, 
lar about the right-hand conductor. 

The resultant magnetic field has a familiar form, but we need not be con¬ 
cerned with the geometry of the total field, as the inductance of the line is 
most readily obtained by superposition, as follows. 

Current in the left-hand conductor produces flux (1) within the left- 
hand conductor, and also produces flux (2) in the region between the 
conductors. In addition, it produces flux (3) that circles around both 
conductors; but this flux, with radius greater than the spacing between 
wires, is of no interest, for it does not link with the circuit. A small part 
of the flux that is produced by current in the left-hand conductor passes 
through the metal of the right-hand conductor, and this flux (4) links 
with part of the current of the circuit to produce partial linkages, but as 
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an approximation let us assume (for this purpose) that current in the 
right-hand conductor is concentrated at the center of the conductor. If 
this assumption is made, flux lines with radius less than b (but greater 
than a) link fully with the circuit and flux lines with radius greater than 
b produce no linkages at all. Total linkages produced by current in the 
left-hand conductor are then obtained from Eq. 6-13, with b the distance 
between conductor centers. 

Current in the right-hand conductor also produces linkages. If the 
two conductors are the same size and carry the same current, both produce 
the same number of linkages. Total linkages with the circuit, therefore, 
are found by multiplying Eq. 6-13 by 2. We then divide flux linkages 
by current to find the inductance per meter of two-wire line. Using 
H = 4t X 10“ 7 for the permeability of space between the conductors, and 
a relative permeability of ix T for the conductor material, 

Z = -ln- + -p- = (4 1n- + (6-17) 

tt a 4ir \ a J K ' 

Changing from the natural to the common logarithm then gives Formula 
3 of Table I for a two-wire line : 

l = (9.212 logio + Mr)l0“ 7 (6-17a) 

By this derivation, K 9 of Formula 3 is identified with the relative perme¬ 
ability n r of Eq. 6-17a. In the next chapter, a more complete interpreta¬ 
tion of Ky will be given. 

Formula 1 of Table I, also for a two-wire line, is obtained from Formula 
3 by a mere change of units of length. Formula 2, however, for inductance 
to neutral , introduces a new concept. It suggests that we can find the 
inductance of part of a circuit. This requires more careful consideration 
of the meaning of inductance. 

Fundamentally, inductance relates a voltage to a rate of change of 
current. Where there is induced voltage, there is inductance. This may 
be expressed by 

--if (6-18) 

where L is the inductance of a circuit in henrys, di/dt is the rate of change 
of current in that circuit in amperes per second, and v is the voltage at 
the terminals to produce that much rate of change of current. 2 

2 Equation 6-18 is a better definition of L than is Eq. 6-10. They are related by 
noting that induced voltage equals the time rate of change of flux linkages; that is, 
v = d(N$)/dt. Since, by Eq. 6-10, A r< £ = Li, v = d(Li)/dt , and if L is constant 
v = Ldi/dt . If L is not constant, it is necessary to abandon, or at least modify, 
Eq. 6-10. 
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Whenever a question arises as to what inductance to use, the answer 
is found by inquiring what voltage is wanted. Thus Formula 1 of Table I 
gives the inductance to be used if the voltage required is the total voltage 
induced in both wires of a two-wire transmission line; whereas Formula 2 
gives the inductance for computing the voltage induced in only one wire 
of a two-wire line. 

In Fig. 6-5 a transmission line is shown (an electrically short line, so 
that distributed capacitance need not be considered), and the inductance 
of this line may be used to illustrate the distinction between Formulas 1 
and 2. Inductance from Formula 1 gives the total voltage consumed in 
a pair of wires, and is equal to V, — V r . Inductance from Formula 2 



gives the voltage drop along one wire. This voltage could be read on a 
voltmeter connected from end to end of the line, as shown, provided the 
voltmeter leads were at a very great distance from the transmission line 
so that the magnetic field about the transmission line would not have any 
appreciable inductive effect on the instrument leads. This voltage is 
called the voltage drop to neutral because it is the difference between 
the voltage to neutral at the sending end of the line, and %V TJ the voltage 
to neutral at the receiving end. 3 

6. Flux Linkages in Multiconductor Systems. Another and slightly 
different derivation of Formula 2 will illustrate a method that is useful 
in later developments. A cross section of the line of Fig. 6-5 is shown in 
Fig. 6-6, with a dot on the right indicating the connection to the volt¬ 
meter. (This voltmeter lead is not necessarily in the same plane as the 


3 It is unfortunate that two such formulas for inductance must be given, but 
since both will be encountered in practice it is necessary to understand the distinc¬ 
tion. The value given by Formula 1 is here called inductance per mile of two-wire 
line ; other common names for the same quantity are inductance per mile of line and 
inductance per loop mile . The value given by Formula 2, here called inductance to 
neutral per mile of wire is variously called inductance per mile of wire , or inductance 
per mile per phase , or inductance per mile to neutral . 
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two line wires.) It is assumed that this voltmeter is ideal, and does not 
draw any current; then, the two line currents being equal and opposite, 

i a + t» = 0 (6-19) 

To find the inductance of conductor a (“one wire to neutral”) we first 
ask to what voltage the inductance is to be related. The answer is: To 
the induced voltage indicated on the voltmeter of Fig. 6-5, the voltmeter 
connections being at a very great distance from the transmission-line 
wires. This is the voltage induced by flux that links the circuit consisting 
of the line wire a and the voltmeter lead v. Calling the distance from con¬ 
ductor a to Vj D av ; that from conductor b to v, D bv ; and that from conductor b 
to a, D ab as in Fig. 6-6, and using R a for the radius of conductor a, we 
write the following expressions for flux linkages. 

Flux linkages produced by the current i a out to a distance D av are 

*'•(<£+£ In t ! ) <**» 

This is from Eq. 6-13, and assuming the permeability of free space in the 
region between conductors it can be written 

i{j + 2 In ^)l(T 7 (6-21) 

Flux linkages produced by the current i b that link the circuit consisting 
of conductors a and v result from flux lines about conductor b with radius 
greater than D ab but less than D bv . Performing the integration of Eq. 6-11 
between these limits gives the desired flux linkages produced by i b : 



Adding flux linkages produced by i a and those produced by i b gives 
total flux linkages that induce voltage in the circuit of conductor a and 
the voltmeter: 

N$ = (*.§ + 2i a ln^ + 2 i„ In §^)l0~ 7 

+ 2 i. In D a , + 2 i b In D^IO -7 (6-23) 
Noting from Eq. 6-19 that i b = — i af 

N* = (i a | + 2i a In + 24 ln^- + 2i a In §^)l0" 7 (6-24) 
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For this derivation to be of value, it is necessary for the voltmeter con¬ 
nection to be so far from the line that it is beyond any significant amount 
of magnetic field. That is, D av and D bv must be very much greater than 
D ah . Mathematically, they should both be allowed to increase without 
limit. The ratio D av /D b , then approaches 1, the logarithm of this ratio 
approaches 0, and the expression for flux linkages approaches 

N* = (*. | + 2*;inJ- + 2 i b In -^)l(T 7 (6-25) 

To find inductance of conductor a from this expression, —i a is substituted 
for i h and flux linkages are divided by current, giving 

‘ - (t+ 2 h £ - 2 h £l l0 ~’ - (l + 2 k frk’ 

where n r is relative permeability of the material of conductor a 

R a is radius of conductor a (any unit of length, but D ab must be 
measured in the same unit) 

D ab is spacing between wires a and 6, center to center 
l is inductance of conductor a (henrys per meter) 

With minor changes of notation, substitution of the common for the natural 
logarithm, and multiplication by the appropriate constant to give henrys 
per mile, this becomes Formula 2 of Table I. 

The most interesting aspect of Eq. 6-25 is that it illustrates a form of 
expression that can be extended to apply to transmission lines with any 
number of conductors. Equation 6-25 and Fig. 6-6 relate to a line of 
two wires, a and 6. If the line has three wires, a similar derivation yields 
an expression with another logarithmic term added to the equation. In 
general, if a line has n conductors, the expression for flux linkages that 
induce voltage in conductor a is 

(N$) a = (*„ ^ + 2i a In J- + 2 i„ In + 2i e In + • • • 

+ 2i„ In TT-)lO- 7 (6-27) 

Dan* 

Equation 6-19 is replaced by the general form: 

*o + ib + • + t» = 0 (6-28) 

The derivation of this general expression of Eq. 6-27 is similar to that of 
Eq. 6-25, except for additional complications in the algebra. 4 

4 See, for instance, L. F. Woodruff, “Principles of Electric Power Transmission,” 
Chap. II (Ref. 38). 
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6. Four-wire Line. To show the use of this general expression for flux 
linkages, consider a line of four wires arranged as in Fig. 6-7. Such a 
transmission line is frequently used to supply the 
antenna of a radio transmitter. Wires a x and a 2 
are connected together at both ends and comprise, 
actually, a single conductor. Wires b x and b 2 are 
similarly connected together at both ends and 
comprise the other conductor of the line. 

Wires a , and a 2 divide between them the line 
current and, because the arrangement of the four 
wires is symmetrical, the current divides equally 
between the two wires. The other two wires share 
the returning current, so that the current in each 
of wires a x and a 2 is \i a and the current in each of 
wires b x and b 2 is — \i a . 

Flux linkages with one of the wires can readily be found by direct 
application of Eq. 6-27. For wire a ly with radius R a) 

(N$) ai = (i al + 2i al In + 2 i a2 In -j- + 2i bl In 

+ 2i “ ln ifc) 10 "’ 

“ ’■(? + lo + ln TX ~ ln i>* ~ *" ix ) 10 ’ 

- 'i't + 1,1 ' 

-4t + h ^ ,,r ' ^ 

To find inductance of the two wires ^ and a 2 in parallel, divide by their 
total current i a : 

*• - (f+ 

It is now necessary to consider exactly what inductance this is. It is 
the inductance (in henrys per meter) that gives voltage drop in either of 
the pair of wires a x and a 2 , using the total current of those two wires, i a . 
There is an equal voltage drop in the pair of wires b x and b 2 ; therefore the 
total inductance per loop-meter of the four-wire line is twice the value 
of Eq. 6-30: 

* - (t + 2 ^ < mi > 



Fig. 6-7. Cross section of 
a four-wire line. 
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It is this doubled value that would be measured on a bridge applied to 
one end of the four-wire line with the other end short-circuited, and this 
is the value that would commonly be used for finding characteristic imped¬ 
ance and other transmission-line parameters. 

This general method is readily applicable to multiconductor transmis¬ 
sion lines if symmetry assures equal division of current among the various 
wires. If division of current is unequal, an¬ 
other consideration must be included. Qi a 2 b, b 2 

Unequal Division of Current. Figure 6-8 O O O O 

shows a four-wire line with different configura- H D D ■+• 0 i 

tion. A practical example of such a line is a p IG> Cross section of a 
telephone phantom circuit. As in the previous four-wire line, 
example, the lines a, and a 2 share the total 

current, as do and b 2 also, but in this case they do not share the current 
equally. Because of the lack of symmetry in arrangement of the wires, the 
inductive reactance of wire a x is greater than that of wire a 2 . 

To find the inductance of such a line, it is first necessary to find the 
division of current between the wires. What determines the division of 
current? The determining factor is this: since a x and a 2 are connected 
together at both ends, the total voltage drop along a 1 must be the same 
as the total voltage drop along a 2 . This total voltage drop includes both 
the drop in the line resistance and the inductive reactance drop. Thus, 
using rms values of alternating current and voltage, 

Foi r al I al + jx a \I a i 

== F a2 ~ T a2 I a 2 4" jX a2 l a2 (6“32) 

In these equations, F is voltage drop per meter of length of wire if r and 
x are resistance and reactance, respectively, per meter. Introducing in¬ 
ductance, 

Palpal 4" ,/coZ a iZal = ^a2^a2 4" j£ui o2 /„2 (6-33) 

or 

r a Jai 4- MN*)i = r a2 I a2 4- MN$) a2 (6-34) 

We now use Eq. 6-27 to write expressions for the flux linkages. The 
radius of each wire being R , 

m).r = (hi | + 2/ al ln| + 27 o2 In ± + 2 I bl In ~ 

+ 2J m In 3^)l0~ 7 (6-35) 
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Symmetry is such as to require that I a \ = —/& 2 and J o2 = 

Eq. 6-35 simplifies to 

- [/..(§ + 2 In ^) + /„(2 In 2)]l0“ 7 

Similarly, 

(2V*)„ 2 = (/ o2 | + 2/ oa In | + 2/ al In ± + 2J M In ± 

+ 21 b2 In 2 ^)l 0 -7 

= [l„(§ + 2 In |) + J„i(2 In 2)]l(T 7 (6-37) 

When Eqs. 6-36 and 6-37 are substituted into Eq. 6-34, there results 
an equation in which the only unknowns are 7 al and I a2 . Solution of this 
equation therefore gives either one of the currents in terms of the other, 
or we may solve for both in terms of the total current knowing that 
I a = Iai + 7o 2- The result of the latter solution is 


-hu so 
(6-36) 




(6-38) 




(6-39; 


This unequal division of current is specially interesting because it is 
an introduction to the general subject of skin effect. Proximity effect is 
another related phenomenon. The essential point is this: when there are 
two or more paths along which current can travel in parallel, it is necessary 
that the voltage drop be the same along both or all. If the flux pattern 
is such that inductance of one path is less than inductance of another, 
more current flows in the path with less inductance. Referring to Fig. 6-8, 
the circuit a 2 b l has less inductance than the circuit aj) 2 because of its 
closer spacing. It therefore carries greater current. In general, an alter¬ 
nating current in a conductor tries to flow as far as possible from other 
currents flowing in the same direction, and as close as possible to the 
oppositely directed current in the return conductors; this is an over¬ 
simplified statement, but it directs attention to the essential factors. 6 


6 This effect is not to be confused with the physical force exerted on conductors 
carrying current in a magnetic field, which is an entirely different phenomenon and 
appears with unidirectional as much as with alternating current. 
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Referring to Eqs. 6-38 and 6-39, it will be seen /that at zero frequency 
the current divides equally, for c*> is zero. At high frequency the current 
in the outer conductor is less than the current in the inner conductor. 
With this unequal distribution of current, the loss of power in the line 
resistance is greater than it would be if current were equally divided 
between the two conductors, for the power loss is proportional to the square 
of current in each conductor. 

It is clear that the resistance of such a line will not be found from the 
resistance of the individual conductors until the division of current is 
known, nor will the line reactance be found from the individual induct¬ 
ances. Indeed, new definitions of resistance and reactance are needed: the 
impedance of a line that has unequal current distribution is the ratio of 
voltage drop to current, and the resistance and reactance of the line are the 
real and imaginary components, respectively, of this impedance. This 
definition is adopted because the quantities so defined can be used in almost 
all problems as are ordinary resistance and reactance. These quantities 
are often called the effective alternating-current resistance and reactance of the 
line. 

For the line of Fig. 6-8, impedance, effective resistance, and inductance 
can be found by the above procedure. The general expressions are rather 
complicated, but the answers to numerical problems are readily found. 
Equations 6-38 and 6-39 are substituted into Eq. 6-36, and that into one 
side of Eq. 6-34 to find the voltage drop, which is then divided by I a to 
give impedance. Effective a-c resistance, which is the real part of the 
impedance, is always greater than half the d-c resistance of one wire 
alone; this results from the unequal distribution of current, and the effective 
a-c resistance increases with frequency. 

Transposition . As a practical matter, it is wasteful to permit the re¬ 
sistance of a transmission line to be greater than necessary, and telephone 


a, 



Fig. 6-9. Transposition of conductors. 


phantom circuits as well as other lines using the wire configuration of 
Fig. 6-8 actually avoid an increase of effective resistance by transposing 
the wires. This means that the wire called a l occupies the outer position 
on a crossarm, as indicated in Fig. 6-9, for half the total length of the linfe, 
and it is exchanged with a 2 to occupy the inner position for the other half 
of the length. The result of transposition is to provide the same total 
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flux linkages and hence the same total induced voltage in the two wires 
and a 2 when the entire length is considered, and with equal induced 
voltage there is equal division of the current. 

If there is transposition, the determination of inductance is relatively 
simple. Flux linkages per meter are found by averaging Eqs. 6-36 and 
6-37, with I a i = I a2 . The inductance of the two wires in parallel is found 
by dividing by the total current I a : 


,,( f + k 2^) 10 - 


(6-40) 


a 

O 


b 

O 


n 

O 


a' 

O 


this being inductance in henrys per meter to neutral. Henrys per loop- 
meter are found by multiplying Eq. 6-40 by 2. 

7. Geometric Mean Distance. It is interesting to generalize the exam¬ 
ples that have been discussed and to consider the inductance of a group 

t of n conductors that share current 
o b equally. These conductors may be 
arranged in any configuration, and 
c . we shall identify them by letters from 

5 d 1 atow (see Fig. 6-10). The current 
in each conductor is I/n. The re- 
on' turn current is carried by another 

group of n conductors, lettered from 
a f to n'; the total return current must 
be equal but opposite to the total 
outgoing current, and the current in each return conductor must be — I/n . 
From Eq. 6-27, flux linkages about conductor a are 

1 ' ~ ’ 1 + • • • + 2 In 1 


Fig. 6-10. Cross section of two groups of 
conductors. 




f + 21n il; + 2b ^; + 2In 6: 


D. 


- 2 In 


D a 


— 2 In 


1 


D a 


- 2 In 


1 


D a 


2 In 


ifr) 10 "’ 

an* • 


(6-41) 


We wish to find inductance; the usual question arises: Exactly what 
inductance is desired? We wish to find the inductance that will give the 
voltage drop in conductor a when multiplied by the rate of change of the 
total current I in the whole group of conductors. Therefore we divide 
the flux linkages about conductor a by the total current I : 

1 (»r , O 1_ 1 
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— F - _i_ in-i- 

LnV4 + m R„D ab D" • • • D an 

+ 2 In . .-D„ n .]l0' 7 (6-42) 

The second logarithmic term in this expression is recognizable as the 
geometric mean of the distances from conductor a to each of the con¬ 
ductors of the return group. The first logarithmic term can be put in 
similar form as follows: first, assume that the permeability of the con¬ 
ductor material is the same as that of empty space, so that /x r = 1 ; second, 
note that 

7 = ln e e* = In — (&-43) 

4 e~ i 

Then 

l a = 2 In Dan ' 10 -7 (6-44) 

y/e~ i R„D ab D ac D an 

It is now helpful to introduce a mathematical concept known as geo¬ 
metric mean distance . The geometric mean distance from one point to a 
set of n points is the geometric mean of the n distances; that is, it is the 
nth root of the product of the n distances. The geometric mean distance 
from one set of n points to another set of n f points is the geometric mean 
of all the nn f distances. It is not necessary that the two sets of points 
should be different, for we may find the geometric mean of the distances 
between every pair of points in the same set. 

The geometric mean distance between two areas is also defined. It is 
found by dividing each area into many equal elementary areas and finding 
the geometric mean of all the distances between pairs of elements; the 
result approaches the geometric mean distance between the two areas as the 
number of elements in each area is increased without limit . 6 It is not 

6 Such a limit is best expressed as an integral. J. C. Maxwell, in “A Treatise on 
Electricity and Magnetism,” Art. 601 (Ref. 17), gives for the geometric mean dis¬ 
tance, indicated by GMD, 

A x A 2 In GMD = JJJJ In r dx dy dx 9 dy f ( 6 - 45 ) 

where dx dy is an element of area of the first section, dx' dy' an element of area of 
the second section, and r the distance between these elements, the integration being 
extended first over every element of the first section, and then over every element 
of the second. 
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GMR = Re 4 = 07788 R 


necessary for the two areas to be distinct, and the geometric mean of the 
distances between all pairs of points in the same area can be found; this 
is often called the geometric mean radius of the area. These quantities are 
commonly abbreviated GMD and GMR, respectively. 

GMD and GMR are mathematical quantities, having no necessary re¬ 
lation to electricity. Purely mathematical analysis will show, for instance, 
that the geometric mean distance between one circular area and another 
circular area is equal to the actual linear distance between their centers; 
this is true for circular areas of any size, provided they do not overlap 
(see Fig. 6-1 lc). This theorem, which we shall not attempt to prove, will 

be useful in the next few pages. 

Another similar theorem is that the 
geometric mean radius of a circular 
area is equal to the actual radius of the 
circular area multiplied by As 

indicated in Fig. 6-1 la, the geometric 
mean radius of a circular area is slightly 
less than eight-tenths of the radius of 
the circle. 

Another theorem is that the geomet¬ 
ric mean radius of a circular line (this 
includes only points on the line in Fig. 
6-1 Ifc, and not points in the enclosed 
area) is equal to the radius of the circle. 
There are other theorems relating to 
various geometric shapes, but these 
three are enough for many purposes. 
Also see the reference to Woodruff in foot- 


(a) Circi id 



GMR s R 


(b) Circular Line 
,0 


I GMD = D 


(c) Two Circular Areas 




k 


GMR* 

0 2235 (a+ b) 


(d) Rectangular Area 

Fig. 6-11. Geometric mean radii and 
distances. 


(Equation 6-54 gives another, 
note 4 and to Maxwell in footnote 6.) 

Returning to Eq. 6-44, it will now be seen that the denominator contains 
a quantity that is equal to the geometric mean radius of conductor a, and 


L = 2 In 


</D aa ,D ah .n a 


D a 


^(GMR) a D ab D ae ... Z). 


icr 


(6-46) 


This equation can be used to find inductance of multiconductor systems, 
provided the current is known to divide equally among the conductors 
either because of the geometry or as a result of transposition. For example, 
when applied to the transmission line of Fig. 6-7 it gives 


L = 2 In 




\/ / (GMR)„.D„ 


10" 7 = In 


D„ 


(GMR). V2 


10 " 


(6-47) 
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which may be compared with Eq. 6-30. When Applied to the transposed 
line of Figs. 6-8 and 6-9 it must be handled in two parts. Inductance of 
a wire in the position a x is 


l al = 2 In 


10 -r 

-^(GMR) 0 -L> 


In 


6 D 


(GMR)„ 


10 ' 


(6-48) 


Inductance when the wire is in the position a 2 is similarly found to be 


2 In 


^(GMR).-Z> 


10" 7 


(6-49) 


Inductance of the pair of wires a, and a 2 of the transposed line is the 
average, for each position is occupied through half the length of the line: 





+ 2 In 

V(GMR)„J) 


_V£^V 

V(GMR ) a -D / 


^D 2D-2D-3D in _ 7 _ ^ 2^30 in _ T 

^(GMR) a (GMR ) a -D-D (GMR) a 


(6-50) 


This will be recognized as being the same as Eq. 6-40. 

The next to last form of Eq. 6-50 is written in full to show that the 
numerator is the geometric mean of all possible distances between the 
conductors of the outgoing or a group and the conductors of the returning 
or b group. Since there are two conductors in each group, this is the 
geometric mean of four distances. If there were n conductors in each 
group, this would be the geometric mean of n 2 distances, distance being 
measured to all the n conductors in group b from each of n conductors in 
group a. Similarly, the denominator is the geometric mean of the GMR 
of one wire, the GMR of the other wire, the distance from wire a to wire b, 
and the distance from wire b to wire a. Generalizing, this is the n 2 root 
of the geometric mean radii of the n conductors times the n(n — 1) distances 
from each conductor to each other conductor. (Each such distance will 
always appear twice, as measured from conductor j to conductor k , and 
also from conductor k to conductor j.) 

If GMD is used to designate the geometric mean distance from the 
group of conductors for which inductance is being determined to the other 
conductors of the transmission line, and GMR is used to designate the 
geometric mean of the individual geometric mean radii of the conductors 
of the particular group together with the wire-to-wire distances among 
the conductors of that group, we can write the general formula: 


-j GMD ^ 7 „ nr\n -\ GMD 

2 111 GMR 10 " 4 -6° 6 l° gl0 GSffi 1° 


(6-61) 
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This is the inductance that is to be multiplied by the rate of change of 
current in all the conductors of the group to get the voltage drop per meter 
in that group of parallel-connected conductors. It applies when current 
divides equally among the conductors. 

Equation 6-51 is derived from 6-46 by assuming transposition of the n 
conductors that carry current in parallel, and averaging the n resulting 
inductances. As seen in the above example, the arithmetic mean of the 
logarithms is transformed into the geometric mean of the distances, and 
Eq. 6-51 results. 

This equation is a general guide in computing inductance of multiple- 
conductor systems of almost any arrangement, provided there is equal 
division of current. If any problem regarding inductance is found to be 
puzzling, Eq. 6-51 should be considered as a possible indication of the 
way to attack the problem. 

8. Stranded Cable. It is common for the conductor of a power trans¬ 
mission line to be a cable of many strands of wire with the outer layers 



Aluminum cable, steel reinforced The outer aluminum strands carry most of the 
current; the inner steel strands are ior tensile si length Alternate layers of strands are 
spiraled m opposite directions (The band about the specimen is meiely to prevent 
unraveling ) (Courtesy of Aluminum Company of America ) 

spiraled around the inner layers Such a stranded cable is more flexible 
than a solid rod with the same cross section of copper or aluminum and 
can be wound on reels for shipment; this greatly aids erection of the lines. 
The strands are not insulated from each other. The number of strands 
depends on the size of the conductor and on the flexibility required, and 
common numbers are 3, 7, 19, 37, 61, or more The cross section of a 7- 
strand conductor is shown in Fig. 6-12; a 19-strand conductor has another 
layer of strands, and so on. Alternate layers are spiraled oppositely, to 
prevent untwisting. 

If the conducting material is copper, it is usual for all strands to be 
copper. If the conducting material is aluminum, it is usual for the central 
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strands to be galvanized steel for strength and the outer strands aluminum 
for electrical conductivity; there may be one central steel strand, or a 
central group of seven steel strands, or even as many as nineteen strands 
may be steel in a large cable. Such cable 
is known as aluminum cable steel rein¬ 
forced, commonly abbreviated ACSR. 

Various tubular or semitubular forms 
of conductors are also used for high- 
voltage power lines to provide the large 
outside diameter that is necessary to 
prevent power loss resulting from corona 
discharge into the air. Also, steel wires 
are sometimes coated with copper to 
provide a wire that combines good 
strength with satisfactory conductiv¬ 
ity. The present discussion will be 
limited to copper cables in which all 
strands are the same size, and it may be 
assumed that they divide the total cur¬ 
rent equally (note that this neglects skin effect), or ACSR cables in which 
it may be assumed that the aluminum strands share the current equally 
and the steel strands carry no current. 7 



Fig. 6-12. Cross section of a seven- 
strand cable. 



Twisted-I-beam copper power conductor. The core that supports the outer strands 
has the form of a copper I beam twisted helically This design gives large outside 
diameter with moderate cross-sectional area. Corona loss is thereby avoided without 
excessive use of copper. {Courtesy of Anaconda Wire and Cable Company.) 

Let us find the inductance of a two-conductor line, each conductor of 
which is a seven-strand cable as shown in Fig. 6-12. Referring to Eq. 6-51, 


7 This assumption regarding ACSR conductors is fairly good, but for meticulous 
work better approximations are available in the literature. See, for instance, 
Woodruff, “Principles of Electric Power Transmission” (Ref. 38), or the Westing- 
house “Reference Book” (Ref. 18). 
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we need the GMD between one cable and the other, and the GMR of one 
of the seven-strand cables. 

For all practical purposes, the GMD between one cable and the other 
is merely the center-to-center distance between cables. 

The GMR of one cable is found as follows. There are 7 strands carrying 
equal current in the same direction, so the GMR will be the forty-ninth 
root of the product of 7 geometric mean radii and 42 geometric mean 
distances. The 7 geometric mean radii are those of the 7 strands; the 
radius of each strand may be called R 8 , and the geometric mean radius 
of each individual strand is e~*R 8 . This quantity appears seven times in 
the geometric mean for the cable. The 42 distances may be classified 
according to the strands from which they are measured: 

1. The distance from the center strand to each of the six outer strands 



Segmental (Type HH) copper power conductor. This specimen is 1.10 inches in outside 
diameter and has 500,000 circular mils cross section of copper. The segments are mor¬ 
tised to form a self-supporting flexible hollow conductor. In manufacture, the segments 
are formed by drawing through dies. (Courtesy of General Cable Corporation ) 

is 2 R,. This is the geometric mean distance between strands, for the 
geometric mean distance between circular areas is the distance between 
the centers of those areas. This distance appears six times in the compu¬ 
tation of the GMR of the cable. 

2. From each of the six outer strands, the distance to three adjacent 
strands is 2 R t . Hence this distance appears (again) eighteen times in the 
computation. 

3. From each of the six outer strands there are two strands at a distance 
of 2\/3 R t , requiring that this distance be used twelve times. 

4. One strand is at a distance of 4 R a from each of the outer strands, 
giving a value that is to be used six times. 

Collecting these 49 values we have for the geometric mean radius of the 
7-strand cable: 

GMR = V( e - i R,)\2R t )\ 2R,y s (2 y/z fi,) 12 (4fl.) 8 
= R. vV l ) 7 2 48 3 8 = 2.1767 R. 

= 0.7256R. 


(6-62) 
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where R c is the outside radius (that is, half the outside diameter) of ,the 
7-strand cable as in Fig. 6-12. 

For cables with other numbers of strands, the computation is similar. 
The following table gives the relation of GMR to outside radius for cables 
of various numbers of strands, 8 assuming that all strands in a cable are 
identical and carry equal current and the strands are laid closely in a 
compact cable. 


TABLE 6-1 

GMR OF STRANDED CABLE 


Number of Strands 

GMR 

3 

0.677 R t 

7 

0 726#, 

19 

0.758#, 

37 

0.768#, 

61 

0.772#, 

Solid (or 1 strand) 

0.779#, 


It is evident that the greater the number of strands, the more closely 
the current distribution in a stranded cable approximates that in a solid 
conductor, and this is reflected in the tabulation of GMR's. 

9. The General GMR Development. The simple inductance formula of 
Eq. 6-51 was derived in this chapter through many steps, with a number 
of approximations and assumptions. 

The formula, however, is both more 
general and more rigorous than this 
development would imply. A direct 
derivation of this formula can he 
outlined as follows: 

1. A transmission line consists of 
two conductors of any shape, as sug¬ 
gested in Fig. 6-13 (either or both of 
these may actually be two or more Flo o_ 13 . Crosa sections showing sub . 
separate conductors in parallel). The division of conductors into filamentary 
total current through a cross section elements. 

(such as that of the figure) is zero. 

2. Each conductor is considered to be divided into many small fila¬ 
mentary elements, as indicated in the figure. Suppose the left-hand 
conductor is divided into n elements. Each element carries the same 
current, I/n . Each element of the other conductor carries the opposite 
current, — I/n. 

8 Certain of the tabulated GMR’s are from “Symmetrical Components,” by 
Wagner and Evans (Ref. 36). 





118 


ELECTRIC TRANSMISSION LINES 


[Chap. 6 


3. An expression for flux linkages about any one of the elements is 
written. It is assumed that the permeability of the conducting material 
is that of free space. An average of flux linkages about the n different 
filaments is then found. 

4. The number n of filamentary elements into which the conductor is 
divided is now considered to increase without limit. As n increases without 
limit, the expression for average flux linkages approaches a definite limit. 
If the current density is uniform throughout the conductor, the limit 
approached by the expression for average flux linkages is 


21 In 


GMT) 

GMR 


10' 7 


(6-53) 


Dividing by I gives the inductance of the conductor. The result is 
exactly Eq. 6-51, which verifies that expression. 

Note that this derivation has the following limitations: it assumes that 
the material of the conductors is nonmagnetic; and it assumes that current 
is uniformly distributed through the conductor material. (Yet if these 
assumptions are untrue, an equivalent GMR can be found by approxima¬ 
tion or by experiment, and Eq. 6-53 can still be used.) On the other hand, 
it is not limited to conductors of any special shape, and computation of 
inductance is readily extended to any shape for which the GMR can be 
found. Also, it is not limited to conductors that are far apart relative to 
their size; whereas Eq. 6-17 was derived as an approximation with the 
assumption that current was concentrated at the center of the return 
conductor, it now appears that such an assumption is not necessary and 
Eq. 6-17 is not an approximation, from that point of view at least, but 
exact. This would be difficult to prove by any means but the geometric 
mean distance development. 

As an example of the use of this expression for inductance of conductors 
of unusual shape, consider a transmission line with tubular conductors. It 
is obviously possible to have a tube with walls of any thickness between the 
extremely thin-walled tube that is indistinguishable in cross section from a 
mere circle and the thick-walled tube that approaches a solid rod. Induct¬ 
ance of tubular conductor is found from Eq. 6-51 by using the appropriate 
GMR. We know that the GMR of the solid rod is 0.779 times the outer 
radius. The GMR of the thin-walled tube is equal to the radius of the tube 
(as in Fig. 6-116). The GMR of any other tube must fall between these 
limits. This fact is an adequate guide in many computations, for the differ¬ 
ence between the limiting possibilities is likely to be negligible, but for 
the sake of greater numerical accuracy Table 6-2 on the following page can 
be used: 
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TABLE 6-2 

GMR OF TUBULAR CONDUCTOR 

Ratio of the Ratio of the GMR to the 

Inside Radius of a Tube to Outside Radius of the Tube 

the Outside Radius of the Tube 

0.0 (solid) 0.78 

0.2 0.79 

0.4 0.83 

0.6 0.88 

0.8 0.94 

1.0 (thin wall) 1.00 

A tubular transmission line is of practical importance in various uses. 
The conductors of the high-voltage lines from Hoover Dam to the city 
of Los Angeles are essentially tubes; they are not smooth on the inside, but 
the ratio of inside diameter to outside diameter is approximately 0.86. 
Steel wires coated with copper may be considered as tubular if the con¬ 
ductivity of the steel is neglected and all current is assumed to flow in the 
copper. At high frequency, skin effect practically eliminates current near 
the center of a large conductor, with the result that even a solid copper 
rod acts like a thin-walled tube if the frequency is high (see, in this con¬ 
nection, Sec. 7, Chap. 7). 

Another practical form of conductor is of rectangular cross section. As 
an approximation with a maximum error of about two-tenths of one per 
cent, 

GMR of a rectangle = 0.2235(a + b) (6-54) 

the sides of the rectangle being a and b. This expression may be used in 
finding the inductance of bus bars, for instance. 

10. Three-phase Inductance. There are three geometrical arrange¬ 
ments of three-phase lines that require consideration. 9 The simplest is a 
line with the three conductors equally spaced, as at the comers of an 
equilateral triangle. This is unusual in practice, however, for lines usually 
have nonequilateral spacing, but the conductors of most lines are system- 

9 A related problem is the inductance of the circuit involving the three line wires 
and ground; the three line wires of a three-phase line, being connected in parallel, 
constitute one conductor, and the other conductor is the earth. This earth-return 
circuit is the path of zero-sequence components of current in unbalanced operation. 
It is essentially a single-phase, not a three-phase, problem. Although simple in 
practice, it is highly complicated in theory. It is of great importance in connection 
with symmetrical component analysis, and will be left for treatment in books on that 
subject as, for instance, Wagner and Evans (Ref. 36). However, formulas and 
tables of zero-sequence quantities are included in Appendix 3 of this book. 
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atically transposed and this has the effect of averaging the line induct¬ 
ance among the three conductors. The third possibility is a non-equilat- 
eral line that is also nontransposed. 

The line with equilateral spacing is easily handled. A cross section of 
the line is shown in Fig. 6-14. The distance between conductor centers is 
D. The radius of each conductor is R. The three currents are represented 
by the complex values 7 a , I b > and I c . It is not required that these be 
balanced, but it is known that 

I a + I b + I c = 0 (6-55) 

The voltage drop in wire a can be found by using Eq. 6-27, which gives 
flux linkages: 

m). = {la | + 2J 0 In | + 21 b \n~ + 2L In ^)l(T 7 

= Wf 2 /i) i ^ ^ 7 

= [/“( 2 2 ^ tf ) — ^“ 2 * n 

= 7„(| + 2 In |)l0" 7 (6-50) 

The inductance of wire a, and lienee of any of the three wires, is found 

by dividing by 7 a , giving 

1 “ ( 21,1 ;? + 2) 10 ' 

henrys per meter of wire (6-57) 
or 

l = (o.741 log,,, j f + 0.080 M,)l0 _ 

henrys per mile of wire (6-58) 

It is a remarkable and valuable coincidence 
that this formula is identical with the formula 
(Formula 2 of Table I) for the inductance to 
neutral of a single-phase line. Let us consider exactly what inductance is 
given by Eqs. 6-57 and 6-58: it is the inductance that, taken with the current 
in line a of an equilateral three-phase line, will give the voltage drop along 
line a —the voltage drop that would be measured on a voltmeter connected 
as in Fig. 6-5 with the voltmeter leads a very great distance away from 



Fig. 6-14. Cross section of a 
three-phase line, equilateral 
spacing. 
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the transmission line. Such a voltage drop appears in each wire of a three- 
phase line, and is quite appropriately considered a voltage to neutral . 

Next, consider a transmission line in which the three wire-to-wire spac- 
ings are not equal, but the wires are transposed. One complete transposi¬ 
tion “barrel” is shown in Fig. 6-15. Three line positions are indicated as 1, 
2, and 3, which identify position on the towers, poles, or crossarms; and 
the three wires are identified as a, 6, and c. Wire a occupies position 1 
for one-third of its length, position 2 for one-third of its length, and position 



£ 

a 


b 



Position I 
Position 2 
Position 3 


Fig. 6-15. Transposition of three conductors. 


3 for one-third of its length. We now w r rite expressions for flux linkages 
about conductor a in each of the three sections of the transposition “barrel,” 
multiplying each by | because it applies over only one-third of the length, 
and adding to get total flux linkages per unit length. Equation 6-27 is 
used: 


m)a = |(/a| + 27 a In | + 27, In + 21 c In 


| (/. & + 21 a In 4 + 27, In + 27. 


ik 

b I 0 10 " 

ik’ 

- Wt + 2 ta l ) + l< f ‘ + « 2 Anhd 10- ’ 

= 7 a (| + 2 In ^ / ^ 23 - 31 )lQ- 7 


R 

1 

[ R 


+ I ( /a 5 + 27 ° ln ^ + 27, In k- + 27. In 


^23 

1_ 

^31 


(6-59) 


The inductance of wire a of the transposed line is now found by dividing 
by J 0 . At the same time it may be noticed that the numerator of the 
logarithmic term is the geometric mean of the three wire-to-wire distances, 
and we write GMD for this mean, giving 

l - (2 In + f)l0“ 7 (6-60) 

This formula for inductance of the transposed but nonequilateral line is 
identical with Eq. 6-57 for the equilateral line, and hence with Formula 
2 of Table I, provided the geometric mean of the three spacings of the 
transposed line is used as an equivalent spacing in the inductance formula. 
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By using this equivalent spacing, or geometric mean spacing, it is 
possible to apply Formula 2 of Table I to any fully transposed three-phase 
line. This is an exceedingly important fact, for most power transmission 
lines are of this kind and are treated in this way. 

Two further comments may be made. Equation 6-59 for the transposed 
line applies to a line with any geometrical distribution of its conductors, 
but a fairly common configuration is to have the three conductors in the 
same plane . Sometimes the plane of the conductors is horizontal; some¬ 
times it is vertical. If the three conductors are in the same plane, each 
of the outer conductors being at a distance D l2 from the inner conductor, 
the equivalent geometric mean spacing for the line is \/2 D 12 = 1.26 D 12 . 

If desired, Eq. 6-60 can be written with the constant term combined 
with the logarithmic term. Assuming the conducting material to be non¬ 
magnetic, so that Mr = 1, the inductance in hcnrys per meter is 


Z = 2 In 


GMD 

GMR 


1CT 7 


(6-61) 


where GMR is the geometric mean radius of the conductor. This is 
exactly the form of Eq. 6-51. 

Finally, something must be said about the non equilateral , non transposed 
three-phase line. An equation for the flux linkages about one of the con¬ 
ductors of such a line is readily written: 

m). - [/.(! + 2 In i) + 2 L In £ + 21. In (M2) 

This, however, is as far as the discussion can proceed until something 
more is known. Only if a relation were known between 7 0 , 7 b , and 7 C 
would it be possible to divide the flux linkages by I a to obtain an induct¬ 
ance. Indeed, in such a system of conductors, with no other limitations, 
it is not possible to express voltage drop in a conductor in terms of a single 
inductance, to be multiplied by the rate of change of a single current. 
It is necessary, if inductance is to be used, to consider the self-inductance 
of that conductor and the mutual inductances between that conductor and 
the other two conductors of the line. As another method, voltage drop 
can be computed from flux linkages without reference to inductance. 
Fortunately, this problem is rarely encountered in practice. 

11. Mutual Inductance. If circuits are close together, a changing cur¬ 
rent in one will induce a voltage in the other. By definition, mutual in¬ 
ductance is the ratio of induced voltage in one circuit to the rate of change 
of current in the other: 

L,, = -Jg (M3) 

dt 
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Thus, voltage may be induced in one transmission line by current flowing 
in another. It is this effect, for example, that is often responsible for 
inductive interference between a power line and a telephone line, or for 
crosstalk between two telephone lines. 

Figure 6-16 shows a two-wire line, ra and n, and a parallel conductor a 
that is carrying current I a . Flux produced by 
the current I a will link the circuit ran, but the 
only flux that need be considered is that be¬ 
tween a circle of radius D am and a circle of 
radius D an . Equation 6-11 gives the flux link¬ 
ages with the circuit ran if the integration is 
between limits D am and D an : 





Fig. 6 - 16 . Cross section of 
(6-64) two lines with mutual induct¬ 
ance. 


Using the permeability of empty space, 

4w X 10“ 7 , and dividing by current to find inductance, the mutual induct¬ 
ance in henrys per meter is 


I21 


2 In jf- 10“ 7 = 4.606 log, 


Da 

D a 


10 ' 


(6-65) 


It will be recognized that this expression is incomplete, for the current 
I a cannot exist unless a return path is provided in one or more additional 
conductors. Other flux linkages with the circuit ran will be produced by 
the current in these other conductors. There must be as many expressions 
like Eq. 6-64 as there are conductors carrying current. Thus, if a conductor 
b is added to Fig. 6-16 to complete the circuit, mutual flux linkages will be 

(m) + ( 6 - 66 ) 

JJam J^bm 


and since I b = — I a> the mutual inductance in henrys per meter is 

l 21 = (6-67) 

Uam*Jbn 

If the line carrying current is a three-phase line, and has conductors a, 
6, and c, an equation similar to 6-66, but with three terms, is written, and 
induced voltage can be determined if the currents are known. There is 
no single mutual inductance. 

12. Practical Determination of Inductance. Inductance of two-wire 
lines and of coaxial lines can be computed from the formulas of Table I. 
These formulas can be used for equilateral or transposed three-phase lines 
also, by proper interpretation, as has been explained. For less simple 
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types of lines, Eq. 6-51 is of general application, as is illustrated with 
multiple conductors, stranded conductors, tubular conductors, and con¬ 
ductors of rectangular cross section. As a practical matter, however, the 
formulas of Table I are adequate for many purposes. 

Values of inductance are tabulated in electrical reference books, and 
several kinds of tabulation are found. It is possible, for instance, to head 
the columns of a table with values of conductor radius and to index the 
rows of the table with values of spacing between wires; entries in the 
table are then the corresponding values of inductance. Such a table 
assumes uniform distribution of current in the conductor, and it also 
assumes that the conductor is a solid round wire or else it assumes some 
particular design of conductor, and a complete table is required for each 
variety of shape and stranding. In a variation of this type of table, the 
entries are not inductance in henrys or millihenrys, but reactance in ohms, 
at a given frequency that is usually GO cycles. This is perhaps the most 
common type of table, but it is the most restricted in application. 

Another type of tabulation takes advantage of the form of Eqs. 6-51 
and 6-61 to permit separation of the data. Equation 6-51 can be written 
to give inductance in henrys per mile of wire as 

1 - °- 7411 ,oe sm I0 “ 

= 0.741l(log + 0.7411(log GML>)10" (6-68) 

The first term of this expression relates to the conductor, to its size, shape, 
stranding, permeability, and its current distribution if for any reason a 
nonuniform distribution is to be taken into account. The second term, on 
the contrary, has nothing to do with the nature of the conductors, and is 
determined solely by the line spacing. It is convenient, then, to express 
inductance as the sum of two terms, the first being determined by the 
design of the conductor and the second being determined by the distance 
between lines, and to tabulate these quantities separately. 

Calling the first term, the conductor component , l a , and the second term, 
the spacing component , l d1 we write 

l = l a + h (6-69) 

A compact table can then be prepared for l d in terms of the line spacing 
(for a three-phase line, the geometric mean of the spacings) of which the 
following Table 6-4 is an abridged example. Another brief table gives 
l a for a particular type of conductor. The following Table 6-3 is an ex¬ 
ample for solid wire of copper or other nonmagnetic material. Entries 
in the table are for standard copper wire sizes, except the last entry which 
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is a common size of telephone wire. As an example of use of these tables, 
the inductance of a pair of No. 6 wires spaced 2 feet apart is 1.689 + 
0.223 = 1.91 millihenrys per mile of wire or 3.82 millihenrys per loop mile. 

If inductance is required for some other type of conductor, such as 
seven-strand twisted copper cable, a new table similar to Table 6-3 is 
needed, with one entry for each size and pattern of stranding. Table 6-4 
remains the same for any conductor. 

Note that if the spacing is less than 1 foot, the value of l d , the spacing 
component, is negative. This results from the use of feet as units in 
Eq. 6-68; any other units of length could have been used equally well, 
provided the same unit was used in computing both l a and l d . Table 6-3 


TABLE 6-3 TABLE 6-4 

INDUCTANCE: INDUCTANCE: 

CONDUCTOR COMPONENT SPACING COMPONENT 


AWG 

Outside 

l a , henrys to 

Separation 

l d , henrys to 

or B&S 

diameter, 

neutral per 

of conductors 

neutral per 

gauge No. 

inches 

mile of wire 

GMD, feet 

mile of wire 

2 

0.258 

1.540 X 10-* 

1 

0 

3 

0.229 

1.577 X 10-* 

2 

0.223 X 10“ 3 

4 

0.204 

1.615 X 10~ 3 

3 

0.354 X 10“ 3 

5 

0.182 

1.652 X 10~ 3 

4 

0.446 X 10~ 3 

6 

0.162 

1.689 X 10" 3 

5 

0.518 X 10-* 

7 

0.144 

1.726 X 10" 3 

6 

0.577 X 10-* 

8 

0.128 

1.764 X 10" 3 

7 

0.626 X 10-« 

9 

0.114 

1.801 X 10" 3 

8 

0.669 X 10~ 3 

10 

0.102 

1.838 X 10“ 3 

9 

0.707 X 10“» 

—— 

0.104 

1.832 X 10~ 3 

10 

0.741 X 10-* 


is sometimes considered to give the inductance owing to flux that lies 
within a 1-foot radius, and Table 6-4 the inductance owing to flux beyond 
a 1-foot radius; this concept can be used if it is found to be helpful, but 
it is not necessary and is likely to raise questions. 

Since tables of inductance are most often used for power lines, they 
commonly give values of 60-cycle reactance 10 rather than inductance. 
The entries in such tables are x a and x d , which are equal to the respective 
inductance terms multiplied by 2x/ or, at 60 cycles, approximately 377. 
The total reactance, x = x a + x d , is the reactance per mile to neutral. 
It may be emphasized again that the phrase to neutral has reference to 


10 Examples of such tables are given in Appendix 3. 
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voltage: when this reactance is multiplied by line current it gives the 
voltage drop to neutral (per unit length of conductor). 

Three-phase Spacing. It has been shown that the correct value of 
separation to use in finding the spacing component of inductance or re¬ 
actance of a transposed three-phase line is the geometric mean of the three 
line-to-line spacings (the cube root of the product of the three spacings). 
An alternative method that is sometimes simpler in actual computation is 
to read from the table a spacing component corresponding to each of the 
three line-to-line spacings; the arithmetic mean of these three is the actual 
spacing component to apply to each phase of the line. This is true be¬ 
cause the spacing component, as in Eq. 6-68, is a logarithmic function of 
spacing, and the sum of the logarithms is equivalent to the product of 
the spacings. 

13. Capacitance. Capacitance is a measure of the reactive charging 
current to a transmission line. When voltage is applied between line 

conductors, and an electric field is estab¬ 
lished in the space between the conductors, 
electric charge will be located on the surface 
of the conductors as it is on the plates of 
a charged condenser. 

Consider a long, isolated conductor; it 
has circular cross section as in Fig. 6-17. 
Because of symmetry, the electric field about 
it is radial. The electric field strength at the 
surface of the conductor is equal to the charge 
density on the conductor surface divided by 
the dielectric constant of the space. Else¬ 
where outside the conductor, the field 
strength is inversely proportional to the 
radius. Thus, at any point outside the conductor, the electric field strength 
in volts per meter is 



Fig. 6-17. Electric field about a 
conductor. 



(6-70) 


where Q is charge on unit length of the conductor (coulombs per meter) 
e is the dielectric constant of the region around the conductor, 
8.855 X 10“ 12 in empty space or, approximately, in air, (farads 
per meter) 

r is radial distance from the center of the conductor (meters) 
Potential is the integral of electric field strength. Hence, the potential 
difference between the surface of the conductor, at radius a, and any 
point at a greater radial distance 6, is 
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The potential difference between one body and another can be found, 
using the principle of superposition, as the sum of the potential difference 
owing to charge on one of those bodies alone, plus the potential difference 
owing to charge on the other of those bodies alone, plus the potential 
difference between those bodies (when uncharged) owing to charge on any 
other body or bodies in the neighborhood. 

Capacitance between two isolated bodies, such as the two wires of a 
transmission line, is the ratio of the magnitude of the charge on either 
one of them to the potential difference between them: 

C = % (6-72) 

If there are more than two charged bodies present, coefficients of induction 
(or mutual capacitance) are required, 11 in general, but various artificeB 
make them unnecessary in most transmission-line problems. 



Fig. 6-18. Fields between two parallel conductors. 


11 See J. C. Maxwell, “A Treatise on Electricity and Magnetism,” Sec. 87 (Ref. 
17); or S. Ramo and J. R. Whinnery, “Fields and Waves in Modern Radio,” Sec. 
6.24 (Ref. 23), or, preferably, both. Any fairly advanced electrical physics book 
will serve. 

Capacitance and inductance are considered in this chapter with reference to 
nonchanging electric and magnetic fields. As mentioned in Chap. 1, values so 
obtained are correct for transmission lines at all frequencies, provided line resistance 
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Two-wire Line . Let us consider the capacitance of a line of two parallel 
wires, such as that of Fig. 6-18. There is an electric charge of Q on one 
wire, and —Q on the other, per meter of length. Let us assume that the 
electric field produced by one of these wires is as given by Eq. 6-70. This 
is an approximation, for the equation was written for an isolated wire; in 
making this approximation we are assuming that the wires are small 
enough and far enough apart that the mere presence of the metal of the 
second wire does not appreciably alter the field that is due to the charge 
on the first wire alone. 12 

Potential difference between the two wires is to be found. With the 
assumption that Eq. 6-70 gives the electric field, Eq. 6-71 gives the po¬ 
tential difference owing to charge on one of the wires alone. Charge on 
the other wire contributes equally to the potential difference. The charges 
are equal in magnitude; they are opposite in sign, but the direction of 
integration is reversed, and the total potential difference is twice that 
produced by the charge on one wire: 

F(wire to wire) = rjj”” ^ ~ (6-73) 


Since capacitance is Q/V by definition, as in Eq. 6-72, we find the ca¬ 
pacitance per unit length of the transmission line to be 


tt€_ 12.08 X IQ" 12 

b . b 

n ~ logio “ 


(6-74) 


and this is Formula 6 of Table I. This is the capacitance of the two-wire 
line in farads per meter. 

14. Computation from Velocity. It is evident that there are striking 
similarities between the computation of capacitance and the computation 
of inductance. These similarities are inherent in the nature of the electric 


is not excessive. The classic treatment of transmission lines, including the differen¬ 
tial equations of Chap. 1, is valid if the axial component of electric field in the 
dielectric (rl at the conductor surface) is small compared with the transverse electric 
field, and the transverse electric field in the conductor is small compared with the 
axial field (the latter condition is satisfied by any ordinary metal). This is dis¬ 
cussed by Ramo and Whinnery, Sec. 8.10 (Ref. 23). 

12 This approximation can be avoided as follows. Consider two parallel charged 
filaments; mere line charges. The electric field about each is accurately given by 
Eq. 6-70. The total electric field between them is as shown in Fig. 6-18; the fila¬ 
ments, represented by the two dots, are connected by lines of electric force and are 
surrounded by families of equipotential cylindrical surfaces (not coaxial). Any 
one of these equipotential surfaces can be the surface of an actual conductor 
without altering the electric field external to such a conductor. This gives an exact 
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and magnetic fields, for the magnitudes of both/fields are inversely pro¬ 
portional to radius and hence integrate to logarithmic functions. Induct¬ 
ance has a logarithm in the numerator, and capacitance has the same 
logarithm in the denominator. 

This leads to the following significant relation. If the capacitance of 
a line is multiplied by the external inductance of the line, the product is 
fie. This is a constant: for any line in air, the product of capacitance in 
farads per meter and external inductance in henrys per meter is 0.111 X 
1(T 16 . A means for computing capacitance from known inductance is now 
apparent. 

By external inductance is meant that part of the inductance that results 
from magnetic flux external to the transmission-line conductors. Those 
magnetic flux lines of small radius that circulate within the conductors 
are not part of the external inductance; they constitute the internal in¬ 
ductance. In Eq. 6-17, for example, (n/ir) In b/a is the external inductance 
of a two-wire line, and n/4w is the internal inductance. 

To demonstrate the above relation, consider the two-wire line. External 
inductance from Eq. 6-17 and capacitance from Eq. 6-74 are multiplied: 

In - 
a 

This simple result is true for any line, and not only for the two-wire line. 
A general demonstration comes from electromagnetic-wave theory, and is 
beyond the scope of this book, but the basic principle is as follows. 

The velocity of propagation on a line without loss, and without magnetic 
field within the conductors, is, by Eq. 3-8, 1/ y/l e c. It can be shown that 
the velocity of any such transverse electromagnetic wave, regardless of the 
shape, size, or arrangement of the conductors, is 1/ (Because light 

is a transverse electromagnetic wave, this is also the velocity of light in 
the same medium.) Hence l e c = pe. 

It follows from this relation that the velocity is the square root of the 


formulation of the electric field between two parallel circular cylindrical conductors. 
The capacitance can be found. (See any book on electricity and magnetism.) The 
result is 


c 


7T€ 


* fe + >/(&)’ - >. 


(6-74a) 


Equation 6-74 is obviously a good approximation for Eq. 6-74o if b/a is large; in 
fact, the error is less than 1 per cent if b/a is greater than 7.2. For most two-wire 
lines, b/a is several hundred, and the approximation is quite satisfactory. 
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reciprocal of the constant in Eq. 6-75. The value given above for the 
constant, 0.111 X 10" 16 , is computed from the numerical values of Eqs. 
6-17a and 6-74, and applies in empty space or in air; the velocity in empty 
space or in air is therefore 3 X 10 8 meters per second. 13 A similar compu¬ 
tation in Eq. 3-10 gives the speed of wave propagation in miles per second. 

The immediate practical value of Eq. 6-75 is that it offers an easy means 
of computing the capacitance of any transmission line if inductance is 
known. Many pages of this chapter have been devoted to the computation 
of inductance of lines of various configurations. It is now sufficient to 
say that capacitance can be found by dividing the constant of Eq. 6-75 
by the external inductance of the line. This is true for coaxial lines, 
multiconductor lines of any arrangement, and polyphase lines, as well as 
for the simple two-wire line. 

It is essential in computing capacitance by this means to use only the 
external inductance of the line. Two forms of inductance formulas have 
been given. In Formulas 1, 2, 3, and 7 of Table I, the internal inductance 
can be eliminated by making K v = 0. The remaining term of the formula, 
which is logarithmic, gives the correct value of external inductance, as 
explained above. 

Equation 6-51 is an expression for inductance that uses the geometric 
mean radius of a conductor or group of conductors. To avoid the internal 
inductance, and obtain only the external inductance, when the expression 
is in this form, assume that all the current is at the surface of the con¬ 
ductors; in other words, solid conductors must be replaced by tubes of 
the same size and shape with infinitely thin walls. Hence, to determine 
the external inductance of a conductor of circular cross section, use the 
actual radius in place of the geometric mean radius in this formula and in 
others like it. 

Having found the external inductance l e in henrys per meter, the ca¬ 
pacitance c in farads per meter is 


0.1113 X 10- 10 

C = -j- € r fJL r 


(6—76) 


where e r is the relative dielectric constant of the space between conductors 
(€ r = 1 for empty space or air) 

Hr is the relative permeability of the space between conductors 
(n r = 1 for air or any substance that is not ferromagnetic) 

15. Three-phase Capacitance. Three-phase capacitance to neutral can 
be computed by writing equations for the potential of each of the con- 


13 More precisely, the speed of light in free space is 2.99789 X 10 8 ; see Kees Bol, 
A Determination of the Speed of Light by the Resonant Cavity Method, Phys. Rev. f 
Vol. 80, p. 298, October 15, 1950. 
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ductors resulting from charges on that conductor and each of the others, 
and solving simultaneously, with the provision that the charges add to 
zero. However, since the inductance of an equilateral or transposed three- 
phase line has already been determined, we can deduce the capacitance 
from the inductance and the known velocity of propagation. Formula 2 
of Table I gives the inductance to neutral of a three-phase line, and it 
follows that Formula 5 gives the capacitance to neutral of a three-phase 
line, for the two formulas are related by Eq. 6-76 (with due regard for 
measurement in miles instead of meters). 

Formula 5 gives the capacitance to neutral of an equilateral three-phase 
line. It is also applicable to a nonequilateral three-phase line if the three 
conductors are fully transposed and the geometric mean of the three 
actual line-to-line spacings is used as the “spacing between wire centers” 
in the formula. 

Tables. Tables of capacitance as a function of conductor size and 
spacing are found in various reference books. For use with power lines, 
either single-phase or three-phase, it is convenient to use a tabular form 
similar to that discussed in Sec. 12 for inductance. Formula 5 of Table I 
is used to write an equation for the reciprocal of the 60-cycle susceptance 
to neutral per mile of wire. 

Following W. A. Lewis (Ref. 16), to whom this method is due, we shall 
call this value the capacitive reactance to neutral per mile of wire, and 
denote it by x'> writing 


2wfc 

_ -10 9 , b 

2tt/( 38.88) 0g, ° a 

—4.09 X10 fi /, 1 . , ^ 

= - J - (tog-+log b) 

Specifically at a 60-cycle frequency, 

x' = -0.0682 X 10 8 (log i + log bj 

The first logarithmic term in Eq. 6-78 relates to conductor size only; the 
second relates to spacing between conductors only. We may therefore do 
as we did with inductance, dividing the total value for x r into a conductor 
component xj , and a spacing component x d \ and writing 

x 9 = x a 9 + x/ (6-79) 

Tables of x a 9 are then prepared for conductors of various kinds and sizes, 
taking stranding and other pertinent factors into account, and a separate 


(6-77) 

(6-78) 



132 


ELECTRIC TRANSMISSION LINES 


[Chap. 6 


table is computed for x d ' that is concerned only with separation between 
conductors and that is equally applicable to all types of conductors. Such 
tables are given in Appendix 3; more complete tables are available in 
various reference books (particularly the Westinghouse “Reference Book, ,, 
Ref. 18). 

To use such tables, find x a ' and x d from the tables, add, and take the 
reciprocal; this gives the capacitive susceptance per mile of line. Then 
multiply by the length of the line if susceptance of the total line is re¬ 
quired. (It will be noted that x f must be divided by the length of the 
line if the capacitive reactance of the entire line is to be found.) 

Let us consider carefully what is meant by capacitance to neutral of a 
three-phase line. It is the ratio of charge on one conductor of the line 
(per unit length) to the voltage from that conductor to neutral. It is not, 
and has no relation to, any capacitance from line to ground. Neither is 
it the capacitance to an actual neutral wire. It exists even if there is no 
neutral wire, and if no ground surface is considered; indeed its value is 
changed only slightly if an actual neutral wire is brought into the problem, 
or if the effect of the ground below the transmission line is taken into 
account. 

Charging current to unit length of each conductor of a transmission line 
is the capacitance per unit length multiplied by the rate of change of the 
voltage to neutral. For a sinusoidal voltage of frequency /, the charging 
current is equal to the line capacitance multiplied by j2irf times the voltage 
to neutral. Note that the capacitance to neutral is always used with the 
voltage to neutral. 

It remains to define the meaning of voltage to neutral. It is the potential 
difference between a conductor of a transmission line and an infinitely 
distant point. 

A three-phase system has three voltages from line to neutral. If the 
three-phase voltages are balanced, the three voltages to neutral are equal 
in magnitude and 120 degrees apart in phase. The sum of the three line- 
to-neutral voltages in a balanced system is zero. This familiar case is 
well known, and needs no explanation. It is recognized that these voltages 
to neutral are just as useful for purposes of analysis on a three-wire line, 
without a neutral wire, as they are if a physical neutral actually exists. 

It is not necessary, however, for the present treatment of line capacitance 
to be limited to a line with balanced voltages. The only limitation that 
has been imposed is that there shall be only three conductors and that 
current does not flow in a fourth wire or in ground 14 (this was stipulated 

14 In terms of symmetrical components, the present discussion is limited to 
positive- and negative-sequence systems; zero-sequence capacitance, which depends 
on the capacitance from the three wires of the line to a physical neutral or to the 
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in computing inductance). As there are only three conductors, the sum of 
the charges on the three conductors must equal zero. Consequently, the 
sum of the three line-to-neutral voltages must be zero. 

The voltages from line to neutral combine in pairs to give the line-to- 
line voltages. From this, and the fact that they must add to zero, they 
can be computed as 



i 

•o 

II 

tJ 

(6-80) 
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e 

(&-81) 


V cn = \{V ca - Vu) 

(6-82) 

The mere presence of 
the capacitance slightly, 

a ground surface below a three-phase line affects 
even though the sum of the line charges is zero. 


The ground behaves simply as an uncharged conducting body. A certain 
electric field surrounds the three-wire transmission line in the absence of 
ground; if the surface of the earth is then brought near the line, the electric 
field is altered and the capacitance is correspondingly changed. However, 
the effect is so small with three-phase transmission lines of ordinary di¬ 
mensions that it can be entirely neglected. 

The mutual capacitance between two three-phase lines that run near 
each other, perhaps even being suspended from the same steel towers, is 
a factor that must not be forgotten. For lines of usual proportions, this 
factor, also, has negligible affect on the three-phase capacitance of the lines. 

Mutual capacitance is of great importance, however, when two lines 
run side by side and the electric field from one line to ground induces 
potential from line to ground in the other. Similarly mutual inductance 
between two such lines is important if the current flowing in the three 
conductors of one line, and returning in ground, produces a magnetic field 
that links with the other line and induces potential from that line to ground. 
(These are zero-sequence current and voltage; see footnote 9). However, 
we shall continue to exclude consideration of current or charge in the 
ground, and shall not discuss these phenomena. 


ground surface, is a different quantity. Equations for zero-sequence resistance, 
reactance, and capacitance are given in Appendix 3. Zero-sequence quantities are 
not considered here but may be found in books relating to symmetrical components, 
such as Refs. 18 and 36. The capacitance that is here called capacitance to neutral 
relates positive-sequence charging current to positive-sequence voltage, negative- 
sequence charging current to negative-sequence voltage, and hence any line charg¬ 
ing current to the corresponding line-to-neutral voltage, provided the line-to-neutral 
voltage is defined, as in this section, to have no zero-sequence component. 
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PROBLEMS 

6-1. Determine from a handbook, or from any other convenient reference, the 
relative magnetic permeabilities of copper and aluminum. (Relative to permeabil¬ 
ity of free space.) 

6-2. A four-wire line as shown in Fig. 6-7 consists of four No. 10 AWG copper 
wires at the corners of an 8-inch square. Find the low-frequency inductance of such 
a line 100 meters long. 

6-3. Repeat Prob. 6-2 for a line of No. 8 AWG copper wires at the corners of a 
10-inch square. 

6-4. The wires of Fig. 6-7 are moved to be at the corners of a rectangle instead of 
a square; that is, the distance from to b j may differ from the distance from a x to 
b 2 . Derive an expression for inductance to replace Eq. 6-31 for such a line. 

6 - 6 . All four wires of Fig. 6-7 carry current in the same direction; a fifth wire is 
added at the center of the square to carry all the return current. Derive an expres¬ 
sion for inductance of this five-wire line. 

6 - 6 . In Fig. 6-7, wires a x and b 2 carry current in one direction, and wires b x and a? 
carry return current in the other direction. (It may be convenient to reletter the 
wires in solving this problem.) Find inductance. Is it higher or lower than the 
inductance given by Eq. 6-31 for the original scheme of connection? 

6-7. A six-wire line has wires arranged at the vertices of a regular hexagon. If 
these are designated by letters a to / in consecutive order around the hexagon, 
wires a, c, and e carry current in one direction and b, d, and / constitute the return 
conductor. Derive an expression for the inductance of the six-wire line. 

6 - 8 . The four-wire line of Fig. 6-8 is reconnected so that wires a, and b 2 carry 
current in one direction, and wires a 2 and b x carry return current in the other direc¬ 
tion. Find inductance. Is it greater or less than with the connection that leads 
to Eq. 6-40? 

6-9. The wires of the four-wire line of Fig. 6-8 are No. 10 AWG copper. The 
spacing D = 12 inches. By what percentage is the resistance loss in the wires 
(connected as shown in Fig. 6-8) decreased by transposition (as in Fig. 6-9)? 
Frequency is 1,000 cycles per second. 

6-10. Repeat Prob. 6-9 for No. 18 wires with 10-inch spacing. 

6-11. How does current divide between the wires of Fig. 6-8 at zero frequency? 
at high frequency (allowing frequency to become great without limit)? Note that 
the high-frequency division is independent of both frequency and wire resistance, 
a point of interest in connection with proximity effect . 

6-12. Derive Eq. 6-40 from Eqs. 6-36 and 6-37. 

6-13. Show whether or not Eq. 6-47 is equivalent to Eq. 6-30. 

6-14. Show whether or not Eq. 6-50 is equivalent to Eq. 6-40. 

6-16. Use Eq. 6-51 to find inductance of the lines (a) of Fig. 6-7; (b) of Fig. 6-9; 
(c) of Prob. 6-4; ( d ) of Prob. 6-5; ( e ) of Prob. 6-6; (/) of Prob. 6-7; (g) of Prob. 6-8. 

6-16. Verify the value given in Table 6-1 for the GMR of stranded cable of 
three strands. 

6-17. Find the GMR of a stranded cable of four strands. 

6-18. A solid round conductor is 1 inch in diameter. What size conductor of 
Bquare cross section has equal inductance per unit length? 
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6-19. A wire table gives resistance per mile of wire. Is this value, or is a multiple 
of this value, used in finding inpedance: (a) per mile of two-wire line; (ft) to neutral 
per mile of wire, single phase; (c) to neutral, three-phase; (d) per lpop-mile; (< e ) per 
mile per phase. 

6-20. The transmission line of Fig. 5-3 has copper conductors (General Cable 
Type H-H) that are essentially tubular. Compute inductance per mile of conductor 
assuming (a) that all current flows at the surface of the conductor, (6) that the 
conductor is a tube, with the outside diameter and copper cross section as given, 
and (c) that the conductor is solid with the same outside diameter. 

6-21. The wires m and n of Fig. 6-16 comprise a single-phase power line; they are 
5 feet apart. The wires a and ft, 12 inches apart, are a parallel telephone line. The 
two lines are on opposite sides of a narrow road, 50 feet apart. Neither line is trans¬ 
posed. Wires rn and n are the same height above ground as a. Find voltage in¬ 
duced per mile of telephone line by 100 amperes of 60-cycle current in the power line. 

6 - 22 . Repeat Prob. 6-21, assuming wire ft is in the same plane with a, m, and n, 
and 12 inches to the left of a. 

6-23. Use Tables 6-3 and 6-4 to compute inductance of the telephone line of 
Fig. 5-2. 

6-24. A 380-kilovolt, three-phase, 50-cycle transmission line (Swedish State 
Power Board) uses two steel-aluminum cables, hung close together, to carry current 
of each phase. The conductors are spaced in a horizontal plane as indicated: 

OO O O 0 0 

Each conductor of this “double-conductor” line is similar to 1,033,500-circular-mil 
ACSR (see Appendix 3). Spacing between phases (center to center) is 12 meters. 
Assuming transposition, compute and plot inductive reactance to neutral per 
kilometer of double conductor as a function of the spacing between the two cables 
of the double conductor (from 10 to 80 centimeters). 

Note: The spacing in the accepted design is 45 centimeters, about 0.33 ohms per 
kilometer. (A. Rusck and B. G. Rathsman, Elec. Eng., Vol. 69, pp. 53-57, January, 
1950.) 

6-26. Compute capacitance (specify whether it is line-to-line or line-to-neutral) 
using inductances computed in Probs. 6-2, 6-3, 6-20 (a, ft, and c), 6-23, and 6-24. 

6-26. Using results of Prob. 6-25, compute the characteristic impedance of each 
line. (An approximate value using Z Q = y/l/c will be adequate for this problem.) 
Specify whether Z Q is line-to-neutral or line-to-line. 
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LINE CONSTANTS: 

RESISTANCE, SKIN EFFECT, AND INSULATION LOSS 


1. Line Resistance. The resistance of a transmission-line conductor 
can be computed from the dimensions of the conductor and the resistivity 
of the material. As a matter of fact, however, such computation does 
not usually give a precise result, for there are a number of factors that 
cannot always be determined exactly. The most important uncertainty is 
often the temperature, which may vary from hour to hour and from place 
to place along the line, and which is not independent of the line current. 
Also, the resistivity of the conducting material, even at a given tempera¬ 
ture, may be inexactly known, as it depends on the metallurgy and heat- 
treatment of the material as well as its chemical composition. Thus, 
annealed copper has not quite the same resistivity as hard-drawn copper; 
and the proportion of elements in an alloy such as brass will greatly affect 
the resistivity. Even the exact size of a conductor may be somewhat in 
doubt; wire, for instance, drawn through a new die is slightly smaller than 
wire drawn through the same die when it is old and worn, and yet both 
are nominally the same gauge. Moreover, when there is pronounced skin 
effect, mere roughness or impurity of the surface may be important. For 
these various reasons, it is necessary for the engineer, if resistance is im¬ 
portant, to consider the probable accuracy of any computed value. 

The resistance of a conductor of uniform cross section is 

R = pj (7-1) 

where R is resistance (ohms) 

p is resistivity (meter-ohms) 
l is length in the direction of current (meters) 

A is cross-sectional area normal to the current (square meters) 

This basic equation can be used with various unit systems (although 
mks units are here specified), and resistivity values are published in quite 
a variety of units. Thus the resistivity of standard annealed copper at 
20°C. is, alternatively, 

1.7241 X 10"® meter-ohm 
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1.7241 X 10~ 6 centimeter-ohm 
0.6788 X 1(T 6 inch-ohm 

0.017241 ohm for meter length and 1-square-millimeter cross section 
10.371 ohms for foot length and 1-circular-mil cross section 
The last figure is convenient for round wires and English units, the circular 
mil being the area of a circle of 0.001-inch diameter. The next to last 
figure above is the “International Annealed Copper Standard.” 1 The first 
two values are in the common metric units of resistivity. 2 

The variation of resistivity of copper with temperature is commonly 
expressed by saying that the resistivity is proportional to the temperature 
above — 234.5°C. This can be expressed symbolically as 


P2 _ t 2 + T 
Pi ti + T 


(7-1 a) 


where p, and p 2 are the resistivities at centigrade temperatures t 2 and t u 
respectively, and T, for annealed copper, is 234.5. This linear relation is 
quite accurate over a wide range of temperature, but of course fails to 
apply at temperatures approaching — 234.5°C. 

Industrial copper is more commonly hard-drawn or medium hard-drawn 
than annealed. The classification of hardness that defines the various 
grades is based on tensile strength, as in Table 7-1 (abstracted from tables 
of the American Society of Testing Materials Standard). 

The metallurgical treatment of the copper affects its conductivity by a 
few per cent. Typical values are given in Table 7-2, together with data 
on various other metals. The data for copper and aluminum as given in 
the table have been carefully worked out by various authorities and 
standardized; for other metals, the electrical characteristics are slightly 
variable, depending on metallurgy and purity. In general, any impurity 


1 See National Bureau of Standards Circular 31, or Transactions of the American 
Institute of Electrical Engineers , Yol. 32, p. 2164,1913. “The following values should 
be taken as normal for annealed standard copper. At 20 deg. cent., the resistance 
of an annealed copper wire 1 meter long and having a uniform cross-section of 1 sq. 
mm. is 1/58 ohm = 0.017241... ohm. At 20 deg. cent., the coefficient of variation 
of resistance with temperature of annealed copper, measured between potential 
terminals rigidly attached to the wire (constant mass), is 0.00393 = 1/254.5 per 
deg. cent. . . . [These] are mean values deduced from a large number of tests.” 

2 The incorrect usage of “ohm per cubic centimeter” is still occasionally seen, 
wrongly used in place of ohm-centimeter. It is true that the resistance in ohms, meas¬ 
ured between opposite faces of a cube of copper 1 centimeter on each edge, is numer¬ 
ically equal to the resistivity in centimeter-ohms, but it is obvious that resistance is 
not proportional to the volume of copper in cubic centimeters. Resistivity is ob¬ 
tained by dividing resistance by length and multiplying by area, and this must be 
indicated in its dimensions. 
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TABLE 7-1 

HARDNESS OF COPPER WIRE 


AWG 

size 

Diameter, 

inches 

Tensile strength, pounds per square inch 

Soft or 
annealed 

Medium 

hard-drawn 

Hard- 

drawn 

0000 

wmm 

36,000 

42,000-49,000 

1 

10 


38,500 

50,000-57,330 


18 

mM 

38,500 

53,000-60,000 

1 


TABLE 7-2 

RESISTIVITY OF METALS 

AND TEMPERATURE COEFFICIENTS OF RESISTIVITY 


Metal 

Resistivity 
at 20°C, 
meter-ohms 

Conductiv¬ 
ity, per cent 
of standard 
annealed 
copper 

Temperature 
coefficient of 
resistivity 
per degree 
centigrade 
at 20°C 

Reference 
tempera¬ 
ture, T in 
Eq. 7-la 

Copper, standard annealed. 

1.7241 X 10‘ 8 

100 

0.00393 

234.5 

Copper, soft-drawn. 

1.76 

X 10~ 8 

98 

0.00385 

240 

Copper, medium hard- 






drawn. 

1.76-1 

.78 






X 10- 8 

97-98 

0.00383 av 

241 

Copper, hard-drawn. 

1.77 

X 10-8 

97.3 

0.00382 

242 

Aluminum, 99.97% pure.. 

2.66 

X 10-8 

64.6 

0.00427 

214 

Aluminum, average com¬ 






mercial hard-drawn. 

2.83 

X 10-8 

61.0 

0.00403 

228 

Brass, typical. 

7-8 

X 10" 8 

21-25 

0.002 


Gold. 

2.44 

X 10~ 8 

70.8 

0.0034 


Iron, pure. 

10 

X 10- 8 

17 

0.005 


Platinum. 

10 

X 10- 8 

17 

0.003 


Silver. 

1.63 

X KT 8 

106 

0.0038 


Steel, carbon, medium to 






hard. 

20-50 

X 10-8 

3-9 

0.002-0.005 


Tin. 

11.5 

X 10-8 

15 

0.0042 


Tungsten. 

5.51 

X 10-8 

31 

0.0045 


Zinc. 

5.8 

X 10-8 

30 

i 

0.0037 
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increases the resistivity, and in some cases a small amount of impurity ,has 
a very large effect on resistivity. 

2. Skin Effect. For a-c work, or, in general, for any rapidly changing 
current, the effective resistance of a wire is dependent on skin effect The 
true, or “ohmic,” resistance of a conductor applies, by definition, when cur¬ 
rent is uniformly distributed through the cross section of the conductor; 
that is, when current density is everywhere the same. With alternating 
current, this is not the case, and there is greater current density near the 
surface of the conductor. This is known as skin effect, for at very high 
frequency it is so extreme that nearly all the current flows in a thin surface 
layer of the conducting material. Skin effect has two results: it increases 
the effective resistance of the conductor, and it slightly decreases the 
inductance. 

The increase in effective resistance is much the more important aspect 
of skin effect. Effective resistance is that quantity which may be multi¬ 
plied by the square of the current to give power loss. Any unequal dis¬ 
tribution of current density within a conductor increases power loss (the 
total current remaining the same) for, although loss is decreased in those 
parts of the conductor in which the current density is lessened, it is in¬ 
creased to a greater extent in other 
parts of the conductor that have an 
increased current density. The net in¬ 
crease of loss, and consequent increase 
of effective resistance, results from the 
fact that power loss is proportional to 
the square (and not the first power) of 
current. 

The basic cause of skin effect is quite 
simple. Consider a conductor, such as 
is indicated in Fig. 7-1, of solid copper. Fig. 7-1. Section of a round wire, 
We wish to give special attention to cer- showing imaginary filaments, 
tain filaments, such as A and B , which 

are indicated in the diagram although they are physically indistinguishable 
from the rest of the copper. The hypothetical filament A is at the surface, 
and B is nearer the center of the conductor. It is assumed that the con¬ 
ductor is uniform in size and shape, so that every cross section is like every 
other cross section. It is also assumed that total current is the same at 
every cross section; that is, all the current entering one end of the conductor 
leaves at the other. Current must therefore flow parallel to the filaments 
indicated, which are parallel to the axis of the wire, and any cross-sectional 
plane must be an equipotential surface. 

This last fact is the basis for determining current distribution. All 
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filaments, such as A and B, must have the same voltage drop; cross- 
sectional planes are equipotential surfaces, and this requires that the 
impedance drop of voltage must be the same in every filament in the length 
between any one cross-sectional plane and another. With direct current, 
this condition can be satisfied only by uniform current density, giving 
uniform resistance drop. But when the current is alternating (or other¬ 
wise changing with time) the resistance drop will not be the only voltage 
to be taken into account. There will also be an induced voltage in each 
filament resulting from the changing magnetic field that is caused by 
current in the conductor itself. This is an inductive reactance drop. 
Then the resistance drop plus the reactance drop in one filament must be 
equal to the resistance drop plus the reactance drop in every other filament. 
It will be recalled that magnetic flux lines circle about the axis of the 
conductor. Some will enclose B without enclosing A. The reactance of a 
filament near the surface (at A) is therefore less than the reactance of a 
filament nearer the center (at B), because filament A is linked by fewer 
lines of magnetic flux. In order to produce equal voltage drops, current 
density must be greater nearer the surface to compensate for the lesser 
reactance. This is skin effect. 

Quantitatively, we may write an equation for the voltage drop along 
any filament, and this drop must be constant. Actually, it is more con¬ 
venient to write the difference between the drop along one filament and 
that along another filament, and say this difference must be zero. The 
solution of such an equation, which is a differential equation, then gives 
the distribution of current density that exists within the conductor. 

One or two preliminary steps are necessary before starting on this 
solution. Let us use / to mean total current in the conductor; in the 
following discussion of skin effect, I is the instantaneous value of total 
current. The symbol i will be used for current density (amperes per 
square meter), and the relation between current and current density is 

I = f i-dA (7-2) 

(Both I and i have different meanings in other parts of this book, and the 
meanings here given are used only in the discussion of skin effect.) Equa¬ 
tion 7-2 says that current density is integrated over the cross-sectional 
area of a conductor to find total current in the conductor. 

Next, a modified form of Ohm’s law is wanted. If the current density 
in a conductor is uniform, with a value i, the resistivity being p, the cross- 
sectional area of the conductor A, and the length of the conductor s, the 
voltage drop in the conductor is 

8 

RI = p = psi 


(7-3) 
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This gives a means of finding the ohmic voltage drop along one of the 
filaments of Fig. 7-1 when the current density and resistivity are known. 

Another view of the same conductor is shown in Fig. 7-2. We are in¬ 
terested in two filaments, AB and A'B', of length s. AB is at radius r, 
and A'B' at r + dr. If the current density along AB is i, the current 

di 

density along A'B' is i + — dr. Assuming uniform resistivity of the Con¬ 
or 

ductor material, the ohmic voltage drop along AB is psi, and the ohmic drop 

along A'B' is ps(i + — drj. The difference between these two values, 

which may also be thought of as the summation of voltage drop around the 
rectangular path A'B'BA, is 

psf r dr (7-4) 

Now consider the reactive effect. Referring again to Fig. 7-2, a certain 
amount of magnetic flux will pass through the rectangle A'B'BA. If we 


u 



Fig. 7-2. Side view of a round wire. Fig. 7-3. End view of a 

round wire. 


call this flux <t>, the electromotive force induced in the rectangular path 
A'B'BA is 

d B , . dB , . 

- = -B-(area) = -s-dr - (7-5) 

This induced electromotive force is the cause of the inequality of ohmic 
voltage drop in the filaments AB and A'B' and the electromotive force 
from Eq. 7-5 can be equated to the difference of ohmic drop from Eq. 7-4: 

di j dB j x 

pS dr dr== ~dt sdr ( 7 ** 6 ) 

From Eq. 7-6, knowing that B = pH, we have 

dH p dl 

dt p dr 


(7-7) 
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which is a differential equation that relates the current distribution in a 
conductor to the rate of change of magnetic field strength. It may be 
noted that differentiation of Eq. 7-7 gives 


d 2 H = pdH 
dt dr n dr 2 


(7-8) 


This second derivative will be useful a little later. 

Equation 7-7 provides that all filaments of a conductor shall have the 
same voltage between cross-sectional planes. It cannot be solved alone; 
another equation is needed. The distribution of magnetic field produced 
by current in a round wire must be taken into account, as follows. 

3. Skin Effect in a Round Wire. It was shown in the previous chapter 
(Eq. 6-4) that the magnetic field of current in a round wire is given by 


2rrH = I 


(7-9) 


where H is the magnetic intensity at radius r and I is the total current 
enclosed within a circle of radius r (see Fig. 7-3). In the previous chapter, 
it was then assumed that current density was uniform and an expression 
for magnetic field distribution (Eq. 6-7) was derived. In studying skin 
effect, such an assumption is, of course, inadmissible, and Eq. 7-9 must be 
used together with Eq. 7-7 to find the actual distribution of both magnetic 
field and current density. 

To put Eq. 7-9 into a useful form, first use Eq. 7-2 to represent the 
current within radius r: 


2rrH 



f 


i-2rr dr 


(7-10) 


Dividing by 2w and differentiating, 


^1® 

1 

II 

S 4' 

(7-11) 

. H , SH 

•-7 + 1? 

(7-12) 


This gives current density in terms of magnetic intensity. For simul¬ 
taneous solution with Eq. 7-7 it will be helpful to differentiate again, with 
respect to time: 

M^ldH e^H_ 

dt r dt + dr dt 


(7-13) 
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It is now possible to eliminate H by substituting Eqs. 7-7 and 7-8 in^to 
Eq. 7-13: 


di __ p /1 di , d 2 A 
dt n\r dr dr 2 / 


(7-14) 


This equation has only one dependent variable, and a solution for current 
density as a function of radius should be possible if its variation with time 
were known. 

Let us limit our discussion to alternating current of a single frequency 
Current is then conveniently expressed as the real part of an exponential 
function: 

I = Im„e iut (7-15) 


A similar expression must apply to current density: 


^ 'Itt 


Differentiating, 


dfr __ . . iut 


= jui 


(7-16) 

(7-17) 


This permits elimination of the time derivative from Eq. 7-14, giving 

£-1 + !*?-■»,•_ 0 (7-18) 

dr r dr p v ' 

We now have a differential equation containing only i and r, and this 
equation will give the distribution of current density in the round con¬ 
ductor as a function of radial distance. Let us postpone actual solution 
of this equation until later. 

4. Skin Effect at a Plane Surface. Equation 7-18, for a round wire, is 
not difficult to derive, but its solution may not be readily apparent. A 



Fig. 7-4. Side view of an infinite con¬ 
ducting block. 


ha-y- 

1 1 

1 

1 

X 

-j- 

|M 
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n! 
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1 

t 
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Fig. 7-5. End view of infinite 
block. 


similar equation will now be derived for skin effect in a semi-infinite con¬ 
ductor, for in this case the solution will give no difficulty. 

In Fig. 7-4, GH is a portion of the upper surface of a large block of 
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conducting material. Current flows in this material, with density i . 
There is no current in the space above the surface. The block is so large 
that it fills all space below the surface GH. Current density is uniform 
all over the surface but, because of skin effect, current density is less at 
increasingly greater depths below the surface. The problem is to find 
current density as a function of depth. 

It is convenient to think of this problem as a special case of the problem 
of the round wire in which the wire is so large, or the skin effect is so marked, 
that practically all of the current flows quite close to the surface. Figure 
7-4 is then a greatly enlarged view, as seen through a microscope, of a 
small part of Fig. 7-2 near the surface of the conductor. In this enlarged 
view, GH appears to be a plane surface because the radius of curvature 
of the surface is great compared to the other dimensions, and particularly 
compared to the depth of penetration of the current. Figure 7-5 is a 
diagram looking at the same semi-infinite block in the direction of current 
flow; it is analogous to Fig. 7-3. 

It is no longer feasible to specify current density in terms of radius r. 
Let us use, instead, the depth x measured into the material from the 
surface. (As indicated in Fig. 7-3, x = r 0 — r.) 

The solution then proceeds as for the round wire. The difference be¬ 
tween ohmic resistance drops along filaments A'B' and AB of Fig. 7-4 is 

-psf^dx (7-19) 

Voltage induced by magnetic flux through the rectangle A'B'BA is (as in 
Eq. 7-5) 

?§ s dx (7-20) 

eft 


and equating these expressions to make the summation of resistance drops 
around the rectangle A'B'BA equal the electromotive force, 


from which 


alS 

ii 

di 

P dx 

(7-21) 

dH 

dt 

p di 
p dx 

(7-22) 


It is now necessary to find an expression to relate magnetic intensity 
and current density in a semi-infinite conductor. For a circular wire, 
Eq. 7-12 gives 


. H . dH 

t = 7 + aT 


(7-23) 
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but, for the block, measurement must be in terms of depth x rather than 
radius r. From the above definition of x, 


r = r 0 — x 

(7-24) 

and 


a* 

i 

H 

a* 

(7-25) 

With these relations, Eq. 7-23 becomes 


. _ H dH 

r 0 — x dx 

(7-26) 


This applies to a circular wire. The semi-infinite block is the limiting 
case in which r 0 is infinite; when r 0 is infinite, H/ (r 0 — x) is zero for finite 
values of x. Hence, for a semi-infinite block, 


i = 


dH 

dx 


(7-27) 


This is the equation needed. 

We now differentiate Eq. 7-22 with respect to x, and Eq. 7-27 with 
respect to t and, by equating the results, H is eliminated: 


d 2 H _ _ p d 2 i _ _di 
dt dx n dx 2 dt 


(7-28) 


Assuming an alternating current of a single frequency, we use jcai (as in 
Eq. 7-17) for di/dt , and write 


p- 2 -^i = 0 

dx p 


(7-29) 


This is as far as the solution for skin effect in a circular conductor was 
carried. A solution for Eq. 7-18 was not obtained. Equation 7-29, how¬ 
ever, is of familiar appearance (see Eq. 1-23), and we suspect that it has 
a solution expressible in exponential form. 

Assume as a form of solution of Eq. 7-29 


i = Ae yx (7-30) 

A and y are not determined and, to find what they must be, we differentiate 
Eq. 7-30 and substitute into Eq. 7-29: 

y a Ae y * - Ae yx = 0 (7-31) 

P 


from which 




(7-32) 
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This tells us that Eq. 7-30 will be a correct solution of 7-29, provided y 
has either the positive or negative value of Eq. 7-32 or, since the equation 
is linear, the most general solution will be the sum of the two special 
solutions 


i = A x e 


+ V^wm/ 2 p (1 + j ) * 


+ A 2 e 


-a/ un/2f>(l+i)x 


(7-33) 


Ai and A 2 remain to be evaluated. 

A 1 can be disposed of easily. Since the exponential to which it is attached 
must increase without limit as x increases, this term would describe a 
component of current density becoming infinite at great depths within the 
conductor. Since infinite current is physically impossible, it is necessary 
that A x = 0. This leaves, then, only the second exponential term. To 
evaluate A 2) consider that if x = 0, Eq. 7-33 must give the current density 
at the surface of the semi-infinite conductor. If we call the current density 
at the surface i 0y we may write A 2 = i 0) and the expression for current 
density becomes 

i = z 0 e-" v/ "“ /2p<1+ ’ )I = (7-34) 


6. Current Distribution with Skin Effect. The final form of this equa¬ 
tion is particularly interesting. It gives the current density at any depth 
x in terms of the current density at the surface. The first exponential, 
being real, shows how rapidly the magnitude of the current density de¬ 
creases within the conducting material, while the second exponential, with 
imaginary exponent, gives the phase relation between current density at 
any depth and that at the surface. 

At first thought (or, perhaps, without thought) one might picture current 
density, as influenced by skin effect, diminishing in the interior of a con- 


Time 0° 30° 60" 90° 120° 150° 180° 



ductor, but having more or less the same phase at all depths. This is not 
true. Instead, Eq. 7-34 suggests a concept of current flowing first at the 
surface and diffusing inward. If current density were visible, it would 
appear to diffuse into the conductor. 

Figure 7-6 illustrates this concept. The figure shows the distribution of 
current density within the conductor at six instants of time, the six in- 
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' etants being spaced tV cycle apart in time, so that the six diagrams provide 
a moving picture of current density during half a cycle. In the first view 
(marked 0°), current density at the surface •is at its maximum value, 
directed toward the right. In the second view (marked 30°), current 
density at the surface is less, while at a depth slightly below the surface, 
current density has just attained its maximum value. In the third view 
(marked 60°), current density has reached its maximum at a greater 
depth. A small arrow marks the depth at which current has reached its 
maximum value in each of the diagrams, and may be interpreted as marking 
the crest of a current-density wave 
that is traveling into the conductor. 

The phase velocity of such a wave 
can be computed from the imagi¬ 
nary exponent (analogous to 0) of 
Eq. 7-34, and the rate of attenua¬ 
tion from the real exponent (analo¬ 
gous to a). 3 

Figure 7-7 is another graphic repre¬ 
sentation of the same information. Several vectors are drawn to represent 
current density at different depths within the conducting material, relative 
to current density at the surface. It is convenient to speak of depth in 
terms of a distance b which is 


x=46 


X--36 


Surface 



x=26 


Fig 7-7. Current density at various 
depths. 


b = 



(7-35) 


where p is resistivity (meter-ohms); see Table 7-2 
co is 2 rf (radians per second) 
p is absolute permeability (henrys per meter); 

1.257 X 10~ 6 if nonmagnetic 
b is measured in meters 

This is convenient because at the depth x = b the exponents of Eq. 7-34 
become unity. At x = 5, the magnitude of the current-density vector is 


8 This is properly diffusion rather than wave propagation, and a and 0 are not 
independent. Equation 7-28, which may be written 

b 2 i __ p bi 
bx p bt 

is a form of equation characteristic of diffusion or heat flow; the corresponding 
wave equation is 

b 2 i _ 1 b 2 i 
dx 2 ~ V 2 dt 2 


as in Chap. 14. 



148 


ELECTRIC TRANSMISSION LINES 


[Chap. 7 


1/e times the current density at the surface, or roughly i; the vector at 
x = 26 is about $ of that at x = 6, and so on. Similarly, the phase angle 
of current density is 1 radiai (57.3 degrees) more lagging at each successive 
increment of depth 6. Figure 7-7 shows these relations, and is generally 
applicable to any frequency and any kind of conducting material. 

It will be seen that at a depth of about 36 (at x = x6, to be exact) the 
current density is totally out of phase with the surface current density. 
Current at this depth is actually flowing in the opposite direction from 
current at the surface. This, of course, is wasteful for all practical pur¬ 
poses. However, current density at this depth is fortunately small. It 
will also be seen that the total amount of current flowing at depths greater 
than 46 or 56 is so small as to be negligible for most purposes. 

6. Effective Alternating-current Resistance. There are two ways of 
thinking of skin effect. One is to think of it as merely a nonuniform distri¬ 
bution of current in the conductor. The other way is to think of it as a 
circulating current within the conductor superimposed on a uniform current 
density. From either point of view, it will be seen that skin effect increases 
the resistive loss of energy in the conductor. This suggests that a higher 
value of effective resistance is needed to account for the greater loss. We 
find the value of effective resistance as follows. 

The impedance of a length of conductor is Z = V/I, and we define the 
effective resistance by writing 

z = R ac + jX = J (7-36) 

where V is the rms voltage drop in the given length of conductor 

I is the rms current in the conductor, the integral of current density 
over the conductor cross section 

In general, V , /, and Z are complex, and R ac is defined as the real com¬ 
ponent of Z: 

V 

R ac = real part of y (7-37) 

(It follows from this definition that power lost in resistance in the conductor 
is | J 1 2 R ac .) 

To compute R ae of a conductor, it is first necessary to know the current, 
which is found by integrating the current density as in Eq. 7-2. In a 
semi-infinite block, the total current is infinite, but we can find the current 
in a section of the block, such as the section of width u indicated in Fig. 
7-5. Current through the rectangle MNN’M' is iu dx, and integrating 
from the surface to an infinite depth gives 



(7-38) 
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Using Eq. 7-34 for i, and writing y for vW/2p (1 + f), as in Eq. 7-32, 

I = f iae~ yx u dx = ~ (7-39) 

The next step is to determine the voltage drop along the conductor in 
the direction of current flow. Since we know that the drop must be the 
same along all filaments within the conductor between any two cross- 
sectional surfaces, it is only necessary to find the voltage drop along any 
one filament, and the voltage drop along every other filament must be the 
same. 

The total voltage drop along any filament may be conveniently con¬ 
sidered in three parts: (1) the resistive drop, (2) the reactive drop owing 
to magnetic field that exists within the conductor material, and (3) the 
reactive drop owing to magnetic field that exists in space around the con¬ 
ductor. If the conductor is a round wire, part 2 takes into account mag¬ 
netic flux lines within the conductor that surround the filament in ques¬ 
tion—the flux lines, that is, that lie between the filament and the surface 
of the conductor. Part 3 takes into account the flux lines that circle about 
the conductor and link with all filaments of the conductor. Since the 
magnetic field of part 3 affects all filaments of the conductor equally, 
inducing the same reactive voltage in each, this part has nothing to do 
with skin effect. Let us therefore define a voltage drop per unit length 
of conductor, to be called 7 t , as the sum of (1) the resistive drop and (2) 
the internal reactive drop (owing to magnetic field within the conductor 
material). Like the total voltage drop, this quantity V { must be the 
same along every filament of the conductor. 

Vi is most easily determined for a filament just at the surface of the 
conductor, for such a filament is not surrounded by any of the internal 
magnetic field, and F t is completely given by the resistive drop: at the 
surface, 

Vi = pi 0 (7-40) 

This reasoning is readily extended to a semi-infinite conductor by con¬ 
sidering it to be a round wire that has been expanded without limit. 
Equation 7-40 applies to a semi-infinite conductor as well as to a round 
wire. 

Impedance is now found, by Eq. 7-36, as the ratio of voltage to current. 
Let us consider the impedance of a block of the semi-infinite conductor of 
Fig. 7-5 that is one unit wide (u = 1). By Eq. 7-39 the current carried 
in such a block of unit width is 


I 


io 


(7-41) 
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The voltage per unit length along any filament of such a block, including 
resistance and internal inductance, is given by Eq. 7-40. The internal 
impedance per unit length of such a block is the ratio 

The effective a-c resistance per unit length of such a block is, by Eq. 7-37, 
the real component of z t : 

r„ - (7-43) 

We have now succeeded in expressing the a-c resistance per meter length 
of a meter-wide section of conducting material that is part of a semi¬ 
infinite block. Resistance is given in terms of the resistivity and perme¬ 
ability of the conducting material and the frequency of the current. 
When the phrase “surface resistivity” is used in connection with skin effect, 
it is this quantity r ac that is meant. 

The Rayleigh Approximation. Consider a layer of material, 1 meter 
wide, at the surface of the conductor, the thickness of the layer being 8 . 
The meaning of 5 is the same as in Eq. 7-35. Consider this layer to be 
carrying direct current. Because it is 1 meter wide, the d-c resistance per 
unit length of such a layer is p/8. Introducing t he val ue of 8 from Eq. 
7-35, the resistance of a layer of thickness 8 is vWp/ 2. By comparison 
with Eq. 7-43, we can make the following statement. 

The effective a-c resistance of a very large conductor is the same as the d-c 
resistance of a superficial layer of this conductor of thickness 8 where 8 = 
y/2p/o)(i. We have proved this statement to be exact for a semi-infinite 
conductor. It is an excellent approximation (known as the Rayleigh ap¬ 
proximation) if a conductor is so large, and the frequency so high, that 
all dimensions of the conductor are many times larger than 8. Another 
way of stating this requirement is that the conductor must have no sharp 
corners, no very thin sections, and the radius of curvature of its surface 
must be everywhere many times 8. It is also necessary, for the Rayleigh 
approximation to be good, to have approximately uniform current density 
over all the surface of the conductor; this will automatically result from 
symmetry in large round wires, but with a conductor the shape of a railroad 
rail, for instance, the approximation is less satisfactory. 

For convenience, 8 is often called the “equivalent depth of penetration,” 
or merely the “skin depth” of a conductor. This must not be understood to 
mean that current is really limited to a surface layer of depth 5, for there 
is actually appreciable current density at several times this depth, as 
shown in Fig. 7-7. 
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7. Current Distribution in a Round Wire. In Sec. 3 we derived an 
equation for current density within a round wire. This led to Eq. 7-18, 
a differential equation, for which a solution is required. The form of 
this equation is somewhat less familiar than that of Eq. 7-29, which was 
shown to have an exponential solution, but it is well known to mathe¬ 
maticians and its solution is called a Bessel function. 4 The solution of 


4 The Bessel function of the first kind and zero order is indicated by the symbol 
Jo, and is defined by the infinite series 


Jo(nx) — 1 


(■ nx ) 2 , (na) 4 

2 2 ' 2 4 (2 !) 2 


M 9 + ... 

2 6 (3!) 2 


(7-44) 


This function is important in many physical problems besides skin effect, the classic 
example being vibration of a round diaphragm such as the head of a drum. There 
are several related functions; let us evaluate 


n 

x 



(7-45) 


This integration is readily carried out, term by term, on Eq. 7-44, and using the 
symbol J,(nx) to indicate the new function that results, we have 


Ji(nx) = 



(nx) 2 (nr ) 4 

2 2 1!2! + 2 4 2!3! 


(wr ) 6 

2 6 3!4! 



(7-46) 


This new function is called a Bessel function of the first kind and first order, and 
from the above equations it is related to J 0 by 

J\(nx) = - [ xJ 0 (nx)dx (7-47) 

x J 0 

The reader should not be disturbed by the appearance of new functions. From 
time to time, a physical problem finds mathematical expression in a differential 
equation that has no solution in terms of known functions; the solution can be ex¬ 
pressed as an infinite scries, but not otherwise. Numerical results can be computed 
from the infinite series, but this is tedious; therefore, if the problem is of enough 
importance to justify the work, tables of values are computed. Thus a new function 
is bom, and it is given a name to identify it and a symbol for convenient use. 
Friedrich Wilhelm Bessel was a German astronomer (1784-1846); in 1817 he intro¬ 
duced the functions now known as Bessel functions in the solution of a problem 
relating to motion of the planets. In the next few years he studied the properties of 
these functions, and computed tables of values. It is notable that earlier scientists 
had solved the differential equation that leads to Bessel functions (Bernoulli in 1732 
for the problem of a swinging chain and Euler in 1764 for a stretched membrane) 
but Bessel was the first to study the functions systematically. 

There is nothing to prevent the reader from developing a new function. You 
may take a differential equation, find the solution as a series, compute numerical 
values, and tabulate them. This new function you can then name after yourself. 
If it is sufficiently useful to enough people it will, perhaps, survive. 
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Eq. 7-18 is written 
where 


i = i 0 J 0 {nr) 




(7-48) 


and i 0 is current density at the center of the round wire. J 0 (nr) is the 
Bessel function defined by Eq. 7-44. Expanding, it may be written 



(7-49) 


To show that this is a correct solution, Eq. 7-48 can be substituted for i 
in Eq. 7-18, expanding the Bessel function in series form, and an identity 
results. 

Equation 7-49 for current distribution in a round wire is comparable to 

Eq. 7-34 for current distribution in a 
semi-infinite conductor. For the round 
wire, however, a Bessel function is used 
instead of an exponential function. 5 We 
may of course expect that if frequency 
is very high, or the conductor very large, 
so that skin effect is extreme, the Bessel- 
function solution will become indistin¬ 
guishable from the exponential solution. 
Indeed, Figs. 7-6 and 7-7 are reasona¬ 
bly good representations of current dis¬ 
tribution in a round wire if the radius 
of the wire is several times the equivalent 
depth of penetration 5. Current density 
near the center of a round wire is greater 
than is indicated in these figures, how¬ 
ever; it may be considered that current diffuses toward the center of a 
round wire from all sides, instead of from one direction only, thereby 
strengthening the flow of current near the center. Figure 7-8 is drawn to 
show current distribution in a round wire of such a size that r = 3.65. It is 



Fig. 7-8. Current density in a round 
wire. 


* The complete solution of Eq. 7-18 contains a Bessel function of the second kind, 
as well as the function of the first kind given in Eq. 7-48. This is analogous to the 
first of the exponential terms of Eq. 7-33, and vanishes for the same reason; i.c., the 
Bessel function of the second kind is infinite for zero argument, and gives infinite 
current density at the center of the round wire unless its coefficient is zero. Infinite 
current density is impossible, for it would require infinite voltage. Hence Eq. 7-48 
is correct for a solid round wire. For a tubular conductor, the Bessel function of 
the second kind does not vanish. 
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comparable to the first of the curves of Fig. 7-6. Although the distribution 
of current density is shown at only one instant, envelopes are indicated 
within which all current-density curves will lie; for other instants of time, 
the current-density wave of Fig. 7-8 can be imagined to move inward from 
the surface while remaining within the indicated envelope. 

The size of conductor shown in Fig. 7-8 is such that the surface current 
density is just out of phase with the center current density. This is con¬ 
venient for illustration, but is not important. For a smaller wire of any 
size, merely draw a correspondingly smaller circle in the diagram, and 
disregard the parts of the curve above and below that circle. 

8. Skin-effect Resistance Ratio. The effective resistance of a section of 
a semi-infinite conductor was computed in a previous section. We are 
now prepared to find the effective resistance of a round wire. The same 
steps will be required in the solution. 

Total current in a round wire of radius a is, as in Eq. 7-10, 


I = / i-2rrdr 
Jo 

Introducing Eq. 7-48 for current, 

I = 2ri 0 / rJ Q (nr)dr 
Jo 

We now make use of Eq. 7-47 and write 


(7-50) 

(7-51; 


I = 


271*2° - Ji(na) 


(7-52) 


for the total current in the wire. 

Voltage drop along a filament of unit length at the surface of the wire, 
considering resistance and internal reactance, but not external reactance, 
is 

Vi = pi( surface) = ploJ o(tw) (7“53) 

where a is the outer radius of the conductor. 

The internal impedance per unit length of the round wire is therefore 


V t npJojna ) 

* I 2waJ 1 (na) 


(7-54) 


The effective a-c resistance per unit length of the wire is the real component 
of z t . 

A useful practical value is the ratio of effective a-c resistance to the 
d-c resistance of the wire. The d-c resistance per unit length of a round 
conductor of radius a is 


Tie 



(7-55) 
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s— 1 ■— 

This ratio obviously applies to any length of wire as well as to unit length, 
and it is commonly designated R/R dc or R/R 0 . 

Computation of numerical values from Eq. 7-56 has been done by 
various people. Most published values are based on tables prepared by 
the National Bureau of Standards ( Scientific Paper 169, National Bureau 
of Standards , 1912, Table XXII), and the accompanying Table 7-3 is 
from that source. The first column of this table gives the quantity ma; 

TABLE 7-3 

SKIN-EFFECT RESISTANCE RATIO AND INTERNAL 
INDUCTANCE RATIO FOR SOLID ROUND WIRES 


ma = y /2 ~ 

o 

Rac 

Rde 

^9 

ma = y/2 - 

Rae 

Rde 

Lac 

Lde 

0.0 


1.000 

3.0 

1.318 

WEEM 

0.2 


i mmm 

3.2 

1.385 


0.4 


■ESI 

3.4 

1.456 

RXifl 

0.6 



3.6 

1.529 

BBSI 

0.8 


■El 

3.8 

1.603 

■n 

1.0 



4.0 

1.678 

1 

1.2 

1.011 

■s 

5.0 


wBm 

1.4 

1.020 


6.0 

2.394 

f 

1.6 

1.033 

■m 

7.0 

2.743 

0.400 

1.8 

1.052 

mm 

8.0 

3.094 

0.351 

2.0 

1.078 

0.961 

10.0 

3.799 

0.282 

2.2 

1.111 

0.945 

20.0 

7.328 

-WEEM 

2.4 

1.152 

0.925 

30.0 

10.861 


2.6 

1.201 

0.901 

40.0 

14.395 

— 

2.8 

1.256 

0.875 

50.0 

17.930 

mm 


*Ratio of internal inductances; equal to K<p for nonmagnetic wires. 


a is the radius of t he wi re and m is the magnitude of n of Eq. 7-56. By 
definition, m = VW/p, and it may be seen from Eq. 7-48 that therefore 
n = \/—j m. Also, from Eq. 7-35, we may write ma = \/2 a/5, where 
8 is the equivalent depth of penetration; this is the most convenient way 
to find ma if the depth of penetration is known. 
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Practical Determination of Skin-effect Resistance Ratio. The method to 
use to find the a-c resistance of a given conductor depends on the accur&cy 
required, and on the frequency. Frequency and size are related by the 
ratio of conductor radius to skin depth, a/8. If a/8 is less than 1, the error 
that results from neglecting skin effect is less than 2 per cent. 

Table. For highest accuracy, use Table 7-3. However, at rather high 
radio frequency, a/ 8 may exceed 50 and hence be beyond the accurate 
range of the table. 

Very-high-frequency approximation. If a/8 is greater than 50 (or for a 
rough approximation with a/ 8 greater than 5), use 


R ac _ 1 a 
Rde 2 8 


(7-57) 


where a is rad ius of the ro und wi re (meters) 

8 = \/2p/a)n = \/ p / t/m (units as in Eq. 7-35) 

This formula is based on the Rayleigh approximation, as follows. R de 
per unit length = p/ira 2 . R ac per unit length is p divided by the cross- 
sectional area of a surface layer of thickness 5. Approximately, R ae = 
p/2ira8. Dividing, Eq. 7-57 results. 

This approximation has an error of less than 1 per cent if a/8 is greater 
than 50, and less than 10 per cent if a/ 8 is greater than 5. See also Eqs. 
12-16 and 12-17, which have the same accuracy. 

High-frequency approximation. If good accuracy is required, and a/8 is 
between 4 and 50, use 


Rac 1 



(7-58) 


For meaning of a and 8 , see Eq. 7-57. 

The error is less than 1 per cent if a/8 is greater than 4. 

This formula is also based on the Rayleigh approximation, but uses an 
exact expression for the cross-sectional area of the surface layer of depth 
8 . For unit length of the round wire, R ac = p/[ra 2 — ir(a — S) 2 ]; as before, 
Rde = p/fra 2 ; and division gives Eq. 7-58. 

Charts. The charts of Fig. 7-9 are useful (1) for a quick and easy ap¬ 
proximation of skin effect at any frequency up to a/8 = 50 (above that, use 
Eq. 12-16 or 12-17) and (2) for accurate results if a/8 lies between 1 and 4. 
The upper chart of Fig. 7-9 gives the reciprocal of the skin-effect resistance 
ratio, Rde/Rac, as a function of a/5, and the lower chart permits quick 
determination of a/8 from the frequency and the size of wire. 

As an example, let us find the skin-effect resistance ratio of No. 20 
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copper wire at 1 megacycle frequency. Entering the lower chart at a 
frequency of 10 6 cycles per second, read a/5 on the sloping line marked 
“No. 20.” Follow this value of a/5, which is about 6, to the upper chart, 
where R d c/Rae is found to be about 0.3. The a-c resistance is therefore 
about 3.3 times the d-c resistance. 



Fig. 7-9. Skin-effect resistance ratio and internal inductance ratio for round wires. 
Enter the lower chart at right with frequency, move horizontally to appropriate wire 
size, move vertically to curve on upper chart, and read skin-effect ratio at left. 

The upper chart is for any metal, but the lower chart is for copper only. To use the 
lower chart for other metals, multiply the actual frequency by the following factor 
(relative conductivity) before entering the chart: Aluminum, 0.61; Brass, 0.25; Gold, 
0.71; Silver, 1.06; Tin, 0.15. 
a = radius of wire, meters 
6 =» “skin depth” = 0.564 y/p/nf meters 

Ranges of a/ 5 in which approximate formulas are suitable are indicated at the bottom 
of the chart. 
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Although the lower chart of Fig. 7-9 is specifically for copper conductors, 
it can be used for conductors of any nonmagnetic material by the following 
artifice. The skin depth 5 is a function of the ratio of resistivity to fre¬ 
quency; if this ratio is correct, the chart will give the correct value for fi. 
Hence to use the chart for aluminum wire, the conductivity of which is 
0.61 times that of copper (see Table 7-2), multiply the actual frequency 
by 0.61, and enter the chart with this modified value for frequency. The 
physical reason is that copper, because its resistivity is lower than that of 
aluminum, has the same current density distribution, and hence the same 
skin effect, at a proportionately lower frequency. 

The accuracy obtainable from charts is not great but, considering the 
uncertainty that cannot be avoided in temperature and resistivity data, 
the charts are often good enough. 

9. Skin-effect Inductance Ratio. The redistribution of current resulting 
from skin effect alters the inductance of a conductor as well as its resist¬ 
ance. It alters the internal inductance only, for skin effect changes the 
magnetic field pattern within the conductor. Since the magnetic field 
outside the conductor is unchanged by skin effect, the external inductance 
is unaffected. 

Table I includes formulas for computing transmission-line inductance. 
In each inductance formula, there is a term that gives the internal in¬ 
ductance (see Chap. 6). In each formula, this term is multiplied by K^ 
called a permeability and skin-effect constant. We can now evaluate K 9 . 

Equation 7-54 gives the internal impedance per unit length of a round 
wire, and Eq. 7-42 gives the internal impedance of a unit section of a semi¬ 
infinite conductor. For each type of conductor, we found the effective a-c 
resistance as the real component of this expression for impedance. Corre¬ 
spondingly, the true internal reactance of the conductor is the imaginary 
component of this expression for impedance. Internal inductance is this 
internal reactance divided by co. 

The imaginary component of Eq. 7-42 is obvious. Indeed, the internal 
reactance of the semi-infinite conductor is numerically equal to its effective 
resistance as given in Eq. 7-43. When a practical conductor is considered 
to be semi-infinite, using the Rayleigh approximation, this internal re¬ 
actance is so small compared with the external reactance that it is entirely 
neglected. It need not be further discussed here. 

The imaginary component of the internal impedance of a round wire 
gives the internal reactance of the wire. The internal inductance of the 
wire is the internal reactance divided by o>. From Eq. 7-54, 


1 • • j r npJ o(wfl) 

li — imagmaiy part of 


(7-69) 



158 


ELECTRIC TRANSMISSION LINES 


[Chap. 7 


The d-c internal inductance of a round wire is, by Eq. 6-14,® equal to 
/a/8tt. Dividing, the skin-effect inductance ratio is obtained: 

fe - i«>agiw P" < 7 -®°) 

Numerical values of the skin-effect inductance ratio have been computed 
from Eq. 7-60, and are included in Table 7-3. Values good enough for 
almost all practical purposes may be taken from a curve of Fig. 7-9. The 
skin-effect inductance ratio need not be found very accurately, for it 
applies to the internal inductance only, and the internal inductance is 
hardly ever more than a small part of the total inductance. 

As mentioned above, the formulas of Table 1 contain a factor K „ in each 
term for internal inductance. It was shown by Eq. 6-17a that K v is equal 
to the relative permeability p r if a conductor is carrying direct current. 
We now see that skin effect should be included in the meaning of for 


6 Equation 6-14 is derived using the unsatisfactory concept of partial flux link¬ 
ages. The partial flux linkage concept implies that a certain amount of flux linking 
half the current in a wire is equivalent to half as much flux linking all the current—a 
conclusion obviously untrue as regards current distribution, and open to suspicion 
as regards induced voltage. This oversimplified treatment can now be replaced by 
the following derivation, which takes the true current distribution into account. 

From Eq. 7-54, 


npJ 0 (na) 
2 tt aJi(na) 


(7-61) 


Expanding the Bessel functions in series, from Eqs. 7-44 and 7-48, and using 


- / ,-se 


we obtain 


Then 


' + 'T + 

„_p jp 

Zi — 2 2 


, . i +jf- + 

1 , - z % p 4p 

l t = imaginary part of — = —5 -S- 

co ira co 




(7-62) 


(7-63) 


(7-64) 


To find the d-c inductance, let co approach zero. For very small values of co, all 
but the first two terms of each series of Eq. 7-64 can be neglected, for they contain 
increasing powers of co. The remaining fraction is rationalized by multiplying nu¬ 
merator and denominator by 1 — jo)pa 2 /8p. The denominator will then contain a 
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with alternating current the internal inductance is reduced from its d-c 
value by the skin-effect inductance ratio. Hence, with alternating current, 

K, = n r l f^ (7-68) 

h(do) 

It is from this formula that K * is to be evaluated. For copper or aluminum 
wires, or any ordinary wires except iron and steel, p r = 1, and K p is 
identical with the skin-effect inductance ratio. For iron and steel wires, 
the permeability is so variable and uncertain that computation is quite 
unsatisfactory. 7 

For practical determination of K PJ for use in inductance formulas, the 
following rules will give a degree of accuracy that is probably sufficient 
(the error will not exceed 10 per cent of Z t((iC ), and will be a much smaller 
part of the total inductance). Find the ratio of the radius of the wire to 
the equivalent skin depth, a/b (Fig. 7-9 gives this ratio for certain sizes). 

1. If a/b is less than 1.8, use K * = 1. 

2. If a/b is between 1.8 and 20, read K 9 from Fig. 7-9. 

3. If a/b is greater than 20, use K p = 0. 

10. Insulation Loss. Besides the loss that results in a transmission line 
from current in the conductor, there is also loss resulting from the applica¬ 
tion of electric field to the insulation. Loss of power in the insulation can 
occur in a number of ways, of which the following are the most important. 

Actual conductivity of the material separating one conductor of the 


term 1, and another real term in co 2 which is negligible compared to 1; the denomi¬ 
nator therefore approaches 1 as w approaches zero. The numerator will contain a 
real term and an imaginary term; we are interested only in the imaginary term, 
which is o)iJ.a 2 /8p. This combines with the coefficient of Eq. 7-64 to give 

(7 

the limit of which, as co approaches zero, is the d-c internal inductance: 


p c cfia 
ira o) 8p 


I.W o = (7-67) 

Since this agrees with Eq. 6-14, Eq. 6-14 is justified. 

(The limit of the real part of z x can similarly be found to be the d-c resistance of 
the conductor, and this is an interesting check on the algebra but gives no new 
information.) 

7 Certain test results are given in the Westinghouse “Electrical Transmission and 
Distribution Reference Book” (Ref. 18). For steel wires coated with copper 
(Copperclad, Copperweld, and other trade names), it is usually satisfactory to 
assume that the current is confined to the copper. Both the high resistivity of the 
steel, and the extreme skin effect resulting from its high permeability, tend to make 
this true. 
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transmission line from another is possible. If a cable were made with 
sufficiently poor insulation, conduction from wire to wire would take place. 
This type of conduction would ideally be accounted for by a value of g in 
the transmission-line equations that would be independent of either fre¬ 
quency or voltage. Loss from pure conductivity of insulation undoubtedly 
occurs but, if the amount of loss is significant, other causes almost always 
predominate. 

When telephone lines and power lines are suspended in the air (open- 
wire lines ) by means of porcelain or glass insulators on poles, or on steel 
towers, the insulators are in danger of becoming wet and dirty. There will 
then be electrical leakage through the conducting film on the insulator 
surface. Pure rain water and clean snow are practically nonconducting, 
but the presence of any salt, or even the soluble material found in ordinary 
dust, is enough to cause significant loss. Such surface leakage loss comes 
close to being ideal conductivity as described in the preceding paragraph, 
except that it takes place at the points of support only, and is not uni¬ 
formly distributed along the line. This makes little difference in analysis; 
the much more important and obvious difficulty is that this loss is a 
temporary and changeable kind of thing. Ordinarily the best that can be 
done is to say that the appropriate value of g on a telephone line, for 
instance, will probably lie in a range that corresponds to a certain type of 
weather. 

High-voltage power lines are subject to loss of another nature. If the 
electric gradient in the air close around the high-voltage conductors exceeds 
a critical value (about 30,000 volts per centimeter), there is ionization of 
the air. The resulting positive and negative ions are propelled by the 
electric field and constitute an electric current through the air. This 
phenomenon, because of the luminosity that accompanies it, is called 
corona. Corona loss is dependent in a complicated manner on both voltage 
and frequency. Corona will be mentioned again in the discussion of 
power lines, Chap. 11. It can be approximately accounted for at any 
particular voltage and at one particular frequency by assigning an equiva¬ 
lent value of g to represent the amount of the corona loss, but such an 
application is so restricted that it is rarely of much value. Fortunately 
for purposes of analysis, power lines are ordinarily operated at voltages 
that give little, if any, corona loss. 

When an alternating electric field is applied to insulating material, there 
is a loss of energy sometimes known as dielectric hysteresis . As the electric 
field in the dielectric material increases, energy is stored in the capacitance 
of the system, 8 and as the electric field diminishes in the next quarter cycle 

8 A brief discussion of polarization is given in Chap. IV of “Fundamentals of 
Electric Waves” (Ref. 29). 
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the stored energy is returned to the circuit—but a small part of the stored 
energy is not recovered, being lost in the form of heat. i 

The implication of the name is that there is some kind of frictional 
action; if we may assume that energy is stored in the dielectric material 
through some stretching, distortion, or displacement of the atoms or mole¬ 
cules, it may be that imperfect elasticity is responsible for the loss. Such 
an explanation is oversimplified, no doubt; however, it is consistent with 
the chief characteristic of dielectric hysteresis, which is that the power loss 
is very nearly proportional to the frequency. That is, a certain amount 
of energy is lost in each cycle. 

This proportionality to frequency distinguishes dielectric hysteresis from 
conduction loss. Dielectric hysteresis is negligibly small at low frequency, 
but at high radio frequencies it is the predominant type of insulation loss. 
It is characteristic of all solid and liquid insulating materials, but since it 
is extraordinarily low in mica, quartz, and various polymerized synthetic 
compounds, these substances are useful for microwave insulation. Poly¬ 
ethylene, polystyrene, and similar materials are specially valuable. These 
will be discussed again in Chap. 12 on high-frequency transmission lines. 

Dielectric hysteresis is readily included in the transmission-line equa¬ 
tions. This is done by introducing an equivalent value of g to represent 
the power loss. The proper value of g to use is dependent on frequency, 
but if the transmission-line equations are used for only one frequency at 
a time, or for a narrow band of frequencies, this is not a serious limitation. 

To find the appropriate value of g to use to represent dielectric loss, it 
is first necessary to have information about the characteristics of the 
insulating material. There are various ways of expressing data about 
dielectric loss for tabulation in handbooks and similar reference tables. 
One of the most widely used figures is the so-called power factor of the 
material. Reference books that give infonnation in other forms 9 commonly 
tell how their data are related to the power factor. The power factor of an 
insulating material is defined as the power factor of an otherwise perfect 
condenser using that material as its dielectric. 

In a transmission line, the power factor of the dielectric material relates 
0 , the conductance per unit length, to c, the capacitance per unit length. 
For example, consider a length of transmission line 1 meter long, a cross 
section of which is shown in Fig. 7-10. (A coaxial line is shown, but this 

9 The loss factor y also widely used, is l/po >€ 0 or, with the same degree of approxima¬ 
tion used in Eq. 7-71, it is the power factor of the material times the relative dielec¬ 
tric constant. The power factor may also be referred to as the loss tangent if it is 
desired to emphasize that it is truly the tangent and not the sine of the loss angle . 
If loss in a dielectric material is accounted for by using a complex dielectric constant 
c = c' — jt"> then e f is the usual dielectric constant and *"/*' is the loss tangent. 
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is for illustration only, and any type of line would be equally satisfactory.) 
This unit length of line is isolated and is acting as a condenser. The 
capacitance between the two line conductors is c, and the dielectric loss 
is to be represented by an equivalent conductance g. Admittance of this 
section acting as a condenser is 

y = g + juc (7-69) 

The power factor of such a condenser is 


Power factor = 


Q 

VW) 2 + g 2 


(7-70) 


Since we are working with good dielectric materials, and hence with very 
small power factors, g 2 is very much smaller than (c oc) 2 . It is an excellent 

approximation to neglect g in the denominator of 
Eq. 7-70 and write 



Power factor = — 
ccc 


(7-71) 


This quantity is the power factor of the line acting 
as a condenser; it is therefore (by definition) the 
power factor of the insulating material, and thus 
we have 


Fig. 7-10 A line with 
solid dielectric insulation. 


g — coc X (power factor) (7-72) 


Hence, to find the value of g to use for a transmis¬ 
sion line with dielectric loss, read the power factor of its insulation from a 
table, and use Eq. 7-72. 

The power factor of a material is a convenient means of expressing di¬ 
electric loss because the power factor is reasonably constant over a fairly 
wide range of frequency. In the ultra-high-frequency range (wherein di¬ 
electric loss is most important), dielectric power factors range from the 
order of 0.0005 for mica, quartz, and polystyrene, to 0.005 for glass and 
steatite, and to 0.05 for phenol products. 

For ultra-high-frequency transmission lines with solid dielectric, at¬ 
tenuation of the transmitted signal is determined largely by dielectric loss. 
It is therefore convenient to compute the attenuation a directly in terms 
of the dielectric power factor. Even better, loss can be given in decibels 
per unit length. Formulas for this purpose are derived in Chap. 12 . 

11. Experimental Determination of Constants. Often, as with a twisted¬ 
pair transmission line, or the circuit of two wires within a telephone cable, 
it is impossible to compute the constants r, Z, g, and c from dimensions. 
On many other lines it is not convenient to compute them, though it 
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might be possible. Moreover, if a line has been designed by computation, 
it is desirable to measure the constants when the line is completed, to 
ensure that line construction is satisfactory. 

Theoretically, measurement of any four different currents or voltages 
on the transmission line gives the necessary information to permit solution 
for the four constants. Practically, the following impedance measure¬ 
ments are usually the most convenient. 

At some known frequency, measure input impedance to the line with 
the receiving end of the line open-circuited. At the same frequency, 
measure input impedance to the line with the receiving end short-circuited. 
The measurements should be made, as with an impedance bridge, to give 
resistance and reactance components of input impedance with both termi¬ 
nations, thereby providing four measured quantities. 

The sending-end impedance with the receiving end open may be desig¬ 
nated Za<op), and the sending-end impedance with the receiving end short- 
circuited, Using Eqs. 5-30 and 5-32, 

Z. (09) = —jZ 0 cot Bx (7-73) 

Z a ( ah ) = jZ 0 tan Bx (7-74) 

The length of the line, x , is known. B and Z 0 are to be found. 

Multiplying the two measurements together and taking the square root, 

Zq = y/Z a ( 0P ) (7-75) 

Dividing Eq. 7-74 by 7-73, 

(tan Bx) 2 = ■ (7-76) 

from which 

Bx - tan" 1 J (7-77) 

> —Z,( op) 

B can then be found, x being known. 10 An alternative form is 

yx = tanh' 1 (7-78) 

M "«(op> 

There is an uncertainty about the magnitude of the real component of 
Bx . It must be remembered that adding ir to a quantity does not change 

10 Equation 7-77 requires the evaluation of the inverse tangent of a complex 
quantity. The inverse tangent of a real number is easily found from a table of 
tangents. If a table or chart of the tangent of a complex argument is available, it 

can be used in a similar way to find the inverse tangent. However, Formula 50 of 
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its tangent (Formula 45 of Table II). The inverse tangent is a multi¬ 
valued function, and any multiple of ir may be added or subtracted. 
(This is the meaning of k in Formula 50 of Table II.) Physically, k is the 
number of complete half-wavelengths in the length of the line. If the 
line is less than 1 half-wavelength, k = 0. If the line is between 3 and 4 
half-wavelengths, for example, k = 3. In general, k is the integer part of 


2 fx 

Velocity 


(7-81) 


where / is frequency and x is length of line. 

In every practical problem, the correct value of k must be determined 
from physical information. Equation 7-81 is useful if the velocity of 
propagation is known. On an open-wire line the velocity is somewhere 
near 180,000 miles per second, or a few per cent less than 3 X 10 8 meters 
per second. If the line is a cable, an approximate value of velocity may 
be available from computation or previous experience. 

If it is impossible thus to estimate the velocity and so determine the 
correct value of fc, test measurements of Z a{op) and Z a{ , h) may be repeated 
at another frequency, and there will in general be only one solution con¬ 
sistent with both sets of test data. In particularly difficult cases, im¬ 
pedances can be measured over a range of frequency. By plotting the 


Table II is likely to be more convenient; it looks formidable, but is easily applied. 

An alternative way to find Bx is to use either the inverse sine or the inverse 
cosine, instead of the inverse tangent of Eq. 7-77. Formula 52 of Table II gives 


Bx = tan' 


= cos 





Z.t. 


Z'iah) — Z a 


(op) 


(7-79) 


The inverse sine can be evaluated by using Formula 49, or the inverse cosine by 
using Formulas 51 and 49, of Table II. These formulas offer no advantages over 
the use of Eq. 7-77 and Formula 50, but if the approximate formulas of Sec. 6, 
Chap. 8, are applicable, they give a particularly easy means of evaluation. The 
inverse sine and cosine can also be evaluated from the chart of Fig. 4-5, or any 
equivalent chart, if the accuracy of a reading from a chart is adequate. 

Hyperbolic relations similar to Eq. 7-79 are 


yx 


= COSh -1 



(7-80) 
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results, and noting the frequencies at which maximum and minimum 
impedances occur, the number of half-wavelengths in the line can readily 
be deduced. 

Having found Z 0 and Bx> z and y are next computed. From Bx (or 
yx), find jB or y. Then, since 


Zo — ^ 

u 

- and 

y 

% 

II 

II 

(7-82) 

we find z by multiplying 




z = 

-v/j-VS 

— Zo(jB) — Z 0 y 

(7-83) 

and y by dividing 

II 

_ jB _ y_ 

Zo Z 0 

(7-84) 

* a 

Finally, r, l, g , and c are found from the real and imaginary components 
of z and y ; and the experimental determination of constants is complete. 


PROBLEMS 

7-1. A wire table for standard annealed copper wire gives the following values: 
No. 14 AWG, diameter = 64.08 mils; resistance = 2.525 ohms per thousand feet. 
For what temperature (centigrade and Fahrenheit) is this table intended? 

7-2. A wire table for pure hard-drawn copper wire gives the following values: 
No. 6 AWG, diameter = 0.1620 inch; resistance = 0.3731 ohm per thousand feet. 
For what temperature (centigrade and Fahrenheit) is this table intended? 

7-3. Find the resistance of the wire of Prob. 7-1 at a temperature that is (a) 20°C 
higher than the temperature used for the table, and (6) 20°C lower. What are these 
temperatures on the Fahrenheit scale? 

7-4. Find resistances (and temperatures) as required in Prob. 7-3 for the wire of 
Prob. 7-2. 

7-6. Diameter of No. 10 AWG standard annealed copper wire is 101.9 mils; 
resistance is 0.9989 ohm per thousand feet at 20°C. Find resistance of the same 
gauge wire at the following temperatures: 

а. 0°F (cold weather) 

б . 0°C (freezing) 

c. 20°C (room temperature) 

d . 70°C (hot operating temperature) 

for annealed, soft-drawn, and hard-drawn wire (12 values altogether) and give the 
percentage by which each differs from the wire-table value of 0.9989 ohm. 

Note : It is helpful to remember that the resistance of No. 10 copper wire is 1 ohm 
per thousand feet. 
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7-6. Verify both of the d-c resistance values in Appendix 3 for ACSR of 900,000- 
circular-mil size. Is conductivity of the steel strands included in computing 
resistance? Why? Does the nominal size in circular mils include the steel 
strands? 

7-7. Repeat Prob. 7-6 for 500,000-circular-mil ACSR. 

7-8. Substitute Eq. 7-48 into Eq. 7-18 to prove that the Bessel function de¬ 
scribes current distribution in a round wire. 

7-9. Sketch six curves, each similar to Fig. 7-8 and together giving a series, as 
in Fig. 7-6, to show the distribution of current density within a round wire through a 
half cycle of time. Precision is not expected; it is enough to have the general shape 
of the curve correct. 

7-10. Plot Rdc/Rae as a function of a/b (preferably using a logarithmic scale, as 
in Fig. 7-9). Draw three curves: 

а. Exact, from Table 7-3. 

б. Approximate, based on Eq. 7-58. 

c. Approximate, based on Eq. 7-57. 

Note the amount of error in the approximations. 

7-11. Find R ac /Rdc, the skin-effect resistance ratio, from Fig. 7-9, and also 
compute the value (correct to three significant figures) by any appropriate means. 
Find for round copper wire of the following sizes (AWG or diameter): 

a. No. 0 at 1,000 cycles. 

b. No. 10 at 1,000 cycles. 

c. 1 inch at 60 cycles. 

d. 0.5 inch at 60 cycles. 

e. No. 10 at 1 megacycle. 

f. No. 30 at 1,000 megacycles. 

7-12. Repeat Prob. 7-11 for round copper wire of the following sizes (AWG): 

a. No. 0 at 500 cycles. 

b. No. 6 at 1,000 cycles. 

c. No. 4/0 at 60 cycles. 

d. No. 20 at 1 megacycle. 

e. No. 40 at 1,000 megacycles. 

7-13. Read skin-effect resistance ratio from Fig. 7-9 for aluminum wire, for sizes 
and frequencies listed in Prob. 7-11. 

7-14. Read skin-effect resistance ratio from Fig. 7-9 for aluminum wire, for 
sizes and frequencies listed in Prob. 7-12. 

7-15. It appears from Fig. 7-9 that l ac and l/r oc for a given round wire are similar 
functions of frequency. Is there a corresponding similarity of l ac and l/r oc for a 
semi-infinite block? 

7-16. The following input impedance measurements were made at one end of a 
40-mile telephone line, using a test frequency of 1,000 cycles: 

With the far end open-circuited: 

Z.(op) = 25 0/—38.0 ° 
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Z. ( . h) = 1,96 0/12.4° 

Find Z 0 , r, l, g, and c. 

7-17. The following input impedance measurements were made at one end of a 
6.3-mile telephone cable circuit, using a test frequency of 1,000 cycles: 

With the far end open-circuited: R — 177, X = —404 ohms 

With the far end short-circuited: R = 458, X = —158 ohms 

Find Z Ql r, l, g, and c. 



CHAPTER 8 


ARTIFICIAL LINES 


1. Purpose of Artificial Lines. When power transmission systems are 
being studied to determine the value of proposed new lines, new generators, 
or other additions to the plant, it is convenient to reproduce the system 
in miniature on a network analyzer or calculating board . It is not necessary 
to include all details of the actual system in the model, and one of the 
questions that must be decided in adapting the system to a calculating 
board is the best way to represent a transmission line. 

The simplest representation of a transmission line would be by im¬ 
pedance only. If z, the impedance of the line per mile, were multiplied 



(c) tt Sections in Series 


2 Z Z Z 2 Z 



(d) T Sections in Series 
Fig. 8-1. Composition of artificial lines. 


by the length of the line in miles, the resulting impedance Z could be used 
as a single lumped impedance on the calculating board to give a very 
approximate representation of the line. 

It is rarely satisfactory to neglect line capacitance completely. A better 
model is obtained if y , the admittance of the line per unit length, is multi¬ 
plied by the length x to give a lumped admittance, yx = 7. Half of this 
lumped admittance, or |F, can then be connected at each end of the 
lumped impedance on the calculating board. On a power line, the ad- 
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mittance is practically purely capacitive, and a, condenser of the proper 
size is used on the board; the resulting artificial line is shown in Fig. 8-la. 

Artificial lines have a wide variety of uses, besides their application on 
calculating boards for power-system analysis. They are used in telephone 
work to duplicate the electrical behavior of a real line or cable circuit. 
They are used as pulse or time-delay circuits in radar and television sys¬ 
tems. They are useful both in engineering practice and in theory. 

2. n and T Sections. Figure 8-la shows the network that was described 
above to represent a transmission line on a calculating board. Because 
of its similarity to the letter II it is called a Pi section. If the transmission¬ 
line constants are merely lumped in the artificial line, as proposed in the 
preceding discussion, the impedance 1 and admittance of the II section are 

Z = zx (8-1) 

Y = yx (8-2) 

where z is impedance per unit length of the real line 
y is admittance per unit length of the real line 
x is length of line represented 

This simple lumping of constants gives what is called a crude II line. It 
will be shown that this representation of a real line is satisfactory (although 
not exact) if the line to be represented is much shorter than a wavelength. 

To represent a longer line, a number of II sections may be connected in 
series, as in Fig. 8-lc. Such a series of sections is sometimes called a ladder 
network. 

Instead of using an artificial line in the form of a II section, the actual 
line can as well be represented by a T section as shown in Fig. 8-16. The 
same degree of approximation is involved; the crude T line , like the crude 
II line, is good only to represent a short real line. 

T sections, like II sections, can be connected in series to represent a 
line that is too long to be replaced by a single crude section. The result, 
shown in Fig. 8-ld, is identical with the ladder network resulting from II 
sections in series, except at the ends. 

If an artificial line is made of a number of crude n or T sections, the 
more sections there are, the more nearly the artificial line resembles a real 
line. A 100-mile line is better represented by 100 sections that are equiva¬ 
lent to 1 mile each than by 2 sections equivalent to 50 miles each. One 
would expect (and, indeed, it turns out to be true) that if the number of 

1 The figures of this chapter use symbols of inductance and capacitance to indi¬ 
cate the impedance and admittance elements. For greater precision of representa¬ 
tion, resistances may be added in series with the inductances and shunted around 
the capacitances. 
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sections used to represent a real line is increased without limit, the size of 
each section becoming smaller and smaller as the number is increased, the 
artificial line approaches an exact representation of the real line. 

However, a real line and an artificial line are physically so different that 
an equivalence between the two is hardly to be taken for granted, even 
for very short lines. The equivalence of real lines and artificial lines is 
shown in the following paragraphs. 

3. Open-circuit and Short-circuit Impedances. An artificial line is said 
to be equivalent to a real transmission line if the terminal behavior of one 
is identical with the terminal behavior of the other. 

The parameters Z Q and Bx (or yx) define the behavior of a transmission 
line, and two lines with the same Z 0 and Bx are electrically equivalent. 
It was shown in Chap. 7 that Z 0 and Bx can be determined from the open- 
circuit input impedance of a line by the following equations: 

Zo — Z 9(op) •£,(,*) (8-3) 

(cos Bx) 2 = (cosh yx) 2 = - (8-4) 

"*(op) "ff(afc) 

It follows that two lines with identical open-circuit and short-circuit im¬ 
pedances are electrically equivalent. This equivalence may apply at only 
one frequency, if open- and short-circuit impedances are identical at one 
frequency only, or the equivalence may be valid at all frequencies. 

Similarly, an artificial line and a real line are equivalent if they have 
identical open-circuit and short-circuit impedances. If they behave the 
same when open-circuited, and when short-circuited, they will behave the 
same with all terminations. 

Let us therefore find the open and short-circuit impedances of an arti¬ 
ficial line, and then determine the parameters of a real line with the same 
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Fig. 8-2. An section for determining Fig. 8-3. AT section for determining 

open and short-circuit impedances. open and short-circuit impedances. 


open and short-circuit impedances. Such a real line will be equivalent to 
the artificial line. (It will be found that a real line and an artificial line 
are equivalent at one frequency only.) 

Z tiop) ^d Z ei9h) of a II or T network are readily computed. When intro¬ 
duced into Eqs. 8-3 and 8-4, they give the characteristic impedance and 
propagation constant of the equivalent transmission line. Thus the relation 
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between a real line and an artificial line is established. The details of the 
computation follow. ’ 

Referring to Fig. 8-2, Z s of a short-circuited II network is the impedance 
of Z and \ Y in parallel. This gives 


Symmetrical II: 


Z 


B(th) 



2 Z 

ZY + 2 


(8-5) 


The impedance looking into an open-circuited II is 


( Z + r) Y 2 ZY + 2 
7,2,2. YZY + 4 

" + y "I y 


( 8 - 6 ) 


Referring to Fig. 8-3, the impedances of a T section when short-circuited 
and open-circuited are 


Symmetrical T: 




Z.to» 


Z 1 

2 ' Y Z Z ZY + 4 
Z _1_ ' 2 2 ZY + 2 

2 + Y 

Z 1 Z7 + 2 
2 + 7 27 


(8-7) 

( 8 - 8 ) 


4. Equivalent n-section Network. Since the short-circuit and open- 
circuit impedances of a II section are given by Eqs. 8-5 and 8-6, these may 
be used in Eq. 8-3 to find the characteristic impedance of an equivalent 
transmission line: 


7 2 _ 2 ZY + 2 2Z _ Z _4_ 1 M 

y ZF + 4 ZY + 2 74 + ZY 7 7^ 

Z + 4 

It will be remembered that for a transmission line, Z 0 2 = z/y. For the 
artificial line of Eq. 8-9, Z 0 2 = Z/Y times a correction factor, as shown in 
the third member of the equation. The correction is small if Z and Y 
are small. 

Short-circuit and open-circuit impedances are used in Eq. 8-4 to find 
the propagation constant 

(cos Bxf = (cosh yx) 2 = - = ~ Z Y{ZY + 4) 

Z. (w) (ZY + 2)* 

_ (ZY + 2) 2 


yl 


(8-10) 
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cos Bx = cosh 72; = 1 + \ZY (8-11) 

As an alternative form that is sometimes more convenient, the trigo¬ 
nometric identity for the sine of half the angle can be introduced into 
Eq. 8-11 to give 

sin \Bx = \y/—ZY (8-12) 

or __ 

sinh \yx — \ y/Z Y (8-13) 

Equations 8-9, 8-11, 8 - 12 , and 8-13 are included in the summary of 
Table 8-1. They make it possible to find the parameters of a real trans¬ 
mission line, the impedance and admittance of the equivalent artificial¬ 
line section being known . 2 

The inverse problem is of at least equal importance; that is, given the 
parameters of a real line, what must be the impedance and admittance of 
an artificial line to be equivalent? The necessary information is, of 
course, contained in the above equations, but they must be solved for 
Z and Y explicitly. 

Let us first solve for Z. We may write, using Eq. 8-10, 

(sin Bx) 2 = 1 - (cos Bx) 2 = 1 - = ~Z 2 {^- + ~) (8-14) 


Since this final- parenthesis may be recognized, from Eq. 8-9, as the re¬ 
ciprocal of Z 0 2 , it follows that 

Z = jZ 0 sin Bx (8-15) 


This is an explicit expression for Z, as desired, but it is usually more 
convenient to change its form as follows: 



sin Bx 


= j — 7 = sin Bx 

V*y 


zx 


■ sin Bx = zx 


sin Bx 


—j y/zy x Bx 

To find F, use Eq. 8-11 and substitute Eq. 8-15 for Z: 

1 — cos Bx 1 — cos Bx 


1 v 1 — cos Bx 

2 Y " -Z 


—jZ 0 sin Bx 


-a/I 8 * 


sin Bx 


-jy/zy sin Bx 


cos Bx yx , 1 „ 

- = Bx tan 2 Bx 


(8-16) 


(8-17) 


1 To find B or y of the real line from Eq. 8-11, 8-12, or 8-13, it is necessary to 
evaluate the inverse sine or cosine (either circular or hyperbolic) of a complex 
quantity (see Sec. 6 , Chap. 8 ). 
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The last transformation uses the relation B =*= — jy/zy t and also ^he 
trigonometric identity of Formula 32 of Table II. The most convenient 
final form is 




tan \Bx 
\Bx 


(8-18) 


The equivalent expressions in hyperbolic functions are obtained if one 
writes, instead of Eq. 8-14, the following: 

(sinh yx) 2 = (cosh yx) 2 - 1 = - 1 = Z 2 (^- + (8-19) 

The final parenthesis being l/Z 0 2 , by Eq. 8-9, we have 

Z = Z 0 sinh yx (8-20) 

Since Z 0 = y/z/y = zx/(y/zy x), Eq. 8-20 may be written 

z _ se Bj S hjX (8 _ 2I) 

yx 


Y is then found from Eq. 8-11, using the hyperbolic form, and writing 
with the aid of Eq. 8-20 


1 y _ cosh yx — 1 __ cosh yx — 1 __ jy cosh yx — \ 

2 Z Z 0 sinh yx \z sinh yx 


(8-22) 


Using the identity tanh \x = (cosh x — l)/sinh x, this becomes 


1 1 tanh iyx 


(8-23) 


This completes the derivation of the equations in Table 8-1 that refer to 
the II section. 

In all equations, 

z is the impedance per unit length of the actual line 
y is the admittance per unit length of the actual line 
x is the length of the actual line__ 

B = —jy/zy or y = y/zy 

Z is the total series impedance of the section of artificial line 
Y is the total shunt admittance of the section of artificial line 

It is interesting to compare Eqs. 8-16 and 8-18 (or the hyperbolic forms 
8-21 and 8-23) with the crude equations 8-1 and 8 - 2 . Equation 8-1 says 
that Z = zx; this is approximate. Equation 8-16 gives the exact equiva¬ 
lence: Z = zx (sin Bx/Bx). The factor sin Bx/Bx is sometimes called a 
correction factor . 

Similarly, Eq. 8-2 gives Y = yx. The exact value, given by Eq. 8-18, 
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contains the correction factor tan \Bx/\Bx . (These correction factors may 
also be given in hyperbolic functions, as in Eqs. 8-21 and 8-23.) 

Two facts about the representation of a real line by an equivalent II- 
section artificial line are now evident: 

1 . The approximation of Eqs. 8-1 and 8-2 is very good for a short line, 
as the correction factors (sin Bx/Bx and tan \Bx/\Bx) both approach 1 
for sufficiently small values of x. This justifies the statement that merely 
lumping the impedance and admittance of a real line to find the constants 
of an equivalent artificial line is satisfactory if the length of the real line 
is much less than a quarter-wavelength. 

2 . An artificial line is exactly equivalent to a real line at one frequency 
only. The correction factors of Eqs. 8-16 and 8-18 are functions of fre¬ 
quency (for B y which equals —j\/zy, varies with frequency). 

For a band of frequencies, an artificial line of one section can approxi¬ 
mately represent a real line if the length of real line is much less than a 
quarter-wavelength at the highest frequency of the band. For so short a 
line, the correction factors are negligible at all frequencies under con¬ 
sideration. A longer real line can be represented by using a number of 
II sections of artificial line in series, as in Fig. 8 -lc. An extension of this 
argument justifies the statement that an infinite number of infinitesimally 
small sections of artificial line in series will exactly represent a real line 
of any length. 

5. Equivalent T-section Network. The short-circuit and open-circuit 
impedances of a T section are given in Eqs. 8-7 and 8 - 8 . To find the 
characteristic impedance of the equivalent real line, these are substituted 
into Eq. 8-3: 

_ ZY + 2 Z ZY + 4 Z 4 + Z7 Z , Z 2 Q 

Z ° ~ 2 Y 2 ZY + 2 Y 4 ~ 7 + 4 

It will be noted that for the T section, as for the II section, Z ,, 2 differs 

from the crude value of Z/Y because of a correction factor that approaches 
unity for small values of Z and 7, and hence for short lines. 

Using the short-circuit and open-circuit impedances of the T section in 
Eq. 8-4, 

(cos Bx ) 2 = (cosh yx) 2 = ^ (8-25) 

Since this turns out to be identical with Eq. 8-10 for the II section, it 

follows that all equations deduced from Eq. 8-10 apply to a T section as 
well as to a II section. Thus Eqs. 8-11, 8-12, and 8-13 all apply to a T 
section, and are so classified in Table 8-1. 
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TABLE 8-1 

ARTIFICIAL-LINE FORMULAS 


II Section 

bine to II Section: 



II Section to Line: 


cos Bx = 1 + \ZY cosh yx = 1 + \ZY) lx 

_ _ > alternatives 

sin \Bx = \y/—ZY sinh \yx — \\JZY j 


1 



T Section 

Line to T Section: 



T Section to Line: 


cos Bx = 1 + \ZY cosh yx = 1 + \ZY) alternatives 

_ _ _ [ (Note: Same as 

sin 5 Bx = 5 Z Y sinh \yx = %y/ZY J for IT section.) 



Real Line: 

Z Q = y/z/y B = —jy/zy y = jB = Vsy 


x = length of line 
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To find explicit expressions for Z and Y of a T section to represent a 
real line, use Eq. 8-25 to write 

(sin Bxf = 1 - (cos Bxf = - F 2 (J + (8-26) 

Introducing Zf from Eq. 8-24, 

(sin Bxf - Y 2 Zf (8-27) 

from which 

Y = i-am. Bx (8-28) 

^0 


By taking steps parallel to those of Eq. 8-16, this gives 

sin Bx 


Y = yx 


Bx 


(8-29) 


The hyperbolic-function form, similarly derived, is 

Y-yx (MO) 

To find Z for the T section, substitute Eq. 8-28 for Y in Eq. 8-11: 


1 „ _ 1 — cos Bx _ \ tan \Bx 

2 _ — (j/Z 0 ) sin Bx 2 ZX \Bx 


(8-31) 


The detailed steps in this derivation are the same as those of Eq. 8-17. 
If the hyperbolic forms of the expressions are used, instead of the circular, 
the result is similar: 



1 tanh \yx 
2 ZX frx 


(8-32) 


The discussion in Sec. 5, following Eq. 8-23, may be applied to T sections 
as well as to II sections. That is, the correction factors that appear in 
the exact equations for artificial lines, but not in the crude equations, 
approach unity for short sections of line; and the equivalence of a real 
and an artificial line is exact at one frequency only. 

6 . Evaluation of Inverse Functions. Equations 8-11 to 8-13 are for the 
purpose of finding Bx or yx of a real line. From Eq. 8 - 11 , for instance, 

cos Bx = 1 + \ZY (8-33) 

Bx = cos " 1 (1 + \ZY) (8-34) 

To find Bx y knowing Z and F, it is necessary to evaluate the inverse cosine 
of a complex quantity . 8 


8 The objection to the notation used in Eq. 8-34 for the inverse cosine is recog¬ 
nized, but the notation is familiar to most readers and rarely leads to actual mis- 
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This can be done in various ways. A few are listed in order of difficulty: 

1 . The simplest evaluation of the inverse cosine is an approximation tliat 
is good if the imaginary component of the cosine is small. Let us write, 
as a pure mathematical expression with (at present) no physical signifi¬ 
cance, 

cos (m + jn) = x + jy (8-35) 


or 


m + jn = cos'" 1 (x + jy) 


(8-36) 


where m, n, x , and y are any real numbers. It is assumed that x and y 
are known, and m and n are to be found (as in Eq. 8-34). The approximate 
formulas are 4 


m == cos x 

„ ~_ y_ 


sm m 


(8-37) 

(8-38) 


understanding. The alternative form arc cos (for cos* 1 ) implies angular measure so 
strongly that it is not desirable. The more logical inv cos is not familiar to everyone, 
especially in the United States. To avoid any possible confusion, powers of the 
trigonometric functions are written as in Eqs. 8-25 and 8-26. 

4 Derivation : These approximate forms can be derived from Formula 49 of Table 
II, but they are more readily seen as follows. Expand Eq. 8-35 by Formula 25 of 
Table II 

cos (m + jn) = cos m cosh n — j sin m sinh n 


= X + jy 

(8-42) 

Equating real and imaginary components, 


x = cos m cosh n 

(8-43) 

y = —sin m sinh n 

(8-44) 

If n is so small that cosh n is very nearly equal to 1, 


x == cos m and m = cos’" 1 x 

(8-45) 

If n is so small that sinh n is very nearly equal to n, 


. V 

y = — n sm m or n == — . 

sm m 

(8-46) 


These are the approximate formulas for the inverse cosine, and the approximate 
formulas for the inverse sine are derived in a similar manner. 

The requirement for good approximation is that the true value of v for the inverse 
Bine, and of n for the inverse cosine, must be much smaller than 1. 
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These are good approximations if n is small; for slide-rule accuracy, n 
should be less than 0.1. This is often true in the computations associated 
with low-loss lines. 

The corresponding approximate expression for the inverse sine is as 


follows. 

if 



sin (w + jv) = x + jy 


or 

u +jv = sin -1 (x + jy) 

(8-39) 

where u , 

v, x, and y are real numbers, approximately 



u = sin -1 x 

(8-40) 


v ^ 

COS X 

(8-41) 


The approximation is good if v is small; for slide-rule accuracy, v should 
be less than 0.1. 

Since x and y are real, m and n, or u and v , are readily found by the 
use of Table III or any other table of real sines and cosines. 

2. If the above approximations are not applicable, the exact formulas 
of Table II may be used. Formula 49 gives the inverse sine, and Formulas 
49 and 51 together give the inverse cosine. 

Formula 53 gives the inverse hyperbolic sine. Formula 54 gives the 
inverse hyperbolic cosine. Formula 53 can be transformed to resemble 
Formula 49 if desired, and there are many other alternative forms of ex¬ 
pressions for the inverse functions. 5 6 

3. If the accuracy of values read from a chart is sufficient, the chart 
of Fig. 4-5 or any equivalent chart of the complex sine and cosine functions 
can be used, working backward to determine the inverse sine or cosine. 6 
Such a chart may be used for either circular or hyperbolic functions by 
proper interpretation of the coordinates. Nomograms are also available. 7 

4. Infinite series are also available for evaluating the inverse functions. 
Being rather slowly convergent, these are tedious to use, specially with 
complex quantities, and the formulas to which we have referred are usually 
preferable. 

7. Frequency Response. It has been emphasized that an artificial line 
gives a true representation of a particular real line at one frequency only. 

5 A number of useful formulas for inverse complex hyperbolic functions, both 
exact and approximate, are included in J. Rybner,“Nomograms of Complex Hyper¬ 
bolic Functions” (Ref. 26). 

6 The most accurate and extensive charts are by Kennelly (Ref. 12). 

7 J. Rybner (Ref. 26). 
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The shorter the section of real line represented by the artificial line,, the 
less variation there is with frequency; and if an artificial line is to be re¬ 
quired to give fair equivalence to a real line for a wide band of frequencies, 
the artificial line should be made of many small sections in series. 

Attempts are often made to study transient phenomena such as traveling 
waves on artificial transmission lines. If this is done, the results have to 
be interpreted with great care. Any transient disturbance can be analyzed 
(as a Fourier integral, or by Laplace transform methods) into many 
sinusoidal components distributed through the frequency spectrum. 
Since an artificial line will not react in the same way as a real line to the 
various frequency components, it cannot give a correct response to a 
transient disturbance. The artificial line may actually block the passage 
of higher frequency components that the real line would transmit freely; 
an artificial line acts as a low-pass filter, as will be discussed in the next 
two chapters. 

To make an artificial line more applicable to transient studies, an arti¬ 
ficial line “with distributed constants” has been devised. This consists of 
a number of coils of wire with tin foil interleaved between layers of the 
coils. These coils provide not only inductance and resistance but ca¬ 
pacitance as well; capacitance of the line is simulated by capacitance from 
the wire of the coil to the tin foil. Thus the capacitance is not inserted 
in lumps, but is distributed along the entire length of the wire of which 
each coil is wound. 

There is some advantage in an arrangement of this kind for studying 
transients. However, the equivalence to a real line is not complete. There 
are several reasons why it is not, the most obvious being that there is 
mutual inductance between the various turns of wire that comprise a coil 
of the artificial line, whereas such mutual inductance does not exist on a 
real transmission line. 

Despite the inexact response, artificial lines are often useful for propa¬ 
gating pulses or other transient signals. An interesting application is to 
provide a time delay, as in certain radar circuits. A pulse or other signal 
can be delayed without being changed in shape by sending it along a trans¬ 
mission line of proper length. An actual transmission line is often not 
practicable because it would have to be too long. An artificial line can 
sometimes be used to produce the desired delay. 

In some systems, a tube of mercury is used for a delay line; the signal 
is changed from an electric wave to a mechanical vibration, and as such 
it is transmitted along the mercury column. The mass of the mercury is 
analogous to inductance, the mechanical elasticity of the mercury and the 
containing tube to capacitance. Dimensions are such that the desired 
time delay can be obtained with a tube of reasonable length. Such a 
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mercury tube is not, of course, an artificial line. It is a real transmission 
line with distributed constants, propagating mechanical instead of electrical 
waves. 


PROBLEMS 

8-1. Design all-section artificial line equivalent at 1,000 cycles to 10 miles of the 
telephone line of Fig. 5-2. 

8-2. Design a T-section artificial line equivalent at 1,000 cycles to 10 miles of the 
telephone line of Fig. 5-2. 

8-3. Revise the artificial line of Prob. 8-1 to give equivalence at 3,000 cycles. 

8-4, Revise the artificial line of Prob. 8-2 to give equivalence at 3,000 cycles. 

8-5. Design all-section artificial line equivalent at 60 cycles to 300 miles of the 
power line of Fig. 5-3. (The artificial line represents one phase to neutral.) 

8 -6. Design a T-section artificial line equivalent at 60 cycles to 300 miles of the 
power line of Fig. 5-3. (The artificial line represents one phase to neutral.) 

8-7. Design a II-section artificial line equivalent at 1,000 cycles to 10 miles of 
the telephone cable circuit of Fig. 5-5. 

8 - 8 . Design a T-section artificial line equivalent at 1,000 cycles to 10 miles of 
the telephone cable circuit of Fig. 5-5. 

8-9. Discuss the possibility of designing an artificial line equivalent at 3,000 
cycles to 10 miles of the telephone cable circuit of Fig. 5-5, using (a) 1 section, 
( 6 ) 2 sections, and (c) 3 or more sections. Would II or T sections be better? 

8-10. Z in the II section of Fig. 8 -la is 104.4 + j230 and Y is j‘526 X 10 ~ 6 at 
1,000 cycles (a crude representation of the line of Prob. 8-1). Find /?, a, and Z Q for 
the line that is exactly equivalent to this II. 

8-11. Z in the T section of Fig. 8-16 is 104.4 + ;230 and Y is j’526 X 10 ~ 6 at 
1,000 cycles (a crude representation of the line of Prob. 8-1). Find 0, a f and Z 0 for 
the line that is exactly equivalent to this T. 

8-12. Repeat Prob. 8-10 for Z = 104.4 + ,/690 and Y = jl,578 (in all section) 
at 3,000 cycles. 

8-13. Repeat Prob. 8-11 for Z = 104.4 + j690 and Y = jl,578 (in a T section) 
at 3,000 cycles. 

8-14. All section has Z = 10.44 + jco(0.0366) and Y = jc*>(8.38)10“ 8 . Compute 
and plot Z 0 (magnitude and angle), a, and velocity of propagation for an equivalent 
line as functions of frequency (from 1,000 to 6,000 cycles). 

8-15. Repeat Prob. 8-14 for a T section. 



CHAPTER 9 


APPLICATION OF TRANSMIS SION-LINE THEORY 
TO TELEPHONE LINES 


1. Requirements of Telephone Service. Telephone lines are designed 
primarily to transmit speech, although they serve various other purposes. 
Music, picture transmission, and telegraph signals are commonly carried 
on telephone lines. Speech may be transmitted either by sending currents 
of the actual voice frequencies or by using the voice to modulate a current 
of higher frequency in carrier-current transmission. 

For a signal that transmits sound, whether the message is speech or 
music or other audible vibrations, ideal transmission would permit equally 
good reception of all frequencies from 20 to 20,000 cycles per second. 
This range of frequencies can be detected by better than average ears. 
Ideal transmission, however, is quite unnecessary. Even high-quality 
music can be reproduced satisfactorily by using less than half the ideal 
range, and there is little loss of fidelity if only frequencies below 8,000 
cycles are reproduced. For transmitting speech, most of the information 
is contained in the frequency range between 500 and 2,000 cycles; a tele¬ 
phone system that delivers only this range is quite practical although the 
listener is conscious that the tone is distorted. The following list gives a 
general idea of the frequency ranges used for telephone work: 

20 -20,000 cycles, ideal frequency range 
500- 2,000 cycles, good enough for speech 

250- 2,750 cycles, present general average for speech transmission 
100- 3,500 cycles, best present practice, speech 
100- 5,000 cycles, program circuits, music 
35- 8,000 cycles, special program circuits 
When carrier-current transmission is used, the audio-frequency signal 
modulates a much higher carrier frequency. The carrier frequency is 
something between 6 and 140 kilocycles per second on most of the long 
telephone lines of the United States. Carrier frequencies up to three 
thousand kilocycles per second are used for long-distance telephone service 
in coaxial cable. (Coaxial cable is also used to transmit television signals, 
which require frequencies up to several thousand kilocycles.) 

Modulation produces sum and difference frequencies on either side of 
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the carrier frequency. One of these side bands can be suppressed without 
losing quality of transmission, and this is usually done. The carrier fre¬ 
quency can also be filtered out if it is reintroduced at the receiving end. 
This leaves, as the minimum to be transmitted in one carrier channel, a 
band of frequencies equal to the frequency range of the modulating signal. 
The carrier band may be either just above or just below the carrier fre¬ 
quency. 

A pair of wires may carry a dozen or more telephone messages at the 
same time in different carrier channels. Each message is separated from 
the others at the receiving end of the line by a filter that passes the fre¬ 
quency band of a single channel only. 

As an example, the lowest carrier frequency of the Type J carrier system 
is 36 kilocycles; if this carrier is modulated with an audio-frequency signal 



A cable of eight f-inch coaxial lines for telephone or video transmission. The cable also 
contains a number of auxiliary wire circuits, in the center core and between coaxial lines, 
for alarm, control, etc. Inner wires of coaxial lines are held by polyethylene discs an 
inch apait. Each coaxial line is wlapped with copper and permalloy tapes for shielding; 
heavy paper and a lead sheath give protection. ( Courtesy of Bell Telephone Laboratories .) 

having components to 3 kilocycles, and the lower side band is suppressed, 
that particular channel will be required to transmit frequencies from 36 
to 39 kilocycles. The next channel of this system has a 40-kilocycle 
carrier, and must transmit to 43 kilocycles. Twelve such channels, be¬ 
tween 36 and 83 kilocycles, constitute half of the Type J system; twelve 
other channels between 93 and 140 kilocycles carry messages in the opposite 
direction. Thus twelve conversations are carried by this system on one 
pair of wires. 

Whether voice-frequency or carrier-current transmission is used, the 
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signal at the receiving end of a telephone line must be strong enough to 
be audible, and its wave form must be enough like the wave form at’ the 
sending end of the line to make it intelligible. To provide this necessary 
condition, attenuation and distortion must be avoided or at least controlled. 

2. Distortion. Attenuation and distortion are not entirely distinct. 
One type of distortion is merely unequal attenutation of different fre¬ 
quencies. Another kind of distortion results from propagating different 
frequencies at different speeds. 

Any signal to be transmitted can be analyzed into component frequencies 
by Fourier analysis. If, at the receiving end, all frequencies are in the 
correct proportion to each other, and all are in the proper relative phase 
relation, they will combine to give a signal identical (except in size) to 
the transmitted signal. 

If the amplitudes of the various frequency components at the receiving 
end are not in the correct proportion, frequency distortion results. 1 As the 
name implies, different frequencies are propagated with different degrees 
of attenuation. If high notes are received and low notes are lost, the 
result is “tinny,” as in the early telephones, old phonographs, and some 
cheap radios. Speech so distorted is perfectly intelligible unless the dis¬ 
tortion is extreme, but sounds nasal. 

If, on the contrary, the low notes are received and high frequencies are 
suppressed, the result is “booming,” like the sound from a radio in another 
room. Speech is hard to understand without the high frequencies, for the 
high-frequency components, occurring in the consonant sounds, give shape 
to the words. 

The ear is not sensitive to phase relation between the frequency com¬ 
ponents of a sound, and if a fundamental note and its overtones are repro¬ 
duced with an incorrect phase relation it is not noticeable. With picture 
transmission, however, including television, and in the transmission of 
pulses of a given shape, correct phase relation is vitally necessary. If, 
for example, it were desired to transmit a picture involving alternate 
stripes of black and white as in a checkerboard pattern, or the picture of 
a picket fence, the fundamental and its third harmonic would be related 
as in Fig. 9-la. Should phase distortion shift the third harmonic relative 
to its fundamental, the received signal could be as in b of that figure. 

1 This type of distortion is sometimes called amplitude distortion, which is reason¬ 
able as it is the amplitudes that are distorted. However, because of the danger of 
confusion with nonlinear distortion, which is also called amplitude distortion, the 
term frequency distortion has been adopted. ( Nonlinear distortion, important in 
amplifiers, does not occur in transmission lines comprising all linear elements.) 
Delay distortion , or phase distortion, is the other type of distortion to be distin¬ 
guished. 
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With all harmonics shifted, a triangular wave might appear where a flat- 
top wave was wanted, with unfortunate results for the picture. 

This type of distortion occurs if one frequency is delayed more or less 
than another; it is called delay distortion . Since it gives incorrect relative 
phase, it is also called phase distortion. It occurs on a transmission line 
if the velocity of propagation is greater for one frequency than for another. 
On typical telephone lines, as may be seen from Fig. 5-2, low-frequency 
waves have lower velocity. This is much more marked with telephone 
cables, as in Fig. 5-5. (A loaded cable, however, as will be considered, 
transmits higher frequencies at lower velocity.) 

Although a shift of relative phase of frequency components is not im¬ 
portant in sound transmission, the delay must not be so great that different 
components of the same sound arrive at noticeably different times. The 
click of a typewriter key, for instance, comprises many frequencies, and 
if the high-frequency components reach the ear of the listener as much 
as a few hundredths of a second earlier than the low components, the 



(a) (b) 

Fig. 9-1. Example of delay distortion. 


result is quite unlike the click of a typewriter key. Many musical in¬ 
struments are badly reproduced if there is too much delay distortion. 
The working rule of the telephone system is to keep the delay time of all 
frequencies on program circuits within 10 milliseconds of the 1,000-cycle 
delay time. This is done by using time-delay equalizers which are net¬ 
works in series with the line; these networks produce a delay similar to 
the delay caused by the line, but they delay most the frequencies that are 
delayed least in traversing the line, thereby equalizing the over-all delay. 

Speech circuits do not demand careful equalizing of delay, but picture- 
transmission circuits require great care. 

A related problem is “echo”. If part of an east-west signal is reflected at 
the terminal equipment and is sent back into the west-east channel, it 
will return to the speaker at the eastern end of the line, and he will hear 
his own words after a short delay. This is disturbing, and the greater the 
delay, the more annoying the echo. To reduce the effect of echo, high 
velocity is desirable. 
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3. Termination in Characteristic Impedance. It is standard practice to 
terminate telephone lines in an impedance equal, or approximately equal, 
to the characteristic impedance of the line. Several reasons for such 
termination may be listed: 

1. To avoid reflections on a two-way two-wire line with repeaters 
(amplifiers). 

2. To minimize reflection crosstalk on carrier lines. 

3. To provide maximum-power transfer. 

4. To provide proper circuit impedance (usually 600 ohms) for correct 
functioning of terminal equipment. 

5. To avoid frequency distortion resulting from resonance of the line. 

Of these, 3 and 5 will be discussed below. Point 1 is explained in Sec. 13 
of this chapter. (Points 2 and 4 are outside the scope of this book.) 

If the impedance at the receiving end of a line differs from the char¬ 
acteristic impedance, certain frequencies are intensified or diminished by 
resonance . For instance, if the terminating impedance is too high, fre¬ 
quency components for which the length of the line is approximately an 
odd multiple of a quarter-wavelength are increased, and frequency dis¬ 
tortion results. 

If the terminating impedance is equal to Z 0 , resonance effects are elimi¬ 
nated. There is an incident wave train, but no reflected wave; conse¬ 
quently there are no standing waves and no maxima or minima of current 
or voltage, but only a gradual and uniform attenuation from transmitter 
to receiver. 2 

Another advantage of the line terminated in its characteristic impedance 
is that it provides maximum-power transfer from line to load. The im¬ 
portance of this in obtaining a useful signal is obvious. 

The mathematical treatment of a line terminated in its characteristic 
impedance is exceptionally simple. Since there is only an incident wave 
train, the voltage and current are related at every point by the character¬ 
istic impedance: 

• V 

j = Z 0 (9-1) 

Both voltage and current change phase along the line by an amount (fix) 
proportional to distance. They become smaller from transmitter to re- 

2 If a telephone line is much shorter than a wavelength, it is possible to disregard 
resonance, and to terminate the line as is convenient for other reasons. For in¬ 
stance, a line 4 miles long is about wavelength at a frequency of 5,000 cycles per 
second. A glance at the chart for cos Bx (Fig. 4-2) shows that resonant effects in a 
line of this length, although appreciable, are small. For most purposes, it is good 
enough to consider the resistance and reactance of so short a line as lumped, without 
using long-line theory. 
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reiver at an exponential rate, the exponent (ax) being proportional to 
distance. From equations of Chap. 1 (1-41 and 1-43) for voltage and 
current, 

7, = V r e ax e m (9-2) 

I a = I r e ax e iPx (9-3) 


4. Attenuation. In each of these equations, the first exponential has to 
do with magnitude and the second with phase angle only. The ratio of 
magnitudes is given by 



(9-4) 


The phase angle between voltage and current is everywhere the angle of 
the characteristic impedance. Input power is | V„ | 1 1 8 | cos (angle of Z 0 ), 
and power delivered by the line to the load is | V r | | I r | cos (angle of Z Q ). 
The ratio of sending-end power to receiving-end power is therefore 


P, _ \V.\\ L \ _ 2 a® 
Pr ~ I V r | | I r | ■ 


(9-5) 


Taking the natural logarithm of each side, 


1 , P. 
“-2 h P, 


(9-6) 


This is an expression for attenuation on a line that is terminated in its 
characteristic impedance in terms of the natural (Naperian) logarithm of 
the ratio of output to input power, and ax , although a pure number, is 
usually expressed as so-many nepers. 

Decibels. In the United States, the common unit of attenuation is the 
decibel. (Nepers are more frequently used in Europe.) The decibel is a 
unit derived from the bel. If attenuation is 1 bel, the output power is 
one-tenth of the input power. If the attenuation is 2 bels (as when there are 
two attenuating networks of 1 bel each, in series) the output power is ^ 
of -j^, or xfo, of the input power. The general definition is 


Attenuation measured in bels 



(9-7) 


The bel is rather too large a unit for practical use, so the decibel is 
used. The decibel is t*tr bel, being defined by 

p 

Attenuation measured in decibels = 10 logi 0 pT (9-8) 

* r 
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It is apparent from the similarity of Eqs. 9-6 and 9-8 that there, is a 
relation between attenuation in decibels and attenuation in nepers. Taking 
the common logarithm of each side of Eq. 9-5, 

log ^ = log e 2ax = 2ax log e = 0.8686a& (9-9) 

Multiplying by 10 to get decibels (abbreviated db), 

p 

Attenuation in decibels = 10 logp 1 = 8.686as (9-10) 


From this, it is seen that attenuation in decibels can be found by multi¬ 
plying attenuation in nepers by 8.686. 

The decibel unit, in general, is a means of comparing two values of 
power. As we have seen, the attenuation loss of a transmission line can 
be expressed in decibels. So, also, can the loss of any electrical network 
between input and output terminals. If the network should be an amplifier 
instead of a dissipative network, the loss will be negative (the logarithm 
of a ratio less than 1 is negative), and the amplifier is said to have a gain 
of so-many decibels. 

The great advantage of a logarithmic unit such as the decibel (or the 
neper) is that the total loss of a number of transmission lines and other 
networks in series is merely the sum of the losses of the individual units. 
The gain of amplifiers can also be included in such a sum. Thus, if three 
sections of telephone line have attenuations of 20 db, 15 db, and 23 db, 
respectively, and there are four am¬ 
plifiers in the system, each having 12 
db gain, the net loss is 10 db, indicat¬ 
ing that the output power is one- 
tenth of the input power. A power- 
level diagram of such a system of 
lines and amplifiers, as in Fig. 9-2, is 
used in telephone work. The dia¬ 
gram shows at a glance that the 
power level at its lowest point is 22 
db below the input power, and at its 
highest point it is up 12 db. 

In this illustration, power at any point on the line is compared with 
input power. It is often more convenient to compare power at any point 
with some arbitrary power value that is generally accepted as a standard. 
For example, power level on the telephone systems of the United States 
is commonly expressed in decibels referred to 1 milliwatt as standard. 
This telephone standard is sometimes distinguished by the symbol dbm. 
Thus, a power level of 20 dbm means 100 milliwatts, and a power level 



Fig. 9-2. Power-level diagram. 
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of —10 dbm means 0.1 milliwatt. One milliwatt is called zero dbm . If 
Fig. 9-2 is interpreted with reference to this telephone standard, input to 
the first amplifier is seen to be 1 milliwatt and output of the last amplifier 
is 0.1 milliwatt. (Other standards are used for 0 db for other purposes. 
Acoustics, for instance, uses a different standard.) 

Table 9-1 gives power ratios corresponding to decibel values. It will be 
found convenient to remember a few of these. The whole system is based 
on the relation: 

10 db gives a power ratio of 10 

from which 

20 db gives a power ratio of 100 
30 db gives a power ratio of 1,000 


60 db gives a power ratio of 1,000,000 

For smaller differences: 

1 db gives a power ratio of about f 
3 db gives a power ratio of about 2 
7 db gives a power ratio of about 5 

If only these are remembered, other values can be estimated as needed by 
adding decibels and multiplying power ratios. Thus 4 db equals 3 + 1 
db, giving a power ratio of 2 X f or f. 

Voltage and Current Ratios . If the receiving-end impedance of a tele¬ 
phone line is the characteristic impedance Z 0 , it follows that the input 
impedance to the line is also Z 0 . Then 



ii 

►-H 

H 

(9-11) 

and we can write, 

as in Eq. 9-5, 



P. | I,Z 0 || I. | | I. | 2 

P. - | I.Z, 1 1 I, 1 - 1 I. 1* 

(9-12) 

or, if preferred, 

p. i y. 11 w i iZJ! 

P r 1 v, 11 v r /z 0 1 - 1 v r I 2 

(9-13) 


These express attenuation in terms of voltage ratio or current ratio for a 
line terminated in its characteristic impedance . By Eq. 9-8, 

Attenuation in db = 10 log 10 = 20 log j-^-j (9-14) 

= 201 og j u 


(9-15) 
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TABLE 9-1 

POWER RATIO IN DECIBELS* 


Dec¬ 

ibels 

Power 

ratio 

Current or 
voltage ratio 

Dec¬ 

ibels 

Power 

ratio 

Current or 
voltage ratio 

Gain 

Loss 

Gain 

Loss 



Gain 

Loss 

0.1 

1.02 

0.977 

1.01 

0.989 

4.2 

2.63 

0.380 

1.62 

0.617 

0.2 

1.05 

0.955 


0.977 

4.4 

2.75 

0.363 

1.66 

0.603 

0.3 

1.07 

0.933 

1.03 

0.966 

4.6 

2.88 

0.347 

1.70 

0.589 

0.4 

1.10 

0.912 


0.955 

4.8 

3.02 

0.331 

1.74 

0.575 

0.5 

1.12 

0.891 

1.06 

0.944 

5.0 

3.16 

0.316 

1.78 

0.562 

0.6 

1.15 

0.871 

m 

0.933 

5.5 

3.55 

0.282 

1.88 

0.531 

0.7 

1.17 

0.851 

m 

0.923 

6.0 

3.98 

0.251 

1.99 

0.501 

0.8 


0.832 

1.10 

0.912 

6.5 

4.47 

0.224 

2.11 

0.473 

0.9 

1.23 

0.813 

1.11 

0.902 

7.0 

5.01 

0.199 

2.24 

0.447 

1.0 

1.26 

0.794 

1.12 

0.891 

7.5 

5.62 

0.178 

2.37 

0.422 

1.1 

1.29 

0.776 

1.13 

0.881 

8.0 

6.31 

0.158 

2.51 

0.398 

1.2 

1.32 

0.759 

1.15 

0.871 

8.5 

7.08 

0.141 

2.66 

0.376 

1.3 

1.35 

0.741 

1.16 

0.861 

9.0 

7.94 

0.126 

2.82 

0.355 

1.4 

1.38 

0.724 

1.17 

0.851 

9.5 

8.91 

0.112 

2.98 

0.335 

1.5 

1.41 


1.19 

0.841 

10.0 

10.00 

0.100 

3.16 

0.316 

1.6 

1.44 

0.692 


0.832 

12.0 

15.8 

0.063 

3.98 

0.251 

1.7 

1.48 

0.676 

1.22 

0.822 

14.0 

25.1 

0.040 

5.01 

0.199 

1.8 

1.51 

0.661 

1.23 

0.813 

16.0 

39.8 

0.025 

6.31 

0.158 

1.9 

1.55 

0.646 

1.24 

m 

18.0 

63.1 

0.016 

7.94 

0.126 

2.0 

1.58 

0.631 

1.26 

0.794 

20.0 

100.0 

0.010 

10.00 

0.100 

2.2 

1.66 


1.29 

0.776 

25.0 

3.16 X 10 * 

3.16 X 10" 3 

17.8 

0.056 

2.4 

1.74 

0.575 

1.32 

0 759 

30.0 

10 3 

io -« 

31.6 

0.032 

2.6 

1.82 


1.35 

0.741 

35.0 

3.16 X 10 3 

3.16 X 10" 4 

56.2 

0.018 

2.8 

1.91 

0.525 

1.38 

0.724 

40.0 

10 4 

10“ 4 

100.0 

0.010 

3.0 

1.99 


1.41 


45.0 

3.16 X 10 4 

3.16 X 10~ 8 

177.8 

0.006 

3.2 


0.479 

1.44 

0.692 

50.0 

10 8 

10“ 8 

316 

0.003 

3.4 

2.19 

0.457 

1.48 

0.676 

55.0 

3.16 X 10 6 

3.16 X 10- 8 

562 

0.002 

3.6 

2.29 

0.436 

1.51 

0.661 


10 8 

io -® 

1,000 

0.001 

3.8 

2.40 

0.417 

1.55 



3.16 X 10 8 

3.16 X 10” 7 

1,780 

0.0006 

4.0 

2.51 

0.398 

1.58 

0.631 

70.0 

10 7 

10~ 7 

3,160 

0.0003 


* From F. E. Terman, “Radio Engineers’ Handbook,” McGraw-Hill Book Company, 
Inc., New York, 1943, and “Radio Engineering,” 3d ed., McGraw-Hill Book Company, 
Inc., New York, 1947. 
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It must be emphasized most strongly that Eqs. 9-14 and 9-15, being derived 
from Eqs. 9-12 and 9-13, are valid only to compare voltages or currents 
feeding into equal impedances , for the decibel is fundamentally a means 
of comparing power. 

6. Maximum Power Transfer. It was mentioned that termination of a 
line in its characteristic impedance not only avoids resonance, but also 
provides maximum power transfer. This statement is exact if the char¬ 
acteristic impedance is pure resistance; otherwise it is an approximation, 
but for most practical operation of telephone lines it is quite a good 
approximation. 

The well-known maximum-power-transfer theorem, referring to a net¬ 
work of fixed impedance and constant internal voltage, joined at a pair 
of terminals to another network of variable impedance, says that maximum 
power is absorbed by the receiving network when the impedance looking into 
the receiving network at the junction is the conjugate of the impedance looking 
back into the generating network (both impedances being measured with the 
receiving network disconnected and the voltage source or sources inactive). 

If Z b of Fig. 9-3 can be varied, and E is a source of voltage without 
impedance, the theorem 3 tells us that Z h will receive maximum power 
when Z h is the conjugate of Z a ; that is, when the resistance of Z h equals 
the resistance of Z a and the reactance of Z h is equal but opposite to the 
reactance of Z a . 

Since a linear network can be reduced by Th6venin’s theorem and the 
principle of superposition to a voltage source and a single series imped¬ 
ance, as in Fig. 9-3, the maximum-power-transfer theorem is quite 
general. Its application includes networks containing transmission lines. 

Consider a simple transmission system as in Fig. 9-4. If we specify 
that the characteristic impedance of the line is pure resistance Z ( „ and the 
load impedance Z r is equal to Z 0 , and the impedance of the sending-end 
apparatus Z„ is also Z 0 , the condition for maximum power transfer is 


8 Proof: Let Z a = R a + jX a and Z b = R b + jX b . 


p _ _ E _ E R b _ / Q 

6 ~ b ~ (z. + z b f Rh - (a. + R h ) 2 + (x a + x b ) 2 (9 ‘ 16) 

Varying X b only, it is evident that P b is maximum if X b = — X a . Adjusting X h to 
this value, and holding it constant thereafter, 


P b 


E 2 R h 

(«. + R b ) 2 


(9-17) 


Differentiating with respect to R b and equating to zero, to find the resistance con¬ 
dition for maximum power, gives R b = R a . Combining the two requirements, 
Z 6 - Z fl . 
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satisfied. Looking to the right at the terminals ss', we see the input 
impedance to a line terminated in its characteristic impedance, Z 0 . Look¬ 
ing to the left at ss', we see the impedance of the sending-end apparatus, 
which is Z 0 . Hence maximum power transfer is provided at the terminals 
ss'. 

Looking to the right at the terminals rr', we see the load impedance 
which is equal to Z 0 . Looking to the left, we are again looking into a line 
with its characteristic impedance at the other end, and we see Z 0 . Maxi¬ 
mum power transfer is therefore provided at rr'. The transmission line 
can be divided into a left-hand part and a right-hand part by assuming 
an arbitrary division at any desired point, and looking either way from 



Fig. 9-3. Maximum Fig. 9-4. Line with matching im- 
power transfer. pedances. 


such a division point the impedance seen is always Z 0 . Thus the condition 
for maximum power transfer is satisfied at every point along the line. 

Hence, if the characteristic impedance of a line is pure resistance, and 
if the line impedance is matched to the impedances of both sending-end 
and receiving-end apparatus, the highly desirable condition of maximum 
power transfer is obtained. 4 

In practice, approximations are usually permitted. The characteristic 
impedance of a telephone line is not, in general, a pure resistance. As 
illustrated in the curves of Fig. 5-2, the characteristic impedance of an 
open-wire line is a complex quantity with an angle of a few degrees. To 
avoid resonance on such a line it would be necessary to have a load with 
a small amount of capacitive reactance; to give maximum power transfer, 
it would be necessary to have a load with a small amount of inductive 

4 Impedance matching at all points is sufficient but not necessary for maximum 
power transfer. Consider that Fig. 9-4 represents a line without loss and Z, Z 0 . 
Looking to the left at rr', we do not see Z 0 but some other value Z. We then make 
Z r = Z; this gives maximum power transfer at rr'. Since there is no loss in the line, 
a condition that gives maximum power transfer at rr' must also give maximum 
power transfer at ss'. Impedance looking into the line at ss' is therefore matched 
to the generator impedance Z 8 . Impedance looking into the line at rr' is Z r ; imped¬ 
ance looking into the line at ss' is Z 8 ; the line itself acts as an impedance-matching 
network as explained in Sec. 6. This arrangement, useful for radio antenna feeders, 
gives matching at one frequency only. 
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reactance. The practical solution is to use a load with resistance equal 
to the magnitude of the characteristic impedance of the line, neglecting 
angle. 6 

The characteristic impedance of a typical telephone cable circuit, how¬ 
ever, is not even approximated by pure resistance. As seen in Fig. 5-5, 
the angle of the impedance is not far from 45 degrees. A satisfactory 
match to the impedance of a cable circuit (if not loaded ) can only be pro¬ 
vided by using a terminating network of resistive and reactive elements. 

Figures 5-2 and 5-5 also show that the characteristic impedance of a line 
varies with frequency. A termination of pure resistance can have a mag¬ 
nitude equal to Z 0 at one frequency, but only one; and even a terminating 
network does not readily provide an exact match over the entire trans¬ 
mission range. 

For a line transmitting at voice frequency, it is necessary to have an 
acceptable impedance match from about 250 to 3,000 cycles per second. 
A practical compromise is obtained by designing the line and load to 
match most precisely at 1,000 cycles. This frequency of 1,000 cycles is 
used for many design and test purposes as a typical telephone frequency. 
It is in the range to which the ear is most sensitive, the range most used 
in speech, and the range most necessary for clear articulation. If per¬ 
formance is good at 1,000 cycles, the telephone system will work reasonably 
well over the audio-frequency range. 

For a carrier-current system, the problem is somewhat different. The 
characteristic impedance of open-wire line is almost constant over the 
frequency range used for carrier current, and even the characteristic im¬ 
pedance of cable, as seen in Fig. 5-5, is less variable than in the voice- 
frequency range. The lowest frequency band used for a telephone carrier 
system provides for two channels between about 4,000 and 10,000 cycles, 
and the variation of characteristic impedance of cable circuits through 
this range is not excessively great. For higher frequency channels, the 
variation is less. 

We have seen that it is theoretically desirable to make the line impedance 
equal to the impedances of the load and generator. However, as a matter 
of fact, it is usually impractical to do anything of the kind. An amplifier 
at the receiving end of a long line, for instance, has an input impedance 
many times higher than the characteristic impedance of a line. Fortu¬ 
nately there are ways to overcome this difficulty and to provide a proper 
impedance match. 


6 It can be shown by an extension of the proof in footnote 3 that if the magnitude 
of the load impedance can be varied, but the angle cannot, then maximum power 
will be received if the absolute value of the load impedance is equal to the absolute 
value of the impedance of the generating network. 
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6. Impedance Matching with Transformers. On telephone systems, 
impedance matching is done with transformers. It is well known that a 
transformer will change the apparent impedance, and that the ratio of 
voltage to current on one side of a transformer is related to the ratio of 
voltage to current on the other side by the square of the turn ratio of the 
transformer windings. 

Consider the transformer shown in Fig. 9-5. Assuming this transformer 
is ideal, V 2 = nV i and I 2 = IJn. Impedance looking to the right at 
terminals 1-1 is V x /I t . Impedance looking to the right at terminals 2-2 
is y 2 /I 2 = n 2 V x /I,. 

If the transformer were omitted, and a 
direct connection were made between ter¬ 
minals 1-1 and terminals 2-2, the impedance 
looking to the right at terminals 1-1 would 
be h 2 times as great as it is with the trans¬ 
former in use. This is the meaning of the 
statement that a transformer (often called 
a repeating coil in telephone parlance) trans¬ 
forms the impedance by the square of the 
turn ratio. 

The use of a transformer in impedance matching is obvious. Suppose 
terminals 1-1 in Fig. 9-5 are to be connected to the end of a 600-ohm line 
(Z 0 = 600 ohms) and Z represents the input impedance of 9,600 ohms 
to an amplifier. (These values are reasonably typical of practice.) These 
impedances are in the ratio of 1 to 16. If a transformer is used as in the 
figure with a turn ratio of 1 to 4, the transformer coil with the larger num¬ 
ber of turns being connected to the higher impedance, the line will be 
terminated in its characteristic impedance. 

A transformer or repeating coil will thus serve to match a load to a line, 
provided the two impedances have the same phase angle. If, however, 
the phase angle of the load is not the same as that of the line, further 
adjustment is needed for a perfect match. By adding either inductance 
or capacitance at the load terminals, as may be needed, the load can be 
given the correct phase angle, and a transformer will then serve to match 
magnitudes. If a match is required at one frequency only, the reactance 
added for angle correction can be connected either in series or parallel 
with the load, and it may be on either side of the transformer. However, 
if a match is needed over a range of frequency, some ingenuity may be 
necessary to provide a terminating network with satisfactory impedance- 
frequency characteristics. 

This discussion has assumed an ideal transformer. An actual trans¬ 
former, having resistance, core loss, leakage reactance, magnetizing ad¬ 
mittance, and distributed capacitance, will provide something less than a 



i-1 2 

Transformer 

Fig. 9-5. Impedance matching 
by use of a transformer. 
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perfect match. Above moderate radio frequencies, core loss is so great 
that transformer matching can be used only with difficulty if at all. A 
matching network is then used. The great advantage of the simple trans¬ 
former is that it is not sensitive to frequency and that it provides practically 
the same impedance transformation ratio over the entire range of fre¬ 
quencies for which it can be used. 

Impedance matching on telephone systems is done with transformers, 
not only at voice frequency, but also for carrier-current operation as high 
as 140 kilocycles per second. It is not practical to design either trans¬ 
mitting or receiving equipment to match line impedance, and impedance¬ 
matching transformers are commonly used at both ends of lines. An 
impedance of 600 ohms is, in a sense, the standard impedance for telephone 
system operation. This is approximately the characteristic impedance of 
an open-wire telephone line at 1,000 cycles (with 165-mil wire, 12-inch 
spacing, Z 0 = 612 ohms; with 128-mil wire, 8-inch spacing, Z 0 = 603 ohms) 
although there are many lines with widely different impedance. 

7. Impedance-matching Networks. It is possible to use a network of 
reactive elements instead of a transformer for impedance matching. 
Matching networks cannot readily be used for voice-frequency transmis¬ 
sion, as they are satisfactory for only one frequency or, at most, a narrow 
band. They can be used for carrier-current service if the carrier frequency 
is high enough to make the voice band relatively narrow. They can be 
used for impedance matching at radio frequency. For example, the im¬ 
pedance of a radio broadcast antenna is frequently matched to the char¬ 
acteristic impedance of the transmission line leading to the antenna by 
means of a reactive network. 

L -section Network. If, for example, a line of characteristic impedance 
Z 0 is to be terminated in apparatus with an input impedance 72, as shown 

in Fig. 9-6, a network of reactances 
can be used between the line and the 
load with elements so chosen that the 
impedance across the receiving termi¬ 
nals of the line is (at one frequency) 
equal to Z 0 . 

As a simple numerical example, 
consider a line for which Z 0 is 400 
ohms, required to supply power to apparatus with an input impedance of 
R = 600 ohms. Let us try to match impedances by inserting two react¬ 
ances, X j and X a , as shown in Fig. 9-6. 

We know that impedance looking to the right at terminals aa is 

~ 4- R(jX ^ - RX * + j[X ' X * + M + *a)l 

" 3 1 ^R+jX, ~ R 2 + X 2 



Fig. 9-6. Impedance matching by use 
of a reactive network. 


(9-18) 
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Since this impedance looking in from the line should be equal to Z 0 , its 
real component should be equal to 400 ohms, and its imaginary Com¬ 
ponent should be zero. We therefore write 

DV 2 

R 2 + X 3 2 = Z 0 = 400 (9-19) 

X 1 X 3 2 + R\X 1 + X 3 ) = 0 (9-20) 

Equation 9-19 is readily solved for X 3 : 

x • - <*- 2 » 

and Eq. 9-20 gives 

Xl = Z °R R T V%(# - Z 0 ) (9-22) 

Introducing the numerical values for Z 0 and 22, 

X 3 = ±848 ohms X x = ±283 ohms (9-23) 

By using the values so obtained for X l and X 3 , the impedance looking 
into the network at terminals aa is 400 ohms and the line is terminated in 
its characteristic impedance. Note that X 3 may be either a condenser or 
an inductance with reactance (at the frequency for which the impedances 
are matched) of 848 ohms; X x must be the inverse reactance, inductive 
or capacitive respectively, with a value of 283 ohms. 

It is important that this network, which transforms a 600-ohm load on 
terminals bb to a 400-ohm impedance at terminals aa, gives the inverse 
transformation when viewed in the opposite direction. That is, if a 400- 
ohm load is attached to the terminals aa, the impedance looking in at bb 
is 600 ohms. A numerical solution for impedance looking in at bb gives 


%bb 


(400 + jX x )jX 3 = (400 ± j283)(±j848) 
400 + j(X x + X 3 ) 400 + j(±283 ± 848) 


= 600 ohms 


(9-24) 


This is an illustration of a general principle. To derive the principle, 
first consider a theorem that applies to any network or series of networks 
of purely reactive elements: if an impedance match to give maximum 
power transfer (a conjugate impedance match) is provided at terminals 
aa, there will also result a perfect (conjugate) match at terminals bb. This 
follows from a line of reasoning used before: 6 if there is a perfect match 
at aa in Fig. 9-6, maximum power passes those terminals, and no adjust¬ 
ment of impedances to the right of aa can increase the power. Since the 


6 See footnote 4. 
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matching network is purely reactive, power at bb is the same as power at 
aa. If a change of impedance at R cannot increase power passing aa, it 
cannot increase power passing bb. Hence an impedance match at aa pro¬ 
vides maximum power at aa, and also at bb, which must necessarily corre¬ 
spond to a conjugate impedance match at bb. 

This theorem tells us that if a network of reactive elements, with two 
pairs of terminals, is matched to the impedance connected at one pair of 
terminals, it is matched to the impedance at the other pair also. Hence, 

if a network of pure reactance elements 
transforms an impedance from Z m to Z n 
when power flows in one direction, it will 
transform from Z n to Z m when power flows 
in the other direction. 

Since the network may be used in either 
Fig. 9-7. An L matching net- direction, it is convenient to generalize as 
work. in Fig. 9 - 7 ? not specifying which direction 

power is to flow. The design equations for 
the network, to provide a match to both of the resistances R x and R 2 (taken 
from Eqs. 9-21 and 9-22 with changes of symbols only), are 

X x = =F V # i(#2 - « i ) 

„ „ nt~ (9-25) 


X* = dz!22 


Hi 

Jr 2 — R\ 


Note that R 2 in both equations is necessarily greater than (for a 
matching network to be made of reactive elements); this means that the 
matching network must be faced one way or the other as is necessary to 
put the shunt element X 3 next to the higher resistance. 

These design equations assume that R x and R 2 are purely resistive. If 
the terminating impedances in Fig. 9-7 have reactive components, an in¬ 
verse reactive element (having equal but opposite reactance at the fre¬ 
quency for which the network is designed) should be used. Thus, if the 
right-hand load were inductive, a condenser could be connected across the 
terminals bb, and R 2 is then the purely real combination of inductive load 
and condenser in parallel. This additional condenser does not need to be 
a distinct element, and can be combined with X 3 in the actual construction 
of the network. In a similar manner, if the left-hand impedance were 
inductive, the necessary correction could be made by connecting a con¬ 
denser in series; the series condenser can be combined with X v in the 
actual physical network. 

X x in Eqs. 9-25 can be either positive or negative, either inductive or 
capacitive, as the designer prefers. X 3 must then be the inverse reactance, 
with opposite sign. The designer’s choice may be based on convenience 
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or economy, but there is another electrical factor in the problem, nojt yet 
discussed, that may be important. This is the phase of the voltage de¬ 
livered by the matching network, relative to the phase of the input voltage. 
(Current has the same phase shift between input and output as has the 
voltage, for both input and output impedances are purely resistive.) 

It is not difficult to determine the change of phase as a signal passes 
through the network. Consider a signal passing from right to left in 
Fig. 9-7, and write the voltage at aa in terms of the voltage at 66: 

r ~- v “whx, = wfk ?<«■ - m 

It is evident that V aa , the output voltage, will lag V bb , the input voltage, 
by an angle that may be called 0 such that 

tan ft = f 1 (9-27) 

tli 


For design purposes it is more convenient to substitute the first of Eqs. 


9-25 for Xi and derive 



(9-28) 


If X u the series element, is inductive, 0 is positive and phase is retarded 
(the output voltage lags). 

If Xi, the series element, is capacitive, 0 is negative and phase is ad¬ 
vanced (the output voltage leads). 

Now consider a signal passing through the same network from left to 
right. A similar but slightly more involved solution for 0 gives, surpris¬ 
ingly, the same result. That is, Eq. 9-28 and the statements beneath it 
still apply; the phase shift is the same in amount and in sense for a signal 
passing in either direction. 

A qualitative picture of why the L section is able to produce an imped¬ 
ance transformation is as follows. Consider the network of Fig. 9-6, by 
which a 600-ohm resistance R is to be transformed to a 400-ohm resistance 
at the terminals aa . The resistance R and the reactance X z are in parallel. 
The designer may choose whether X 3 shall be inductive or capacitive; let 
us decide that it is to be a condenser. The parallel combination of X* 
and R are then as shown in Fig. 9-8a. 

This parallel combination of capacitance and resistance is equivalent (at 
one frequency) to a series circuit as shown at 6, with capacitance C 9 and 
resistance R'. C f and R' must be such that the impedance of the series 
combination is equal to the impedance of the parallel combination; the 
value of R f depends on X 3 as well as on R, and R' is always less than R. 
Let us choose a value for X 3 that will make R f equal 400 ohms. 
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Now, C f and R f in series constitute a capacitive impedance, the real 
component of which is 400 ohms. By putting series inductive reactance 
into the circuit (as X x in Fig. 9-8d) equal and opposite to the reactance of 
C ', we leave zero reactance, and obtain 400 ohms input resistance at the 
terminals aa. Figure 9-8d is a hypothetical network that is equivalent to 
the actual arrangement of elements as shown at c. This concept of the 
action of a matching network will be useful later, in connection with 
microwave impedance matching. 


(a) Actual 


:R=600n 


(b) Equivalent 



_ 

C 1 

1 

« 

< 

_1 

:r'=400a 

i 


(c; Actual 
o~-nmr^ 


a x, 


►R=600n 


(d) Equivalent 

r^sHh 


R -400 a 


a b a 

Fig. 9-8. Principle of operation of a matching network. 


T- and H-section Networks. The L-section matching network consists 
of two reactances, and there are only two variables in its design. In the 
above discussion, these design variables have been adjusted to match re¬ 
sistance to resistance and reactance to reactance. Since there are only 
two variables for the designer to work with, nothing more can be done— 



-J-- 0—1- 

(a) (b) 


Fig. 9-9. T and IT matching networks. 

except that the designer has the additional choice of making the series 
element inductive to provide phase retardation, or capacitive, to provide 
phase advance. The amount of the phase change is not under his control. 

For some purposes it is necessary to provide current at the end of a 
transmission line with a specific phase relative to other currents or voltages. 
An example is seen in a transmission line used to feed a radio antenna if 
the antenna is part of an array. The designer is able to control phase as 
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well as to provide proper matching if he uses a network comprising tjiree 
reactive elements. These can be arranged as a T section (Fig. 9-9a) or 
as a II section (Fig. 9-96). 

Design equations to match the T and n networks to terminal resistances 
Ri and R 2 and to introduce a phase lag P are as follows: 7 


For T section: 


For II section: 


X t = 


X 2 = 
X 3 = 


Ri cos P — VR x R 2 
sin P 

r 2 cos p — vte 

sin P 

\/RiR 2 
sin P 


v R]R 2 sin P 

jcx. a ““ ; 

i ?2 cos P \/RiR 2 

v sin p 

.A — .- 

7?! cos p — y/RiR 2 

X e = y/RJt 2 sin P 


(9-29) 


(9-30) 


The L-sec tion n etwork is a special case of either the T or the II. Letting 
cos p = VR 1 /R 2 (Eq. 9-28), X 2 for the T section becomes zero and 
and X 3 reduce to the simpler values given in Eqs. 9-25 for the L section. 
(The choice of + or — sign in the latter equations arises from the choice 
of + or —/3 in Eqs. 9-29, the sign of sin P not being determined by the sign 
of cos p.) Equations for the II section reduce similarly. 

If the greater flexibility of a three-element network is not required to 
provide a predetermined phase shift, it can be used for other purposes. 
A T or II network may be designed, for instance, to come closer to pro¬ 
viding an impedance match over a range of frequencies than is possible 
with the two-element l-section network. 

8. The Distortionless Line. It is to be expected that a line, even 
though properly terminated, will attenuate and distort the signal to some 
extent. Attenuation results from loss of energy in the line, and cannot 
be avoided, but amplifiers at the line terminals, and at intermediate re¬ 
peater stations, 8 will compensate for attenuation. However, a transmission 


7 From F. E. Terman, “Radio Engineering,” p. 102 (Ref. 33). 

8 A telephone “repeater” is an amplifier with associated circuits; it is not to be 
confused with a telephone “repeating coil,” which is a transformer in the lan¬ 
guage of telephone engineering. 
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line does not ordinarily attenuate all frequencies equally, and unequal 
attenuation results in frequency distortion. 

It is theoretically possible to design a line that avoids distortion by 
attenuating all frequencies in the same proportion. Consider a line with 
the constants so related that 


or 



(Ml) 


rc — Ig 


(9-32) 


Such a line is called a distortionless line, and it has a number of interesting 
and desirable characteristics, including the following. 

Characteristic impedance is purely real. By definition (Eq. 1-38), 


Z 0 


IE _ jr +ju>l 
vy vg+jac 


(9-33) 


Substitution from Eq. 9-32 gives 

lg/c + jcol _ j(g +~jooc)l/c _ ft 
g + jwc \ g + jeoc \c 



(M4) 


It is evident that this is a real quantity. 

Characteristic impedance is independent of frequency. This also is evident 
from Eq. 9-34, for « has disappeared from the equation. It follows from 
these two conclusions that the characteristic impedance of a distortionless 
line can be matched by a single pure resistance at all frequencies. A 
simple resistance termination gives only an approximate match for any 
nondistortionless line. 

Attenuation is independent of frequency. Attenuation is given by Eq. 5-6: 

a = 4" & 2 l 2 )(g 2 + u 2 c 2 ) + rg — a> 2 fc] (9-35) 

From Eq. 9-32, g 2 = r 2 c 2 /l 2 , which gives 

a = 4\ [•tj(r 2 + «0(r 2 + »*t) f + rg- « 2 fc] 

— (r 2 ^ + c o 2 l 2 + tq — co 2 fc ~ (9-36) 


Frequency, as a factor of o>, has disappeared from this equation, leaving a 
independent of frequency. 

Attenuation is minimum. It is obvious that loss on a transmission line 
can be reduced by decreasing the resistance r or the leakage g. If it is 
assumed that r and g cannot be reduced, there is a best relation of in- 
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ductance l and capacitance c to give minimum attenuation. This turns 
out to be the same relation as that for the distortionless line. The first 
step in the demonstration is to differentiate a in Eq. 9-35 with respect to 
l and set the result equal to zero; this is a moderately involved differentia¬ 
tion, but not at all difficult. Then let 



o 

II 

•SI'S 

(9-37) 

which gives 

l(g 2 + o>V) — c \/ (r 2 -J- Yl 2 )(g 2 + toV) = 0 

(9-38) 

from which 

l\g 2 + wY) = (rV + YVc 2 ) 

(9-39) 

Dividing both sides by Z 2 , 



II 

1 M 

(9-40) 


Hence this relation, which is also the relation for the distortionless line, 
gives minimum attenuation as a function of l. 

An exactly similar differentiation shows that the same relation gives 
minimum attenuation as a function of c. The distortionless line therefore 
has the least attenuation that can be attained by variation of inductance 
or capacitance or both. The amount of the attenuation is given by Eq. 9- 
36. 

Velocity of 'propagation is independent of frequency . It was shown in 
Eq. 1-49 that the velocity of propagation on a transmission line is o>/0. 
On the distortionless line, 0 = that is, the phase constant is pro - 

portional to frequency. This is shown by treating Eq. 5-7 for 0 as Eq. 5-6 
for a is handled in obtaining Eq. 9-36, whereupon Eq. 5-7 reduces to 

0 = u\/k (9-41) 

We therefore have 

Velocity = ~ = -4= (9-42) 

P y/lc 

Velocity of propagation is maximum . Any combination of constants 
different from the relation for the distortionless line gives a velocity of 
wave propagation less than that specified by Eq. 9-42. This can be shown 
by differentiating 0 in Eq. 5-7 with respect to any one of the constants 
r, g, Z, or c (as a was differentiated in obtaining Eq. 9-38) and setting equal 
to zero. The relation rc = Ig results. Hence 0 is minimum and velocity 
is maximum on the distortionless line. 
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Because attenuation and velocity of propagation are both independent 
of frequency, a line characterized by the relation rc = Ig does not intro¬ 
duce either frequency distortion or delay distortion . On a properly termi¬ 
nated line, the received signal will be identical in form to the transmitted 
signal. The magnitude of the signal will be reduced by attenuation, but 
every part of the signal will be reduced in proportion. (It is shown in 
Chap. 14 that the same statement can be made of transient traveling 
waves.) This is the reason for the name of the distortionless line . 

The six characteristics of the distortionless line listed above are all de¬ 
sirable, and a distortionless line would be particularly good for telephone 
service. Yet practical lines are never distortionless. The insulation con¬ 
ductance g is so small on actual lines that the necessary ratio of other 
parameters cannot practically be attained. 

In considering how a line could be made distortionless, the first obvious 
suggestion is to increase g. To do so would increase loss, however, and 
attenuation would be greater. This disadvantage far outweighs any possi¬ 
ble advantages. 

The next suggestion, noting that r/g should equal Z/c, would be to make 
r small. This requires larger wires, and the expense is prohibitive. 

Larger inductance or smaller capacitance w r ould tend toward the dis¬ 
tortionless relation. Inductance can be increased, and capacitance de¬ 
creased, by using greater spacing between wires. Greater spacing requires 
more expensive pole and crossarm structures, and this also is prohibitive. 
(Indeed, for open-wire carrier circuits, rather close spacing of the two 
wires of a pair is desirable, together with maximum practical spacing 
between circuits, to reduce crosstalk.) 

Another possible way to increase inductance is to increase the magnetic 
permeability of the magnetic field. If some magnetic material were placed 
in the space close around the conductors of a telephone line, inductance 
would be increased. Permalloy tape has been wrapped around the wires 
of submarine telephone cable to give what is called continuous loading , to 
increase inductance, but the expense is too great for ordinary telephone 
installations. A more practical solution is to use loading coils ; these are 
small inductance coils placed in each wire of a telephone line at frequent 
intervals. 

9. Loaded Cable Circuits. Loading coils are used in telephone cable cir¬ 
cuits. They provide inductance with a minimum of resistance and core 
loss. They are wound on permalloy dust cores (usually molybdenum- 
permalloy) and have inductance of the order of magnitude of 10 to 100 
millihenrys. The unavoidable resistance is a few ohms. 9 It is evident 

9 Typical values are 22 millihenrys and 1.25 ohms for coils to be spaced 3,000 feet 
(Type B-22); or 88 millihenrys and 7.3 ohms for coils to be spaced 6,000 feet (Type 
H-88) (see Ref. 34). 
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that they introduce lumps of inductance into the line at finite intervals, 
instead of increasing the distributed inductance of the line in a uniform 
manner, but for some purposes this kind of “lumpy” loading is entirely 
satisfactory. 

Loading coils provide a means of introducing a fairly large amount of 
inductance into a line. The practical effect is much the same as if the 
distributed inductance were increased, provided the coils are placed in the 
line at distances not much greater than a quarter-wavelength of the 
highest frequency transmitted. 

Loading coils are advantageous for the transmission of the low fre¬ 
quencies. However, loading coils, acting with the capacitance and in¬ 
ductance of the line, constitute a low-pass filter, and although a loaded 
line will very satisfactorily transmit frequencies below what is called the 
cutoff frequency, all higher frequencies are severely attenuated. Thus, a 
line on which heavy lumped loading is employed will not transmit the 
frequencies required for carrier-current transmission. 

From the practical point of view, nearly all the parameters of a circuit 
are improved by loading, for frequencies below cutoff. Impedance per 
unit length, 2 , is increased, and consequently the characteristic impedance 
Z Q is raised. (Typical values for a cable circuit are given in Table 9-2.) 


TABLE 9-2 

CHARACTERISTICS OF TYPICAL TELEPHONE CIRCUITS 
AT 1.000 CYCLES PER SECOND* 



Per loop-mile 

a 

per 

mile 

0 

per 

mile 

Zo t 

ohms 

Veloc¬ 

ity, 

miles 

per 

second 

Dec¬ 

ibels 

per 

mile 

r, 

ohms 

1 , 

henrys 

c, 

Mf 

Qi 

M 

mhos 

Non¬ 

loaded 

cablef 

85.8 

0.001 

0.062 

1.5 

0.125 

0.134 

470/-42.80 0 

46,900 

1.08 


Loaded 

cablet 

92.2 

0.078 

0.062 

1.5 

0.0418 

0.439 

1,131/—5.22° 

14,320 

0.36 


Open 

wire§ 




0.29 



692/ —11.75° 


0.066 



* Data courtesy of American Telephone and Telegraph Company, 
t No. 19 AWG nonloaded side circuit, paper insulated. 

t Same cable with H-88-S type loading: Coil spacing, 6,000 feet; coil inductance, 88 
millihenrys; coil resistance, 7.3 ohms (cutoff frequency, approximately 4,000 cycles). 

§ 104-mil wire, 12-inch spacing, non-pole-pair side circuit of a line carrying 40 wires, 
dry weather, temperature 20°C. 
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Z 0 becomes more nearly resistive, and more nearly uniform over the range 
of frequencies transmitted. This helps with impedance matching. The 
higher z results in a higher phase constant 0, and therefore in lower velocity 
of propagation. Lower velocity is a disadvantage; but loading tends to 
equalize the velocity of propagation at different frequencies, which tends 
to avoid delay distortion, and this is an advantage. 

Table 9-2 gives parameters of typical practical circuits at a frequency 
of 1,000 cycles. Figure 9-10a shows the marked reduction of attenuation 
of transmitted frequencies that results from loading, the increase of at¬ 
tenuation as the cutoff frequency is approached and exceeded, and Fig. 



Fig. 9-10. Attenuation and velocity in a heavily loaded cable circuit, showing disad¬ 
vantage of too heavy loading. 

Nonloaded No. 19 AWG cable: 

r = 85 ohms per loop-mile c = 0.062 microfarad per mile 

l =* 1.0 millihenry per mile g = 1.5 micromhos per mile 

9-106 shows the uniform velocity of propagation of transmitted frequencies 
in a loaded cable. 

It has been said that the effect of loading coils is much the same as if 
an equal amount of inductance were introduced into the line with uniform 
distribution, provided the frequency is well below cutoff. For many com¬ 
putations, it is satisfactory to assume that the added impedance is actually 
distributed; the total equivalent inductance per foot of line is then found 
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by dividing the inductance of the coil by the number of feet between qoils 
and adding this to the actual inductance per foot of line. Parameters 
given in Table 9-2 are computed on this basis. 

To show that attenuation is reduced by increasing the inductance of a 
cable, consider Eq. 5-16. If leakage is small (as it is in both open-wire 
and cable lines) so that it is a good approximation to let g = 0, Eq. 5-16 
becomes 


rc 

a «- 7= 

2\/lc 

This is more commonly written 

_ 7 

2\/l/c 


(9-43) 

(9-44) 


This expression shows that if Ig is much smaller than rc, an increase of 


(It may be conceived as increasing 


(o) 






yL, 


2«-C>2 k C 


(W 


(c) 


(d) 


(e) 




z,y, B, Zo 


2 L CvZRc . 


2 L c»^ r c , 


inductance will reduce the attenuation, 
the voltage at which energy is trans¬ 
mitted.) Decrease of attenuation re¬ 
sulting from increased inductance is 
the important practical reason for 
loading cable circuits. 

10. Computation of Parameters of 
Loaded Lines. The assumption that 
a loaded line acts as if the induct¬ 
ance of the coils were actually distrib¬ 
uted is oversimplified for some pur¬ 
poses. It will not permit computing 
attenuation near the cutoff frequency. 

It does not indicate the frequency of 
cutoff. Indeed, it docs not even sug¬ 
gest that there is a cutoff frequency. 

Problems relating to cutoff are at¬ 
tacked as follows. Figure 9-1 la shows 
two of the loading coils that are in¬ 
serted with equal spacing along a line. 

(Loading coils are actually put in both 
wires of the line to maintain balance to 
other circuits and to ground, but this 
makes no difference to the analysis. 

For computation, we assume the total inductance and resistance of the 
coils to be in series with the line; whether in one wire or in two is imma¬ 
terial.) Let us now associate with the length of line shown in the figure 
one-half of the inductance and resistance of each of the coils shown. Thus 


zz 
nnrffw 


i 7 * 


z'.y: b; Zq 


Fig. 9-11. Steps in computing the ac¬ 
tion of a loaded line. 
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each section of loaded line consists of the actual line plus half a loading 
coil at each end. This is indicated in Fig. 9-11&, where L c and R c are the 
inductance and resistance of a loading coil, z and y are the impedance and 
* admittance per unit length of the line, and B and Z 0 have their usual 
meanings: 

B = -jVzy Zo = (9-45) 

The length of line between loading coils is x. 

We wish to know how this composite section of line and loading coil 
behaves. The solution proceeds in three steps. First, the actual line of 
Fig. 9-1 1 Z> is changed to an equivalent artificial line, as in c of the figure. 
Second, inductance and resistance of the actual loading coil are combined 
with inductance and resistance of the artificial line, giving, as in d, an 
artificial line section that is equivalent to line-plus-loading-coil. Third, 
this derived artificial line section is converted back into a line with dis¬ 
tributed constants, as in c, having parameters B ' and Z 0 ', and from these 
parameters w r e can deduce the information that we need. 

Formulas for transformation from a smooth line to an artificial line (b 
to c) were developed in Chap. 8 (see Table 8 - 1 ), as were also formulas for 
the inverse transformation from an artificial line to a smooth line (d to e). 
They are applied as follows, using the symbols of Fig. 9-11. In Fig. 9-1 lc, 


1 7 _ 3? tan \Bx 

2 2 \Bx 


Y = yx 


sin Bx 
Bx 


In Fig. 9-1 Id, 


W = \Z + hZ e = \Z + [±R C + ja>$L c )] 
Y' = Y 


In Fig. 9-1 le, 


cos B r x = 1 + ^ Z' Y' = cos Bx + j sin Bx 


\zT t z' 2 
~ V Y + T 


(9-46) 

(9-47) 

(9-48) 

(9-49) 

(9-50) 

(9-51) 


From B' in Eq. 9-50, a' and &' are found, for 

B' = p - ja' (9-52) 

Attenuation and velocity of the signal in the loaded line are thereby 
determined. 
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Let us compute cutoff frequency. The cutoff frequency of a line is t not 
much affected by line losses, so we shall neglect losses in both line and 
loading coils. This simplifies the work, without decreasing its practical 
value. Before going further, it will be well to consider exactly what is 
meant by cutoff frequency . 

If line and loading coils have no loss, attenuation below cutoff frequency 
is zero. Above cutoff frequency, there is attenuation. This is the definition 
of cutoff frequency. 

In our work with smooth lines, we have become accustomed to thinking 
of attenuation as a result of power loss. The idea of attenuation on a loss¬ 
less line is therefore somewhat surprising. For the present, it will be 
sufficient to consider that attenuation as used in the present discussion 
means not power loss, but power rejection. If a section of loaded line, 
even though lossless, refuses to pass energy, so that a signal applied to 
such a section is not delivered by it, the signal is blocked as effectually as 
if the energy were wasted in resistance. (The resulting attenuation, some¬ 
times called reactive attenuation , is more fully discussed in Chap. 10.) 

The following mental picture 10 is helpful in visualizing the blocking 




Fig. 9-12. “Loading’' a mechanically vibrating cord with small weights. 

effect of a loaded line. A mechanical traveling wave may be carried by 
a stretched cord, as in Fig. 9-12a. To enable the vibrating cord to carry 
more energy with the same amplitude of vibration, it can be loaded by 
attaching to it a large number of buckshot as in Fig. 9-126. The effect is 
quite different if a few large lumps of lead are attached, as in Fig. 9-12c. 
Figure 9-12c illustrates the blocking action of coils spaced too far apart 
to pass the frequency applied; Fig. 9-126 shows the transmission of a fre¬ 
quency in the pass band. Although in Fig. 9-12c energy is not delivered 

10 Adapted from “Principles of Electricity Applied to Telephone and Telegraph 
Work,” American Telephone and Telegraph Company (Ref. 34). 
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to the right-hand end of the line, neither is it dissipated in the line; it is 
merely rejected because the heavy lump of lead refuses to move in response 
to the vibration of the light cord, and the wave is reflected back to the 
source. For the wave to be transmitted, the lumps must be close enough 
together to pull each other up and down, not relying on the mass of the 
cord. 

Returning to the computation of cutoff frequency, when losses are 
neglected, Eqs. 9-50 and 9-51 become 

coaB'x = 1 + | GwLOCjwC") = 1 - (9_53 > 

Zo' = yj§? ( 9 - 54 ) 

Equation 9-53 gives the cutoff frequency, by the following argument. 
If B'x is real, /3 exists, a does not, and a signal is transmitted without 
attenuation (see Eq. 9-52). If, on the other hand, B'x is imaginary, a 
exists, 0 does not, and there is attenuation. Now Eq. 9-53 can have a 
real solution for B'x only if the right-hand member of the equation has a 
value between 1 and —1, for the cosine of a real variable has values only 
in this range. Hence, if the value of 1 — \u 2 L'C' is between 1 and — 1, 
B'x is real and there is no attenuation; while if the value is greater than 1 
or less than — 1, B'x is not real and there is attenuation rather than trans¬ 
mission. 

Since L' and C' are positive, the quantity 1 — \&L'C' cannot be greater 
than 1, but it can be less than — 1. The frequency at which it becomes 
— 1 is the cutoff frequency, for at lower frequencies there is no attenuation, 
whereas at higher frequencies there is attenuation. Consequently, the cut¬ 
off frequency is that for which 

1 - \<* 2 L'C' = -1 (9-55) 


If the cutoff frequency is called f cy and the corresponding to is w c , we have 


or 




Vl'c' 

i 


tVl'c' 


(9-56) 

( 9 - 57 ) 


The sudden increase of attenuation in an actual circuit as the cutoff fre¬ 
quency is exceeded is shown in Fig. 9-10o. 

Since the fractions tan \Bxj\Bx and sin Bx/Bx in Eqs. 9-46 and 9-47 
are always very nearly equal to 1, cutoff frequency can be computed in 
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practical problems by using the following approximate expressions in Eq. 
9-57: 

V - lx + L e (9-58) 

C' = cx (9-59) 

where l is distributed inductance (henrys) per unit length of the actual 
line 

c is distributed capacitance (farads) per unit length of the actual 
line 

x is length of line between loading coils 
L 0 is inductance (henrys) per loading coil 

Note that Z</ is imaginary at frequencies above the cutoff frequency. 
A line with an imaginary characteristic impedance cannot be expected to 
transmit power. 

11. Equalizing Networks. Since it is not actually feasible to build a 
distortionless line, or even to load a practical line enough to minimize 
distortion, telephone engineers have sought an entirely different means of 
providing a distortion-free signal at the receiving end of a line. The 
general principle is to accept the unequal attenuation and phase shift that 
result on a nonloaded line or cable, and then to 
provide compensating attenuation and phase shift 
in terminating networks. 

If a telephone line or cable attenuates the high 
frequencies more than the low frequencies, as is 
usual, the equalizing network employed with the 
line will attenuate low frequencies more than high 
frequencies, making the total attenuation of all 
frequencies substantially the same. 

Ideal equalization is shown in Fig. 9-13. The 
curve shown for line loss is typical of an unloaded 
cable circuit. The range of frequency for which equalization is required 
may be only the audio-frequency band for voice transmission, but, if the 
cable is to be used for carrier transmission, it is necessary to equalize atten¬ 
uation of a group of carrier channels. The width of the frequency band 
requiring equalization in a carrier-current cable circuit may be from 10 to 
as much as 50 kilocycles. 

The engineering problem is to design an equalizing network with the 
desired attenuation. As indicated in Fig. 9-13, loss in the equalizer should 
be inverse, as a function of frequency, to the line loss; also, the minimum 
equalizer loss should be as low as possible to give minimum total loss. It 
is further necessary to provide an equalizing network that will not disturb 
the impedance match of the line. 



Fig. 9-13. Equalization 
of attenuation. 
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There are several simple ways to obtain an approximate kind of equali¬ 
zation if the amount of attenuation required is not great. A condenser in 
series with the load, for example, reduces power to the load at low fre¬ 
quency more than at high, and hence provides an attenuation crudely 
similar to that indicated in Fig. 9-13. Another crude means of equalization 
is to shunt across the load an impedance element with resistance and 
inductance in series; this shunt will divert more energy from the load at 
low frequency. Either of these methods tends to give the desired equali¬ 
zation, but at the expense of spoiling the impedance match between load 
and line. But if both of these arrangements are used together, in the 
proper proportion, it is possible to get the desired attenuation while main¬ 
taining an impedance match. This leads to what is called the bridged-T 
network . (Equivalent T, IT, or lattice networks can be used instead of a 
bridged T, but they require more reactive elements in the networks, and 
hence are less desirable.) 

Figure 9-14a shows a bridged-T network between a load of resistance 
R and a generator with internal resistance R. It is desired that the bridged 




Fig. 9-14. Bridged-T equalizing network. 


T be matched to the terminating impedance R at both ends. The bridged 
T itself must be symmetrical; that is, Z 4 = Z 2 . Now, the same network 
can be drawn to have the appearance of a Wheatstone-bridge circuit as in 
Fig. 9-14 b; this is electrically the same, but is arranged in a form that 
makes it clear that if 



(9-60) 


there will be no current through Z 4 . Let us specify that the bridged T is 
designed to have these proportions; Z 4 then carries no current and may be 
completely omitted from the diagram as in Fig. 9-14c. 

It is evident from Fig. 9-14c that the input impedance to the bridged-T 
network when terminated with the load R is 


_ (Z, + R)(z 2 + Z 3 ) 
<n Z, + Z 2 + Z 3 + R 


(9-61) 
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For a proper impedance match, this input impedance must equal R. We 
therefore set Eq. 9-61 equal to R and solve for Z 2 . Combined with Eq. 
9-60, this gives 

Z 2 — R (9-62) 

Since, for symmetry, Z 4 must equal Z 2 , it follows that Z 4 = R also. From 
Eq. 9-60, 

Z,Z 3 = Z 2 R = R 2 (9-63) 

Hence we find that for a bridged-T network to match R at both ends, it 
is necessary that Z 2 and Z 4 equal R, and that Z, and Z 3 satisfy Eq. 9-63. 

This latter condition is sometimes expressed by saying that Z 3 must be 
the inverse of Z,. If the equation is written 

jr = R 2 (9-64) 

it is evident that Z x and Y 3j to be inverse, must have the same proportion 
of real and imaginary components. Hence, if Z x is pure resistance, Y z 
must be pure conductance. If Z Y is inductive, Y z must be capacitive. To 
tabulate the inverse relationship, 

If one of the pair is: the inverse unit must be: 

Resistance Resistance 

Inductive reactance Capacitive reactance 

Capacitive reactance Inductive reactance 

Impedance units in series The inverse units in parallel 

Impedance units in parallel The inverse units in series 

Thus, if Z 1 is a condenser, Z 3 must be an inductance, and a bridged-T 
network so designed becomes that of Fig. 9-15. Remembering that the 
element corresponding to Z 4 carries no 
current when a signal is being transmitted 
from left to right, it will be seen that this 
bridged T is a means of putting a con¬ 
denser in series with the load, and shunt¬ 
ing a coil with resistance and inductance 
across the load, while at the same time 
maintaining an exact impedance match. 

Figure 9-15 is still a crude and inade- Fig. 9-15. A crude example of a 
quate network for equalizing attenuation. bridged-T equalizing network. 

In general, Z l should not be a single ele¬ 
ment, but a carefully designed combination of many elements in parallel 
and series. Z 3 is the corresponding inverse network. It is apparent (re¬ 
membering, still, that Z 4 carries no current) that the voltage of the signal 



Input Load 
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applied to the bridged-T network is applied to Z x and the load in series. 
Therefore Z l9 and Z x alone, determines the part of the applied voltage that 
reaches the load and hence the attenuation of the signal in the bridged-T 
network. If Z x (like a condenser) has a higher impedance to low frequencies, 
low frequencies are more attenuated by the bridged T. If Z x gives series 
resonance at a certain frequency, that particular frequency is passed by the 
network to the load without attenuation, whereas if Z x has parallel reso¬ 
nance, the resonant frequency is blocked. The proper choice of elements to 
compose Z x in order to provide the desired attenuation at all frequencies is 
the art of equalizing-network design. 

As an alternative to compensating for unequal line loss by providing 
additional loss in an equalizing network, it is possible to compensate by 
providing unequal gain in an associated amplifier circuit. Negative feed¬ 
back is used in the amplifier, and the equalizing network is put in the 
feedback circuit. The basic principle of equalization is clearly the same 
whether compensation is accomplished by providing more loss or less gain. 

Pads . Networks are often required in telephone systems to attenuate 
all frequencies equally. Such networks are called pads, and are made of 
resistances only. A pad must not disturb the impedance match of the 
system; thus it is necessary that the impedance looking into the pad from 
either direction equal the characteristic impedance of the lines (or other 
apparatus) to which the pad is connected. A pad may take the form of 
a II or T network. To design a pad, reference may be made to Chap. 10. 
Use Eq. 10-7 or 10-8 for characteristic impedance, referring to Fig. 10-5 
and using pure resistances for the impedances; use Eq. 10-23 for the 
desired attenuation, again letting Z x and Z 2 be pure resistance; then solve 
these two relations simultaneously. 

In lines that are balanced to ground, pads must take the balanced II or 
balanced T forms of Fig. 10-27. These are also called square pads or H 
pads, respectively. 

Time-delay Equalizer . A time-delay or phase-equalizing network is used 
to eliminate delay distortion introduced by the transmission line. For 
transmission of sound, delay distortion is important only for high-quality 
program transmission over loaded cable circuits. Delay distortion is not 
noticeable, even in high-fidelity muscial programs, unless the higher fre¬ 
quencies are delayed as much as 5 or 10 milliseconds more than the lower 
frequencies. For picture transmission, on the contrary, no delay dis¬ 
tortion can be tolerated beyond the duration of one picture element— 
approximately one-quarter cycle of the highest frequency transmitted. 
Picture transmission, of course, includes television. 

For delay equalization, a network is added at the end of the line that 
introduces additional delay, to bring the total delay for all transmitted 
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frequencies to (ideally) the same value. There is then no delay distortion. 
The practical delay equalizer uses a number of bridged-T sections in series* 

12. Amplification. Plainly, the use of attenuating networks in a tele¬ 
phone system is practicable only if there are ready means of amplification 
to make up for the power loss. If amplification were not cheap and easy, 
it would be necessary to prevent distortion by avoiding attenuation rather 
than to introduce additional attenuation for compensation. However, 
modern vacuum-tube techniques provide any reasonable amount of ampli¬ 
fication with good fidelity at comparatively small cost. 

A sharp distinction must be made between the cost of providing greater 
amounts of amplification at an already existing terminal or repeater 
(amplifier) station, and the cost of building additional repeater stations. 
Additional stations are expensive, both in first cost and maintenance. The 
distance between repeater stations along a line should be as great as other 
considerations will allow. 

The determining factors are roughly as follows. The signal strength on 
a telephone line cannot be allowed to become too low at any point, for 
the signal level must be kept well above the noise level. A satisfactory 
signal-to-noise ratio must be maintained where the signal is weakest, and 
this will naturally be where the line enters a repeater station. Since a 
certain amount of noise is unavoidable in any circuit, this sets the lower 
limit of telephone transmission energy level. 

“Noise” in a telephone circuit results from various sources. There is a 
very small amount of unavoidable noise in every amplifier. The general 
inductive effect of other unrelated signals in nearby circuits is a form of 
noise called “babble.” This is particularly likely to be noticeable in cable 
circuits. Open-wire telephone lines are exposed to atmospheric disturb¬ 
ances and to induction from parallel power lines. Inductive interference 
from power lines is extremely important. It is minimized by avoiding 
long stretches of parallel construction of telephone and power lines and 
by transposing the wires of both power and telephone lines. 

Noise within a cable is reduced by careful balancing and transposition 
of circuits. Noise from external sources may be diminished by transposi¬ 
tion, and also by shielding the cable circuits. For shielding, cables may 
be wrapped with metal tape, using copper or iron tapes, or both. 

“Crosstalk” is a form of interference that results when one circuit is dis¬ 
turbed primarily by one neighboring circuit. It results from mutual in¬ 
ductance or capacitance between circuits. Every effort is made in line 
construction to eliminate such mutual inductance and capacitance, using 
transposition and careful balancing of all circuits to ground. Also, the 
wires of each pair are kept close together. 

In order to maintain a satisfactory signal-to-noise ratio, the input to a 
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repeater station must not be too low. The output must not be too high 
for satisfactory and economical operation of the equipment. Also, too high 
an energy level is conducive to crosstalk in some types of circuits. Re¬ 
peater gain is limited by the permissible difference between input and out¬ 
put levels. The practical amount of gain is dependent on the type of 
circuit; this is discussed in Sec. 15. 

13. Special Devices. Two special devices, the hybrid coil and the 
phantom circuit, should be mentioned because of their interest. They are 
important in the practice, although they relate only indirectly to the 
theory, of long lines. 

Hybrid Coil. A transmission line will carry signals in either direction. 
An amplifier, however, operates in one direction only. Hence, when ampli¬ 
fiers (repeaters) are used in a telephone line it is necessary either to restrict 
the operation of each pair of wires to a single direction only, or else to 
carry signals in both directions on a pair of wires and to provide some 
means of separating the east-west signal from the west-east signal at each 
repeater station for amplification. 

The first thought would perhaps be to provide two amplifiers at each 
repeater station, one to operate in each direction, without any auxiliary 
equipment. This would mean, however, that the east-west amplifier would 
receive the output of the west-east amplifier, and the west-east amplifier 
would receive the output of the east-west amplifier, and there would be a 
regenerative circuit that would “sing,” putting the line out of commission. 
To prevent “singing,” the hybrid coil acts to prevent one amplifier from 
hearing what the other amplifier says. 

The general principle is shown in Fig. 9-16. Figure 9-16a shows an 
eastbound signal. It enters the diagram at the output terminals of the 
west-east amplifier, at the word In, At the hybrid coil it divides; half the 
energy goes to a balancing network, and is wasted; the other half goes to 
the eastbound line at Out and carries the message on to the next repeater 
station. 

The hybrid coil is essentially a transformer with three windings on one 
core. It can be seen from the figure that if the same voltage is induced 
m each half of the secondary of the coil, and if the impedance of the 
balancing network is exactly equal to the input impedance to the line, the 
condition is that of a balanced bridge and there is no potential between the 
terminals a and b. Hence there is no input to the east-west amplifier, 
although a signal is passing through the station from west to east. 

When a signal arrives from the east, however, the operation is as shown 
in Fig. 9-166. Half of the incoming voltage is applied to the input terminals 
of the east-west amplifier. The other half appears across the output 
terminals of the west-east amplifier where, except for wasting half of the 
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received energy, it is of no significance. The east-west amplifier operates, 
and sends the signal on toward the west. The signal, after being strength¬ 
ened by the east-west amplifier, enters the westbound line through an¬ 
other hybrid coil which prevents the west-east amplifier from being actu- 
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Fig. 9-16. The hybrid coil. 


ated, and the signal travels on westward to the next repeater station. The 
equipment at each repeater station is as shown in Fig. 9-17. 

In the actual hybrid coil, each of the three windings is divided into two 
equal parts. The windings that go into the line circuit and into the 
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Fig. 9-17. Arrangement of hybrid coils in a repeater station. 


balancing network circuit are divided, with half in each side of the line; 
*his is to maintain balance to ground. The actual connection is therefore 
more nearly as shown by the standard schematic diagram of Fig. 9-17 
than it is by the diagrams of Fig. 9-16, but the principle is the same. 
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It must be understood in considering the operation of the hybrid coil 
that all impedances are matched. That is, the output impedance of the 
west-east amplifier, the input impedance of the east-west amplifier, and 
the impedance of the balancing network are all matched to the impedance 
of the east line. Note, moreover, that if the east line were not properly 
terminated at its distant end, a reflection of an eastbound signal would 
be sent back from the mismatch, and this reflection would enter the east- 
west amplifier like any other westbound signal. It is because of the 
practical difficulty of obtaining perfect match and perfect balance that the 
amplification in a two-way repeater station must be limited to about 18 
decibels gain. 

Difficulties of matching and balancing are so great at high frequency 
that two-way transmission is frequently not used for carrier-current opera¬ 
tion. In certain applications (Type K), the east-west signal is carried on 
one pair of wires, and the west-east signal on another pair in a separate 
cable. In other systems (Type J), the east-west signal is carried in one 
carrier-frequency band and the west-east signal in another, on the same 
pair of wires. In the latter system, separation of the two bands at a re¬ 
peater is accomplished by band-pass filters. In either case, the east-west 
frequency band, containing 12 voice channels, is amplified at a repeater 
station by one amplifier, and the west-east band by another. Hybrid 
coils are used at terminal stations, where connections to the subscribers , 
circuits are made through hybrid coils that operate at voice frequency. 

Phantom Circuit A pair of wires provides one voice-frequency telephone 
channel. Two pairs of wires can be used to provide three channels. Each 

pair of wires provides an ordinary 
circuit, called a side circuit , and a so- 
called phantom circuit gives the third 
channel. The phantom circuit uses 
one pair of wires for one of its con¬ 
ductors and the other pair of wires 
for its other conductor. 

Figure 9-18 indicates the arrange¬ 
ment of the phantom group, as the 
three circuits are called. The circuit 
connecting terminals a x a 2 to a x a 2 
comprises wires A x and A 2 with a re¬ 
peating coil (transformer) at each end. The other circuit, c x c 2 to c/c 2 ', is 
carried over wires C x and C 2 . The phantom channel is from terminals b x b 2 
to terminals b x b 2 . 

If current enters at terminal b u it will divide evenly between wires A x 
and A 2 ; it will not magnetize the repeating-coil winding between these 



Fig. 9-18. Phantom circuit and side cir¬ 
cuits. 
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wires, for the upper and lower halves of the repeating-coil winding carry 
equal current and hence produce equal and opposite magnetomotive force 
in the core. Consequently, the coil will offer no reactance to the current, 
and no voltage will appear between terminals a x and a 2 . 

Currents of the phantom circuit will likewise flow in opposite directions 
through the repeating coil at the distant end of the line. As the core is 
not magnetized, no voltage appears between terminals a/ and a 2 The 
current is delivered at 6/, passes through the terminal equipment, and 
returns to the phantom circuit at b 2 '. Dividing equally between wires 
Ci and C 2 , the current returns to terminal b 2 . Thus the phantom circuit 
can theoretically operate without producing crosstalk in either of the side 
circuits. 

It is easy to see that the side circuits will not produce crosstalk in the 
phantom circuit, assuming they are accurately balanced and transposed. 
Operation of the a x a 2 to a x a 2 circuit leaves the mid-point of the repeating 
coil at each end of the A X A 2 line always at ground potential. (This is 
what is meant by having the line balanced.) Hence signal currents in that 
circuit will have no effect on the phantom circuit. Similarly, the phantom 
is unaffected by current in the C X C 2 side circuit. In short, all three circuits 
are independent of each other. 

In the construction of open-wire lines using the common ten-pin cross- 
arm, the four outer pins on each end of the arm constitute a phantom 
group. Other combinations of four adjacent wires are also phantomed. 
The problems of transposing and balancing are severe if the high fre¬ 
quencies of carrier operation are used on phantom groups, and the economic 
advantages of carrier are such that new line construction is largely without 
phantom circuits. 

In a cable, the two wires of each pair are twisted together and the two 
pairs are twisted in a quod. The many quads in a cable are then spiraled, 
with alternate layers turning in opposite directions. This complicated 
pattern gives the equivalent of transposition of circuits. 

14. Irregularities. A technique of practical value for locating short 
circuits, faulty joints, and other irregularities on telephone lines makes use 
of transmission-line theory. The input impedance to a line is measured at 
a number of frequencies, using an impedance bridge, and from such meas¬ 
urements the distance to the fault can be determined. 

If a telephone line is in good condition and properly terminated, appli¬ 
cation of voltage at the sending end produces a single traveling wave. 
There is no reflection at the load, or elsewhere, and input impedance is 
equal to Z 0 . 

Any kind of an irregularity in the line, however, will reflect some part 
of the incident wave, and a reflected wave as well as an incident wave 
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will appear on that part of the line that is between the transmitter and 
the irregularity. There will be standing waves on the line between the 
transmitter and the irregularity (see Fig. 9-19) although not between the 
irregularity and the load. 

With an irregularity in the line, input impedance to the line has resonant 
variations with changing frequency. The measured impedance has maxima 
and minima, as in Fig. 9-20. 



Fig. 9-19. Standing waves produced by Fig. 9-20. Impedance meas- 

partial reflection at a fault. ured on a line with an irregu¬ 

larity. 


It was explained in Sec. 4, Chap. 3, that maxima (or minima) in such 
a curve as Fig. 9-20 occur each time the value of fix changes by t. (This 
was discussed for a line without loss, but it applies equally well, although 
with less sharp maxima and minima, if there is loss.) Call the frequency 
of one maximum fi and that of the next / 2 , and the frequency difference 
between them A/; this is the change of frequency that increases 0x by 
7T, In other words, this is the change of frequency that gives one more 
half-wavelength in the length x of the line from generator to fault. At 
frequency f l9 there are n half-wavelengths in the distance x: 




n (velocity) 

2/7 


(9-65) 


At frequency/ 2 , there are n + 1 half-wavelengths in the same distance: 


x = (n + 1) 

Simultaneous solution gives 


(l . \ _ (n + 1) (velocity) 

\2 k 7- W, - 


(9-66) 


x = 


velocity 
2A / 


(9-67) 


as the distance from the transmitter to the fault. This solution assumes 
the velocity is independent of frequency; if the velocities v 1 and v 2 at f x 
and f 2 are appreciably different, the result is 
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V1V2 

W2V1 - 2 f t v 9 


(9-68) 


16. American Telephone Practice. The following precis by Cone and 
Fowler 11 describes the types of construction of long telephone lines in the 
United States. 



An open-wire telephone line. Three upper crossarms show standard arrangement of ten 
insulator pins with 12-inch spacing for flat phantom groups, side-circuit transpositions 
are seen on two top arms. Fourth crossarm shows 28-mch spacing of circuits for Type J 
carrier; the left pair has a point-type transposition on this pole; see Fig. 5-2. (Courtesy 
of Bell Telephone Laboratories.) 


Prior to 1930, growth was characterized by the use of voice-frequency cable 
circuits and by open-wire telephone lines with one and three-channel carrier systems 
in the 4 to 30 kilocycle range. 

In the 30’s, first the revival of business brought the numbers of telephones and 
toll messages to new peaks, and then the beginning of World War II set up a de¬ 
mand resulting in another sharp advance during and since the war years. 

It would of course have been possible to resume the construction of the voice 
frequency cable network which had been halted in 1930. Most fortunately, how¬ 
ever, the activity of research and development engineers during the depression 
years had made ready new carrier systems, known as “J” and “K”, providing 

11 From D. I. Cone and C. V. Fowler, “Expanding the Pacific Coast Telephone 
Network,” a conference paper, American Institute of Electrical Engineers, Aug. 
24, 1949. 
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circuits of greater transmission capabilities and making such effective use of existing 
open-wire lines and cables, both aerial and sub-surface, that the requirements for 
copper, lead, poles and rights-of-way were greatly lessened, with corresponding 
reduction in costs. In addition to these systems, which are described more fully 
below, new types of transmission facilities have been developed for long-haul routes 
requiring large numbers of message circuits or television channels utilizing respec¬ 
tively, coaxial cable structures in the “L” carrier system and microwave radio 
techniques in the “TD V radio-relay system, thus further enlarging the range of 
choice of instrumentalities. 

Instrumentalities. The J, K and L carrier systems have much in common. The 
same type of terminal equipment is used for stacking 12 voice circuits one above 
another in a frequency block 48 kilocycles wide in the range of 60-108-KC, and for 
segregating the channels after traversing the line. This equipment determines the 
transmission band width of a single carrier channel, about 100 to 3500 cycles. Use 
of the same 12-channel frequency block makes the interconnection of J, K and L 
circuit groups feasible without separating individual channels, and adds much to the 
economy and flexibility of these systems. After passing the initial stacking process 
the systems are no longer alike. Further modulation stages are used in each case to 
shift each 48-kilocycle block of twelve voice-channels to a frequency range satis¬ 
factory for the type of line facility to be used. 

The J system is intended for open-wire, providing twelve two-way telephone 
channels on one pair. Where several J systems are to be operated on the same pole¬ 
line, standard open-wire pairs such as are commonly used for voice circuits are 
generally unsuitable until they are retransposed and respaced to lessen the crosstalk 
coupling. The fundamental 48 kilocycle block is shifted to the range 36 to 143 
kilocycles with one direction of transmission using the lower part of the range and 
the opposite direction of transmission the upper. Repeaters are placed at intervals 
of 30 to 100 miles depending upon the gauge of wire used and sleet conditions along 
the route. A three-channel carrier system, type “C”, can operate on the pair along 
with the J, making a total of sixteen circuits on one pair of wires. 

The K system provides twelve telephone channels on two pairs of standard 19- 
gauge voice-frequency toll cable, one non-loaded pair being used for each direction 
of transmission. The fundamental 48 KC block is shifted to the 12-60 KC range 
for transmission over the line. Repeaters are required about every 17 miles. Since 
the same frequency band is used for the two directions, shielding is necessary to 
prevent near-end crosstalk and is usually provided by employing pairs in separate 
lead-sheathed cables. Far-end crosstalk is controlled at certain repeater points by a 
complicated balancing panel that couples every K pair to every other K pair in the 
same cable, the coupling coils and condensers being adjustable to neutralize the 
cross-talk. 

The L-l coaxial cable carrier system provides up to 600 telephone circuits over 
two coaxial conductors, one for each direction of transmission. The present stand¬ 
ard coaxial is a tube of three-eighths inch inside diameter with a central wire of 
No. 10 AWG held in place by polyethylene discs, about one inch apart. As many as 
8 coaxials are placed in one cable sheath along with ordinary paper-insulated cable 
pairs. Five of the fundamental 48 KC blocks of 12 channels are stacked on top of 
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one another in the range of 312-552 KC to provide a 60-channel supergroup. As 
many super-groups as required up to a total of ten can be stacked using the fre¬ 
quency range of 64-3100 KC for transmitting on the line. Provision is made for 
dropping groups of circuits in multiples of 12 for service to intermediate points along 
the route. Repeaters are needed at 7 to 8 mile intervals. Main repeating points 
with power supply are required about every 150 miles, and power is furnished to the 
auxiliary repeater stations via the coaxial inner conductors. For television trans¬ 
mission the video signal is shifted to the 300 KC-3100 KC band, and appropriate 
equalizers are added at repeater points. 

The problem of separating the many frequency bands involved in these systems 
is solved by the use of channel-separation filters in which quartz (or synthetic) 
crystals are used as reactive elements. The large number of high-gain repeaters 
involved makes it necessary to have amplifiers of very high stability and low modu¬ 
lation, and these are obtained through the use of negative feedback. 

Maximum power amplification per repeater is some 40,000 times (46 db) for the 
J, 3,(XX),000 times (65 db) for the K and 300,000 times (55 db) for the L-l, and is 
utilized to compensate for the maximum loss in one repeater section. Each system 
provides for automatic adjustment of repeater gains to correspond with changes in 
line losses brought about by temperature variations and in the case of the J system 
by moisture and ice on the wires as well. 

Transmitted power levels are kept as low as possible consistent with favorable 
signal to noise ratios. They vary from about 50 milliwatts per channel in the case 
of the J system where open-wire noise may be appreciable down to 0.1 milliwatt in 
the case of the L-l system where highly shielded coaxials are employed. In the 
case of the K system, inductance coils prevent extraneous energy on voice-frequency 
circuits in the same sheaths from causing noise. 

On the telephone channels derived from any of these systems 18-channel voice 
frequency telegraph systems may be operated. 

The broad-band carrier systems just described have provided the great bulk of 
added toll circuit growth, for the larger groups of circuits and the longer routes. 
For service to mobile stations such as automobiles and ships, and for locations where 
wire or cable plant is difficult or impracticable, radio links are in use, ranging in 
number of channels from one to sixteen, in carrier frequency from 2 to 4000 mega¬ 
cycles, and in length from a few miles to thousands of miles, utilizing amplitude, 
frequency or pulse modulation techniques. 

Microwave radio-relay systems are designed to handle many hundreds of tele¬ 
phone message channels or a television signal on fcne radio circuit. 

The TD type radio-relay system operates on a point-to-point basis in the 3700- 
4200 megacycle range. It uses the same type of terminal equipment as the L carrier 
to stack telephone channels. A 70-megacycle intermediate carrier is then frequency- 
modulated by the combined block of L carrier frequencies. Relay-stations are so 
located, usually some tens of miles apart, depending on the terrain, as to have clear 
lines of sight between the sharply beamed lens antennas fed by transmitting ampli¬ 
fiers delivering about 0.5 watt. The normal loss of the radio path for 35 miles of this 
system is about 64 db, comparable to that of a long K-cable section and about 9 db 
more than the loss in a 7.9 mile repeater section of coaxial cable for the L-l system 
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as previously described. Each antenna may be used for as many as six one-way 
radio channels on a route, each such channel accommodating an L-l carrier system 
or one television channel. 

In addition to the savings in money and materials made possible by carrier 
systems, their higher speed of transmission compared with the voice frequency 
loaded cables of the earlier art is an important advantage in lessening the effects of 
echoes. The importance of echoes in any two-way circuit increases as the time for 
the voice to travel over the facility increases. The carrier systems have speeds 
over 100,000 miles per second and can be about five times as long as the cable 
circuits, which have speeds of 20,000 miles per second, for the same amount of 
echo impairment. 

As an aid in securing satisfactory signal-to-noise ratios, devices known as com¬ 
pandors, a name coined from compressor and expandor, have been used in connec¬ 
tion with the open wire “J” system. The compandor automatically introduces 
more gain at the transmitting end of a given voice-channel and more loss at the 
receiving end for low level signals than for high level ones, but with no change in 
overall transmission loss of the channel. This results in an improvement in noise 
and crosstalk performance of some 20 to 25 db for silent intervals and low speech 
volumes, where interference is particularly objectionable. 


PROBLEMS 

9 - 1 . For the telephone line of Fig. 5-2, what are the values of characteristic 
impedance at the highest and lowest frequencies in the “present general average” 
telephone frequency band? What would you consider the best terminal impedance 
for such a line for ordinary speech transmission? Explain. 

9 - 2 . Using the power ratios given in the text (page 188) for 1, 3, 7, and 10 db, 
compute, by simple combination of these, approximate power ratios for 2, 4, 5, 6, 8, 
and 9 db. Compare these with exact values from Table 9-1. 

9 - 3 . Using the power ratios given in the text (page 188), compute, by simple 
combination of these, approximate power ratios for 13, 14, 25, 47, and 58 db. 

9 - 4 . Using values from Table 9-1, find the power ratios for 13, 25, 47, 58, 27.4, 
— 11, —36, and —82 db. (Example: 13 db = 10+3 db; power ratio = 10.00 X 
1.99 = 19.9.) 

9 - 6 . Using a table of logarithms, compute decibels corresponding to power ratios 
of 2.00, 4.53, 0.667, 1,492, and .power ratios corresponding to decibel values of 
1.00, 14.52, -0.621, 57.03. 

9 - 6 . Prove by differentiating Eq. 9-17 that R a = Rb is the condition for maxi¬ 
mum power transfer. (It is previously stipulated that X a = — X b .) 

9 - 7 . A telephone amplifier (Type K carrier) has an input transformer that 
matches 140 ohms to 30,000 ohms. What is the turn ratio? It has an output trans¬ 
former that matches 3,500 to 140 ohms. What is the turn ratio? 

9 - 8 . A telephone amplifier (44-type repeater) has an input transformer that 
matches 700 ohms to 20,000 ohms, and an output transformer that matches 6,000 
ohms to 700 ohms. Find the turn ratio of each. 
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9-9. Design an L-type network of reactive elements to match a resistance R x 
(Fig. 9-7) of 600 ohms to a resistance R 2 of 1,000 ohms. Frequency is 20,000 cycles 
per second. 

9-10. Design an L-type reactive network to match a 300-ohm circuit to a 750- 
ohm circuit (both purely resistive). Frequency is 35,000 cycles pet 

9-11. The network of Prob. 9 is connected to its 1,000-ohm output resistance. 
What is the input impedance at 20,000 cycles? at 23,000 cycles? 

9-12. The network of Prob. 10 is connected to a 750-ohm output resistance . 
What is the input impedance at 35,000 cycles and at 3 2,000 cycles? 

9-13. Find the phase shift in the matching network of Prob. 9-9. 

9-14. Find the phase shift in the matching network of Prob. 9-10. 

9-16. Design a T network to provide the match required in Prob. 9-9 and to give 
a phase advance of 45 degrees. 

9-16. Design a II network to provide the match required in Prob. 9-10 and to 
give a phase retardation of 30 degrees. 

9-17. How much shunt conductance (per mile) would have to be added to the 
open-wire telephone line of Table 9-2 to make it a distortionless line? How much 
would the attenuation be increased in decibels per mile at 1,000 cycles? Explain 
why this is not practical. 

9-18. How much inductive loading (per mile) would be required to make the 
nonloaded telephone cable of Table 9-2 a distortionless line? Compare the advan¬ 
tage gained by moderate loading, as in the loaded cable of Table 9-2, with the 
advantage that could be gained by loading the line to be distortionless (a comparison 
can be made in terms of decibel gain per millihenry of loading). 

9-19. Values of l , a, 0, Z 0 , velocity, and decibels per mile for the loaded cable of 
Table 9-2 were computed by assuming that the inductance and resistance added by 
loading coils were uniformly distributed. Check these values, which are for 1,000 
cycles per second. 

9-20. Continuing Prob. 9-19, compute more precise values by the method of Fig. 
9-11. Compute cutoff frequency. 

9-21. Compute values as for Prob. 9-19, but at 3,000 cycles. 

9-22. Compute values as for Prob. 9-20, but at 3,000 cycles. 

9-23. Design circuits to be inverse (in the meaning of Eq. 9-64) to each of the 
four circuits of Fig. 9-8. (Numerical values of elements are not required.) 

9-24. Z 0 of a telephone line is 650 ohms. A faulty splice introduces 200 ohms 
resistance, as in Fig. 9-19. Sketch voltage and current distribution along the line, 
on both sides of the fault, including at least J wavelength from the fault toward the 
source. Received voltage is 10 volts at 1,000 cycles per second. (Precise computa¬ 
tion is not wanted. Maxima and minima should be approximately correct in posi¬ 
tion and relative magnitude. Show some, but not much, attenuation.) 

9-26. Impedance maxima in Fig. 9-20 are measured at 1,730, 2,460, and 3,200 
cycles frequency. The circuit is a loaded cable, 6,000 feet between loads, velocity 
of propagation 17,640 loads per second (20,000 miles per second equivalent). 
Find the location of the fault. 



CHAPTER 10 


INTRODUCTION TO FILTERS 


1. Purpose. The value of an electric-wave filter for separating electric 
currents of one frequency from those of another is obvious. In the last 
chapter, for example, reference was made to carrier-current telephone 
systems in which a number of conversations are transmitted on one pair 
of wires; each signal channel utilizes a distinct frequency band, and the 
signals are separated at the receiving end of the line by means of filters. 
Filters have innumerable applications in communication work, including 
both audio-frequency applications and uses at higher video and radio fre¬ 
quencies, although they have perhaps been most highly developed for long¬ 
distance telephone systems. 

Electric-power engineering also requires the application of the principles 
of filters, not only when high-frequency carrier-current signals are super¬ 
imposed on the conductors of power lines for the purpose of communication 
or automatic relaying, but also when harmonic frequencies are to be 
separated from the fundamental power frequency. Indeed, filters of a sort 
are used with power rectifiers to give pure direct current. Rectifier filters 
are designed from a specialized point of view, however, as they should 
pass only the zero-frequency component of current and stop all other fre¬ 
quency components. 

The ideal communication filter would pass a selected band of frequencies 

with no attenuation or distortion of the 
signal, while completely preventing the 
passage of frequencies outside that se¬ 
lected band. This ideal cannot be 
attained. The basic problem of filter 
design is to approach the ideal as 
closely as possible. 

It is not absolutely necessary to de¬ 
velop any special mathematical ap¬ 
proach to analyze the operation of a 
filter circuit. The familiar principles 
of circuit theory are applicable. However, they are extremely laborious, 
as will be seen from a single illustration. 

2. Elementary Computation. Consider the filter network of Fig. 10-1 
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Fig. 10-1. A filter circuit. L\ — 0.2085, 
U = 0.0930, Ci = 0.1890 *10~ 6 , R « 
700. 
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connected between a source of energy and a purely resistive load of 700 
ohms. This network, connected to such a load, is designed to pass all 
frequencies above 1,000 cycles per second, and to stop all lower frequencies: 
it is a high-pass filter. Let us compute its actual operation, and compare 
with the ideal proposed above. 

The voltage across the load, which is also the voltage at the receiving 
end of the filter, will be called V r . The input voltage is V.. Since all the 
elements of the network are known, V. can be expressed in terms of the 
frequency (to = 2i r/) and V r as follows: 


V. _ , 1 I, !U 

V r ~ + 2 1 — w’LjC, 


+ jl I"- 

^ J R Ll - to 


LrC, 


+ 



( 10 - 1 ) 


By substituting numerical values into this expression, we find (after a few 
hours of computation) the results shown in Fig. 10-2. 

In Fig. 10-2a it is seen that V T is practically the same as V, for all fre- 



Fig. 10-2. Voltage at load through the Fig. 10-3. Power to the load through the 
filter of Fig. 10-1. filter of Fig. 10-1. 


quencies above 1,000 cycles; this part of the operation of the filter is very 
satisfactory. At frequencies below 1,000 cycles, the operation is not 
uniformly good. At just 800 cycles, no signal reaches the load, but at 
other frequencies there is more or less voltage across the receiving-end 
terminals. 
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The primary interest is usually in power delivered to the load, and since 
the load, whatever its actual nature, is usually best represented by a 
constant resistance, the received power varies as the square of the applied 
voltage. Hence we plot in Fig. 10-3a the magnitude of (V r /V a ) 2 and 
interpret this quantity as received power ; to be more explicit, this is the 
ratio of the power received by the load with the filter in the circuit to the 
power that would be received by the load if the filter were removed and 
the input voltage, unchanged in magnitude, were then applied directly to 
the load terminals. 

When power to the load is considered, the filter characteristics look 
reasonably good. The maximum power transmitted in the stop band 
(except in the immediate region of the cutoff frequency of 1,000 cycles) 
is only about two-tenths of the power that would be transmitted if there 
were no filter. We shall design better filters, however, a little later in 
the chapter. 

It will be remembered that the decibel is a unit of power ratio. It is 
interesting to plot in decibels the power ratio of Fig. 10-3a, as is done in 
10-36. The power ratio is here labeled “attenuation” in usual filter 
terminology, but this does not mean that power is lost in transmitting a 
signal through the filter. The word attenuation has not quite the same 
meaning when related to filters that it has in connection with transmission 
lines. On a transmission line, attenuation refers to the energy loss of a 
pure traveling wave that results from resistance and leakage; in a filter, 
attenuation expresses the amount of reduction of signal strength that 
results from the presence of the filter. 

When a filter prevents power from reaching a load, it does not dissipate 
that power. Note that the filter circuit of Fig. 10-1 could not dissipate 
any power, for all its circuit elements are assumed to be purely reactive; 
yet it prevents power from reaching the load. It does this by rejecting 
power at the filter input terminals if the applied frequency is in the stop 
band. Assuming that all filter elements are reactive (and this is the 
usual basis of design), the amount of power entering the filter is identical 
with the amount of power received by the load. 

Power is not admitted by the filter (and hence power is not received 
by the load) at frequencies in the stop band primarily because the input 
impedance to the filter is reactive in the stop band. That is, the network of 
Fig. 10-1, comprising both filter and load, as seen looking in at the input 
terminals, appears almost purely reactive to stop-band frequencies. To 
pass-band frequencies, however, it appears almost purely resistive; thus 
the filter receives power and transmits it to the load: the input impedance 
to the filter is resistive in the pass band. 

At some stop-band frequencies, the input impedance is very high as 
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well as being almost purely reactive. For this reason, also, little power is 
admitted by the filter. However, in other parts of the stop band tlhe 
input impedance is quite low, but being still reactive the power admitted 
is small and the so-called attenuation remains high. 

Some authors distinguish between the attenuation that results from the 
absorption or dissipation of power, and the attenuation that is a measure 
of rejected power (as with a filter), by referring to the latter as reactive 
attenuation. It is this reactive attenuation that is shown in Fig. 10-36. 

Input impedance to the filter circuit of Fig. 10-1 can be computed by 
familiar methods, combining elements in parallel and series combinations, 
as follows: 



Substituting numerical values into this expression one obtains (after several 
more hours of calculation) the results shown in Fig. 10-4. The input 
impedance is not radically different 
from the load resistance, 700 ohms, 
through the pass band. In the stop 
band it rises rapidly, becoming in¬ 
finite at 800 cycles (this assumes 
ideally perfect reactive filter ele¬ 
ments) and then falling to zero at zero 
frequency. The angle of the input 
impedance changes with truly re¬ 
markable rapidity at the cutoff fre¬ 
quency of 1,000 cycles from nearly 
zero degrees to nearly —90 degrees; 
then at 800 cycles, which is the fre¬ 
quency of parallel resonance of the 
arms of the filter circuit, it changes 
abruptly to +90 degrees. The es¬ 
sential fact is that the input imped¬ 
ance is resistive in the pass band and reactive in the stop band, thereby 
controlling the entrance of power to the filter. 

This computation using the elementary formulas for combining imped¬ 
ances in parallel and series, which might (by comparison with more 
skillful approaches) be called the brute-force method, can obviously be 
applied to filter circuits if one wishes to do so. It is quite laborious, 
but this is not the chief objection. Its great fault is that it fails to show 
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general relations, or to suggest principles of design. How could one guess 
that the circuit of Fig. 10-1 would have properties even approximating 
those of a good filter? How could one guess its cutoff frequency? Is 
there any indication that it would match a 700-ohm resistance load? The 
arms give resonance at 800 cycles, indeed, so clearly this is a frequency of 
infinite attenuation, but this is only one of many factors involved in filter 
operation. 

The study of filters can be approached in a systematic and reasonably 
simple manner through either network theory or transmission-line theory. 
The network-theory approach is the more general, but the development 
through transmission-line theory is a natural outgrowth of the preceding 
chapters of this book. 

3. The Filter as an Artificial Line. In Chap. 9, it was seen that a loaded 
telephone line has relatively low attenuation for low frequencies, and an 
attenuation that is many times as great for frequencies above a critical 
frequency known as cutoff. The loaded line is therefore, to this extent at 
least, a filter. 

Conversely, as was shown in Chap. 8, one can determine the parameters 
that will make a line with distributed constants equivalent to any given 
symmetrical T or n section. It may not be possible actually to construct 
a line with the parameters so determined, but that need not deter our 
consideration of such a line— we can compute its characteristic impedance, 
its attenuation, and phase shift. 

We could find, for example, the parameters of a line equivalent to the 
filter section of Fig. 10-1. Such a line would have high attenuation at 
low frequencies but practically no attenuation above 1,000 cycles. It 
would have a characteristic impedance of 700 ohms at frequencies above 
1,000 cycles, to match the load; below 1,000 cycles the characteristic im¬ 
pedance would be reactive. 

To be more general, let us consider the relations that appear when any 



(a) T Section (b) tt Section 

Fig. 10-5. Filter notation. 

T or II section is replaced by a transmission line. General equations were 
developed in Chap. 8, and may be taken from Table 8-1, but to be con¬ 
sistent with usual filter notation the following changes in symbols will be 
made. Series and shunt impedances will be called Z x and Z 2 as indicated 
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in Fig. 10-5 (Z, = Z of Chap. 8 ; Z 2 = 1 /F of Chap. 8 ), and a and 0 will 
be attenuation (in nepers) and phase shift (in radians) per filter section (in 
Chap. 8 these were attenuation and phase shift per unit length of line). 

With these modifications of symbols, the equations of Table 8-1 will be 
used to find a and f} of an equivalent line. For a line that is equivalent 
to either the T or the II section of Fig. 10-5, we first find B or y: 

cosB = l + |§J B= cos " 1 (l + 1 |) (10-3) 

or 

cosh 7 = 1 +|^“ 7 = cosir 1 ( i+ n) < im > 

The phase shift (3 and the attenuation a are known from the real and 
imaginary components of B : 

B = (3 — ja (10-5) 

or, if 7 is used instead of B } 

7 = a + j/3 (10-6) 

(As in previous chapters, either trigonometric or hyperbolic functions can 
be used, as preferred.) 

Thus we have a means of computing attenuation and phase shift in the 
filter section, for since a and 0 give attenuation and phase shift in the 
equivalent line, they also give attenuation and phase shift in the filter 
section. 

We next find the characteristic impedance of the equivalent line, and 
the quantity so determined may be called, for brevity, the characteristic 
impedance 1 of the filter section. From the equations of Table 8-1, the 
characteristic impedance of a T section is 

Zot = VZ l Z 2 + \Z* (10-7) 


1 In network theory, the term image impedance of a filter section is preferred to 
characteristic impedance , the latter term being reserved for a line with distributed 
constants. See “American Standard Definitions of Electrical Terms” (Ref. 1). (In 
the present discussion, where the term characteristic impedance is applied to a filter 
section, it is to be understood as being the characteristic impedance of the equiva¬ 
lent line.) Also, a and (3 are the image attenuaiion constant and image phase constant 
of network-theory nomenclature, the real and imaginary parts, respectively, of the 
transfer constant y. 
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Zqt 


_ Z X Z 2 _ _ Z 1 Z 2 

VZ,Z 2 + ~ Z or 


(10-8) 


To understand the meaning of the characteristic impedance of a filter 
section, merely consider it to be the characteristic impedance of the 
equivalent transmission line, a line with identical terminal behavior. As 
a line, to avoid resonance effects, must be terminated in a load with im¬ 
pedance equal to the characteristic impedance of the line, so, a filter 
section should be terminated in its characteristic (or image) impedance. 
Two or more lines can be connected in cascade 2 with no wave reflection 
at the junctions, and hence no resonance effects, if the lines have the same 
characteristic impedance. Two or more filter sections can likewise be con¬ 
nected in cascade without producing undesired resonance effects if they 
have the same characteristic (or image) impedance. 

4. Transmission and Attenuation Bands. When we suppose a line to be 
substituted for a filter section, we must understand that the parameters 
(a, j 8 , B, 7 , and Z 0 ) of the equivalent line change with frequency. This is 
true because Z x and Z 2 of the filter section are functions of frequency, and 
these appear in Eqs. 10-3, 10-7, and 10 - 8 . Much of the behavior of the 
filter section is deduced from the manner in which the parameters vary 
with frequency. 

Thus, from Eq. 10-3, cos B — cos (0 — ja ) = 1 + § Zi/Z 2 . If the value 
of 1 + \Z x jZ 2 is such that B is purely real, it follows that a — 0, and there 
is no attenuation, but phase shift only. If, on the other hand, B turns 
out to be imaginary, there is attenuation but no phase shift. 

If, in the above equation for cos B , Z x and Z 2 are reactances without 
loss, cos B is a real quantity; it may have any magnitude, and may be 
either positive or negative. If cos B is between —1 and + 1 , B is real, 
but if cos B is greater than +1 or less than — 1 no real value of B will 
suffice. 

Reference to the chart of Fig. 4-4 gives the following information: 

1. If 1 + \Z X /Z 2 is between —1 and +1 (in Fig. 4-4, S < 1 and a is 
either 0 or ±180°), B is real and there is phase shift but no attenuation. 

2. If 1 + \ZJZ 2 is greater than +1 (S > 1 and a = 0 in Fig. 4 - 4 ), 
there is attenuation, and phase shift is zero. 

3. If 1 + \Zi/Z 2 is less than —1 (S > 1 and a- = ±180° in Fig. 4-4), 
there is attenuation, and phase shift is 180 degrees (w radians). 


2 As another item of nomenclature, four-terminal networks such as those of Fig. 
10-5, when connected together, with the output terminals of one joined to the input 
terminals of the next, are more properly referred to as being in cascade than in 
series. This terminology will be used hereafter. 
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The same conclusion is, of course, reached from consideration of Eq. 
10-4. If y is real, there is attenuation; if it is purely imaginary, there*is 
none. If y is imaginary, cosh y lies between —1 and +1, so if 1 + §Z 1 /Z 9 
is between —1 and +1 there is no attenuation. If, on the other hand, 
the quantity 1 + \Z X /Z 2 is less than —1 or greater than +1, there is 
attenuation, and phase shift is either zero or 180 degrees. 

The frequency range in which there is attenuation is called the attenua¬ 
tion band or, for brevity, the stop band of the circuit. (The latter term, 
although common, is somewhat misleading; a good filter gives large at¬ 
tenuation in the stop band , but no band of frequencies is completely 
stopped.) The frequency range in which there is no attenuation is called 
the transmission band or pass band. 

If the frequency is such that 1 + \Z X /Z 2 is between —1 and +1, that 
frequency is in the pass band. This relation can be more usefully expressed 
in other words: for frequencies in the pass band, |Zi/Z 2 lies between —2 
and 0. The pass band, then, can be defined by the condition that 

nr 

y lies between — 1 and 0 (10-9) 


Neglecting loss, and letting Z x = jX x and Z 2 = jX 2 , the pass band is 
given by 


lies between — 1 and 0 


(10-9a) 


This leads to the following criterion for any II or T network section: in 
the pass band , X x and X 2 must be of opposite sign , and 4X 2 must be numeri¬ 
cally greater than X x . 

It is clear that a T or II network may have no pass band. An example 
is one in which Z x and Z 2 are both inductances. A circuit with no pass 
band is, of course, not a filter. We must search for networks that have 
properties similar to those postulated for the ideal filter. 

Both Z x and Z 2 can be combinations of inductances and capacitances in 
series and parallel arrangements. There is literally no limit to the possible 
complexity of a T or n section. For practical use, however, a filter with 
a small number of elements is highly desirable. Let us, therefore, give 
first consideration to the simplest types of filter section. 

6. Inverse-network Filters. It has been mentioned that an artificial 
transmission line is a filter and, indeed, it is one of the simplest possible. 
A T section is shown in Fig. 10-6a, with 


Z\ = jo)L X x = o)L 



0)C 


( 10 - 10 ) 

( 10 - 11 ) 
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The first requirement of the pass band, that X, and X 2 must be of opposite 
sign, is met at all frequencies. The second is that 4X 2 must be numerically 
greater than X 2 : 

| 4X 2 | > | X, | (10-12) 


This requires that in the pass band 


The 

1/t 


coC 


> o)L 


a = 2ir / < 


Vlc 


f < iry/LC 

circuit is therefore a low-pass filter and the 

Vlc. 


(10-13) 

(10-14) 

(10-15) 

cutoff frequency is f e = 



Fig. 10-6. Low-pass inverse filter. 


The pass band of this filter section is located graphically by Fig. 10-66. 
Xi and —4X 2 are both plotted as functions of frequency, and the point 
at which they cross is the cutoff frequency. All lower frequencies satisfy 
the criterion of Eq. 10-9, and therefore constitute the pass band. 

This kind of graphic analysis gives a simple indication of the pass and 



(a) 

Fig. 10-7. 



High-pass inverse filter. 



Chap. 10] 


INTRODUCTION TO FILTERS 


233 


stop bands of a T or II section. As another example, consider the T 
section of Fig. 10-7a. The reactance terms Z, and —4X 2 are plotted'in 
b of the figure. They have the same sign for all frequencies, and —4X a 
is numerically the larger for frequencies greater than that at which the 
curves cross. Hence, the section is a high-pass filter and its cutoff fre¬ 
quency is found as follows: 


I 3 

II 

* 

(10-16) 

2 1 
"* ” 4 LC 

(10-17) 

f = 1 _ 

4»r-s /LC 

(10-18) 

The filters of Figs. 10-6 and 10-7 are called inverse-network 
filters because the product of the impedances is independent 

or constant-!; 
of frequency: 

Z X Z 2 = k 2 

(10-19) 

For both high-pass and low-pass sections, k = \/L/C . 

Constant-fc filters have the great practical advantage of simplicity. They 
have two disadvantages, however, that must be overcome before they can 
be used in practical filter design. 

6. Amount of Attenuation. One disadvantage of the constant-A; filter is 
that is does not give as much attenuation in the stop band as is ordinarily 
wanted, particularly at frequencies near cutoff. 

Attenuation produced by any T or II filter in the stop band is found 
from Eq. 10-4: 

cosh y = 1 + | ^ 

(10-20) 

It will be recalled that there is attenuation if the right-hand member is 
greater than +1 or if it is less than — 1. If 1 + \Z X /Z 2 is greater than 
+1, 7 is real. That is, from Eqs. 10-6 and 10 - 20 , 

7 = a + = cosh " 1 (l + 110 

(10-21) 

and when 7 is a real quantity it follows that 

““ cosh " 1 (l + ll) 

and 

0 = 0 

(10-21o) 
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If, on the other hand, 1 + §Zi/Z 2 is less than —1, it is more convenient 
to write (using Formula 41 of Table II) 

cosh (y + jr) = -(l + ||j) (10-22) 

From this, 8 

a = cosh" 1 [-(l + (10-23) 

/?=-*• (10-24) 

As a general expression for either part of the attenuation band, we can 
write 

a = cosh” 1 1 + | y (10-25) 

This gives attenuation in nepers in the section of filter. For decibels, 
multiply by 8.686. 

Applying the general equation 10-25 to the low-pass filter of Fig. 10-6, 
attenuation = cosh -1 (|a ?LC — 1). Numerical substitution gives the 
attenuation characteristic of this low-pass constant-A; filter section as shown 
in Fig. 10-8a. Since 1 + fZj/Za = 1 — \&TjC and, in the whole attenua¬ 
tion band, this is less than — 1, there is a phase shift of 180 degrees in the 
filter; that is, the output voltage is opposite in phase to the input voltage. 

Similarly, the attenuation of the high-pass filter section of Fig. 10-7 is 
cosh -1 [1/(2 o7LC) — 1]. The characteristic curve of attenuation is shown 
in Fig. 10-86. 

Cutoff is not sharp with either of these constant-fc filter sections; that is, 
attenuation does not rise rapidly just beyond cutoff. Attenuation is 20 
decibels (indicating a reduction of power to 1/100) at about twice the 
cutoff frequency in the low-pass filter, or about half the cutoff frequency 
in the high-pass filter. This is not good enough. A good quality of the 


3 Since 

cosh y = — M 

where M is a real, positive quantity greater than 1, 

cosh (y + jir) = M 
y + jw = a + j/3 + jir = cosh” 1 M 
which is purely real. Therefore 


a = cosh” 1 M 
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constant-fc section, however, is that attenuation continues to increase 
through the entire stop band, and becomes infinite at infinite frequency 
for the low-pass filter, and infinite at zero frequency for the high-pass 
filter. This is such a desirable quality that most practical filters include 
a const ant-A; section to obtain this characteristic. 




(a) Low Pass (b) High Pass 

Fig. 10-8. Attenuation characteristics of constant-A; filter sections. 

7. Image Impedance. The other principal disadvantage of the con¬ 
stant^ filter section is that its image impedance (the characteristic imped¬ 
ance of the line to which it is equivalent) is not constant, but varies mark¬ 
edly with frequency. The result is that the impedance of the filter section 
fails to match the impedance of its load and the impedance of the source 
from which it is supplied. 

It is not sufficient that a filter match the load and the source at some 
one frequency. A filter section must match its load and source at all 
pass-band frequencies. If it does not, power is rejected at the mismatch, 
and there is attenuation (reactive attenuation) in the pass band. 

In terms of the equivalent transmission line, if the characteristic imped¬ 
ance does not match the load impedance there is reflection at the load 
terminals; power is rejected; a reflected wave is sent back along the line 
and resonance effects are produced at the sending end. Since the terminal 
behavior of the filter section is equivalent to that of the line, the same 
statement may be made about an improperly matched filter section (except, 
of course, as regards traveling waves, which perhaps can be imagined in a 
filter though they do not physically exist). 

A filter must transmit power freely to the load when a frequency in the 
pass band is applied. The basic purpose of a filter, which is to be auto¬ 
matically selective, would be lost if the load failed to provide proper 
termination of the filter section for all pass-band frequencies. The load 
applied to a filter is most commonly a constant pure resistance. Conse¬ 
quently, when we find that the characteristic impedance (image impedance) 
of a constant-Zc section is highly variable with frequency through the pass 
band, it raises a difficult question of impedance matching. 





236 ELECTRIC TRANSMISSION LINES [Chap. 10 

The characteristic impedance of a line equivalent to a T section was 
shown by Eq. 10-7 to be 

Zot = VZ 1 Z 2 + \Zi (10-26) 

Substituting the appropriate inductances and capacitances of the l ow-p ass 
T-section filter of Fig. 10-6a, it is found that Z 0 varies from y/L/C at 
zero frequency to zero at/ r . The curve is shown in Fig. 10-9a. 

The high-pass T-section filter of Fig. 10-7a has a characteristic imped¬ 
ance that varies in a similar ma nner through the pass band, as shown in 
Fig. 10-96. It has a value of y/L/C at infinite frequency, and likewise 
approaches zero at the cutoff frequency. 



Frequency Frequency 

(a) Low PassT Section (b) High Pass T Section 



Frequency Frequency 

(<c ) Low Pass if Section (d) High Pass tt Section 


Fig. 10-9. Image (characteristic) impedance in the pass band of constant-^ and 
m-derived filter sections. 

II sections are different, but no better. The impedance of both low- 
pass and high-pass types increases without limit as the cutoff frequency is 
approached. These appear in c and d of the figure. The problem of pro¬ 
viding a satisfactory match for any of these sections must be postponed 
for consideration in Sec. 10. 

Characteristic impedance in the stop band has not yet been discussed. 
In the stop band, it is not necessary to have the filter impedance match 
the load or the source impedance. Indeed, it is better if the match is poor. 
A poor match results in extra attenuation, and in the stop band attenuation 
is helpful. 

It is highly significant that in the stop band the characteristic impedance 
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is purely reactive. Consider Eq. 10-26 for instance. For a filter section 
without loss, it may be rewritten 

Zot - ^j-X.X^l + ( 10 - 27 ) 

Using the criterion of Eq. 10-9: for stop-band frequencies, either X x and 
X 2 are of the same sign, in which case Z 0T is imaginary; or, if they are of 
opposite sign, Xi/ 4X 2 is less than — 1, in which case also Z 0T is imaginary. 

A similar analysis of the characteristic impedance of a II section leads 
to the same conclusion. Hence it is a general conclusion, applicable to 
any lossless Torn section, that for any frequency in the attenuation band , 
the image ( characteristic ) impedance of the section is reactive . 

8. Composite Filters. In exploring the good and bad qualities of the 
constant-A; filter, we found that it has a desirably high attenuation at 
frequencies far beyond cutoff, but not enough attenuation near the cutoff 
frequency. One naturally thinks next of the possibility of putting in cas¬ 
cade with a constant-fc filter section another filter section of some other 
kind which will be better near cutoff, although it may be less satisfactory 
at the extreme limit of the stop band. 

Speaking specifically of a low-pass filter, a section with high attenuation 
just above cutoff, in cascade with a constant-fc section that has high at¬ 
tenuation at very high frequencies, will together give high attenuation 
throughout the entire stop band. Total attenuation is the sum of the 
attenuations of the cascaded sections. 

We are immediately faced with the question: Is it permissible to connect 
two or more filter sections in cascade, or would one destroy the good 
characteristics of the other? Here the transmission-line representation is 
specially helpful. Two or more transmission lines can be connected in 
cascade, and traveling waves will pass freely from one to the next without 
reflection or any resonant effects, if the lines that are connected together 
have equal characteristic impedance. 

Since the filter section is entirely equivalent to the transmission line as 
regards terminal conditions, two or more sections can be connected in cascade y 
and signals will pass freely from one to the next , if the sections have equal 
characteristic (image) impedance . 

Plainly, if another section is to be connected in cascade with a constant-fc 
section, it must have the same characteristic impedance. Speaking first of 
a T section, the characteristic impedance is known from Eq. 10-7 to be 

Z 0 t = VzX + 1 Z? ( 10 - 28 ) 

It followB that any two T-network sections can be connected in cascade 
if they have identical expressions for ZiZ a + \Z?. To explore this in' 
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teresting possibility, let us start with the constant-^ section as prototype 
(or first model) and see what other sections can be cascaded with it. Any 
T section, with impedances Z x and Z 2 , has the same characteristic im¬ 
pedance as the constant-^ prototype, with impedances that may be dis¬ 
tinguished as Z lk and Z 2k , if 


Z X Z 2 + \Z 2 — Z lk Z 2k + \Z xk (10-29) 


Zi may be arbitrarily chosen, and related to Z lk by 

Z\ = mZ xk (10-30) 


Substitution into Eq. 10-29 will then eliminate Z x and allow us to solve for 
Z 2 : 


rj Z 2k | rjr 1 m 

"2 — I” £\k 4 

m 4m 


(10-31) 


Hence any T section that has Z x related to the prototype Z xk by Eq. 10-30, 
and with Z 2 related to the prototype Z 2k by Eq. 10-31, has the same 
characteristic impedance as the prototype (constant-A;) section at all fre¬ 
quencies, and any such sections may be connected in cascade with the 
prototype or with each other. Such sections are called m-derived sections. 

There can also be m-derived II sections. For a II network, if Z 2 = 
Z 2 */m, Eq. 10-8 gives 

1 1 , 1 1 - m 2 

Z\ mZ u + Z 2k 4 m (10_32) 

9. m-derived Sections. It will be found that the two new impedances, 
Zi and Z 2 of Fig. 10-106, are physically realizable if m is a real number 
between 0 and 1. Consider the low-pass T-section network of Fig. 10-116. 



(a) Prototype (b) m-Derived 


Fig. 10-10. m-derived T section. 

The series impedance, Z u is inductive in the m-derived filter as it is in 
the prototype, but smaller (since m is between 0 and 1). The shunt imped¬ 
ance, Z 2 , must consist of two parts (see Eq. 10-31), one part capacitive 
like Z 2k but with a larger impedance, and the other part inductive like Z 1Jb . 
A similar statement can be made about a high-pass T section. For 
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II-section networks, Eq. 10-32 shows that there is a corresponding relation 
among the admittances. 

From the derivation, we know that the T section of Fig. 10-116 has the 
same characteristic impedance as its prototype, whatever the value of m. 
Figure 10-9a is applicable. Any such sections can therefore be connected 
in cascade. But is it desirable to do so? Does such a filter section have 
valuable characteristics? 

The most obvious feature of the m-derived section is that its series 
branch will be resonant and will therefore have zero impedance at one 


JLi 
2 *~K 

o— 


2 L K 

s tfoW'—o 


2 L» = 2 m l-K Hi 

. . 

C/=4= m C K 




4m 


(b) m-Derived 


(a) Proio+ype 
Fig. 10-11. m-derived low-pass T section. 


frequency. No signal can reach the load at this particular frequency, and 
attenuation (assuming lossless reactances) will be infinite. This frequency 
is designated its value is easily computed. 

The cutoff frequency is the frequency at which Z 0 becomes imaginary, 
and since Z 0 is the same for an m-derived section as for its prototype, it 
follows that the cutoff frequency of an m-derived section is the same as the 
cutoff frequency of the prototype . Hence, from Eq. 10-15, the cutoff fre¬ 
quency of an m-derived low-pass T section is 


fc = 


1 


(10-33) 


The frequency of infinite attenuation is that which makes X 2 = 0: 



1 - m 2 1 

4 m WaLt mu a C t ~ ° 

(10-34) 

which gives 

2 4 

"" “ (1 - m 2 )L t C k 

(1035) 

Using Eq. 10-33, 

f - . f e .. 

00 \/l — m 2 

(10-36) 


Assuming that the cutoff frequency is fixed by the filter specifications, the 
most interesting deduction from this equation is that the frequency of 
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infinite attenuation is dependent upon the arbitrary constant m. Hence, 
by appropriate choice of m, the designer can provide infinite attenuation 
at any desired frequency. This is the outstanding value of the m-derived 
filter section. 

The amount of attenuation produced by an m-derived section can be 
computed from Eq. 10-25. Figure 10-12 shows typical attenuation curves 




(b) High Pass 


Fig. 10-12. Attenuation characteristics of m-derived filter sections. 


for low-pass and high-pass m-derived sections of either T or II configura¬ 
tion. It is interesting to compare these with Fig. 10-8 for the prototype 
section. 

Theoretically, the frequency of infinite attenuation can be placed as 
near the cutoff frequency as the designer wishes. If m approaches zero, 
/«, approaches f c . Practically, the frequency of infinite attenuation should 
differ from the cutoff frequency by at least 2 to 5 per cent if ordinary 
high-Q coils are used. 4 

There are two reasons why sharper cutoff is not feasible. First, the size 
of the coils and condensers required becomes impracticable if m is very 
small. Consider that in the low-pass m-derived section of Fig. 10-116, if m 
approached zero, Li would approach zero, C 2 would approach zero, and 
L 2 would approach infinity. The limit would be zero impedance in the 
series arms, and infinite impedance in the shunt. In the limit, as m ap¬ 
proaches zero, the filter section is reduced to a mere link that serves only 
to connect the adjacent sections of the network and ceases to act as a 
filter. This is true of low and high pass, T and II sections alike. Second, 
even if the impracticable circuit elements required for small m were built, 
they would fail to provide the desired high attenuation. All the foregoing 
discussion has neglected losses in the coils and condensers, and with most 
filters this leads to no serious discrepancies, but if m is small it turns out 
that losses are important and the filter fails to give the performance pre¬ 
dicted on the basis of negligible loss. [Equations 10-3 and 10-4 (or 10-20) 

4 With quartz crystal filters, Q being higher, the cutoff may be sharper. 
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are not restricted to ideal filters, and may be used if it is necessary to 
compute attenuation in a T or n section including the effect of loss.] « 

The possibility of connecting a number of different m-derived sections in 
cascade, all having the same cutoff frequencies and the same characteristic 
impedance, but with their various infinite-attenuation frequencies dis¬ 
tributed throughout the stop band, is most attractive. The designer can 
provide high attenuation at all stop-band frequencies, with specially high 
attention at particular frequencies where it is most needed. This is the 
basis on which composite filters are usually designed. A composite filter 
can be made with as many sections as desired, but three sections are almost 
always enough, and two are often satisfactory. 

10. Terminal Half Sections. One of the major difficulties of constant-^ 
sections, lack of sharp cutoff, has now been remedied. The difficulty of 
matching that results from the variable characteristic impedance of the 
section remains to be overcome, for an m-derived section has a char¬ 
acteristic impedance as bad as its prototype. 

An obvious solution of the matching problem is to provide a matching 
network that has constant impedance, equal to the load, when viewed 
from the load side, and variable impedance, equal to that of the filter 
section, when viewed from the filter side. 5 We must consider the possi¬ 
bility of devising such a matching section. 

In exploring the situation we recognize that such a matching section 
would be unsymmetrical, and would look like a prototype or m-derived 
filter section when viewed from the filter side. A good practical solution was 
found by using half of a filter section as a matching network. 

Figure 10-13 shows a half section with ter¬ 
minals aa f and bb '. Looking from the left, this 
is half a T section. When viewed from the right, 
it is half a II section. It could be connected 
to a T section on the left at aa f and to a II 
section on the right at 66', and impedances 
would match at both pairs of terminals. The 
half section transforms from T-section characteristic impedance on one 
side to II-section characteristic impedance on the other. 

If the half section were half of a low-pass prototype section, as in Fig. 
10-14a, it would serve to match the impedance of Fig. 10-9a to that of 
Fig. 10-9c. This impedance transformation is not suitable, however, for 
our purpose. We wish to match the impedance of a T section (or the 
impedance of a II section) to the constant resistance of a load; the prototype 
half section transforms the impedance too greatly. We now have the fol- 




-ob 


2Z 2 




■ob' 


Fig. 10-13. A half section. 


5 Matching networks are discussed in Sec. 7, Chap. 9. 
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lowing information: a prototype half section for which m = 1 provides too 
much of an impedance transformation, whereas a section for which m = 0 
serves merely as a connecting link and provides no impedance transforma¬ 
tion at all. This suggests that we investigate the impedance of an m* 
derived half section with m intermediate between 1 and 0. 


(a) 


o ■ |— 

O'. ■■■ —1 - --- 

Prototype T Section 


— - | ... — ^ 000D j ■ o 


cJZ _=□_< 

Prototype ti Section 


From this Side, 0 —W-i-° 

Matches —j- 

Prototype T 0 -- *■■■ ■—° 

Prototype 
Half Section 


From this Side. 

Matches 
Prototype ti 



m-Derived T Section 


From this Side, Matches 
Prototype or 
m-Derived T. 



From this Side, Resembles 
tt Section, but 
not m-Derived tt, 

Z 0 Depends on m 


(b) Half m-Derived T Section 


I——. 



m- Derived n Section 




From this Side Matches 
Prototype or 
m-Denved tt. <>. 



Half m-Derived tt 

(c) Section 


From this Side, Resembles 
T Section, but 
not m-Derived T, 
Z 0 Depends on m. 


Fig. 10-14. Low-pass filter sections and half sections. 


Half of an m-derived T section is shown in Fig. 10-146. From the right, 
this looks like a II section with 


Zi = mZ lk 

„ Z 


J 2k 

m 


+ z tl 


m 


4m 


(10-37) 

(10-38) 
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It must be emphasized that these are the proportions of an m-derived T 
section as in Fig. 10-146 and not of an m-derived II section as in Fig. 10-f4c. 
If two m-derived T half sections are put together as in Fig. 10-15a, they 
form a II section, but it is not an m-derived n and does not have the imped- 

i» 

2 H 2 L 1 



(a) Two Half T Sections put Together as a n 



Half T ---Half T 

Section One or More Section 
m- Derived 
T Sections 


(b) Two Half T Sections Matched to Intermediate 
T Sections 


Fig. 10-15. Terminal half sections. 


ance indicated in Fig. 10-9c. Our next step is to find what impedance it 
does have. 

This is done by substituting Z, and Z 2 of Eqs. 10-37 and 10-38 into Eq. 
10-8 for Z 0ir . The result depends on the numerical value of m. The char- 



Fig. 10-16. Image (characteristic) im¬ 
pedance of the sections of Fig. 10-15. 
(Graph for low-pass half-T section; for 
high-pass, use reciprocal of frequency; for 
half-n section, use reciprocal of imped¬ 
ance.) 



Fig. 10-17. Image (characteristic) im¬ 
pedance of terminal half-T sections of 
Fig. 10-15; low-pass m-derived filter with 
m = 0 . 6 . 
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acteristic-impedance functions for various m ’s are plotted in Fig. 10-16. 
It is seen that if m =* 0.6, our objective is very nearly achieved:® the 
characteristic impedance is nearly constant through most of the pass band. 
The valu e of th e characteristic impedance of such a half section approxi¬ 
mates 's/LJCk which, by Eq. 10-19, equals k. 

The practical result is that a filter can be designed with one or more 
intermediate m-derived T sections, as in Fig. 10-156, and with half an ra- 
derived T section (for which m = 0.6) at each end. The intermediate 
filter sections will then be matched to each other and to the internal 
terminals of the end half sections, for all will have the impedance of Fig. 
10-9a or 6, while the end half sections will be matched externally to the 
constant impedance of input and output circuits. 

The above statement applies to frequencies in the pass band. In the 
stop band, the characteristic impedance that is seen looking into the 
terminal half sections of the filter from the input or output circuits is 
purely reactive. The magnitude of it is highly variable; it can be com¬ 
puted, and is plotted in Fig. 10-17. 

A filter that is terminated in half sections designed with m = 0.6 has 
a characteristic impedance Z 0 that varies less than 4 per cent through 86 
per cent of the pass band. There is nothing in our approach to the problem 
to suggest that this is the best possible termination of a filter. As a matter 


6 The following analysis indicates that Z 0r for this kind of section is approxi¬ 
mately constant if m = 0.707. This is the best approximation for frequencies far 
from cutoff, but m = 0.6 gives better average results throughout the pass band. 
If operation of the filter very close to cutoff is particularly important, use of m = 0.5 
should be considered. See F. E. Terman, “Radio Engineers , Handbook,” p. 233 
(Ref. 35), for design curves. 
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to make Z 0r constant, we find 

m 3 = i and Z 0 , = k 


(10-39) 
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of fact, other and more complicated terminal sections will give even better 
results. But for most practical purposes, the half-section termination is 
quite satisfactory. 

11. Filter Design: Low-pass and High-pass. The essential facts about 
low-pass and high-pass T and II filter sections have now been considered, 
but they have not been organized for design purposes. Ordinarily the 
designer starts with knowledge of the load resistance and the cutoff fre¬ 
quency. Steps in design are as follows. 

1. Decide whether T or II intermediate sections will be used. The 
choice is based on convenience. 

2. Design the terminal half sections using formulas collected in Tables 
10-1 or 10-2. 

3. The terminal half sections, acting together as a filter section with 
m = 0.6, give infinite attenuation at 1.25 f c for low-pass and 0.80 f e for 
high-pass. Consider what other frequencies should have infinite attenua¬ 
tion to give adequate attenuation throughout the stop band, remembering 
that an additional filter section is required for each. Usually a prototype 
section (m = 1) is included to give high attenuation at stop-band fre¬ 
quencies far from cutoff. This one intermediate prototype section with 
the two terminal half sections may constitute an adequate filter if require¬ 
ments are not too exacting. If quite sharp cutoff is required, an inter¬ 
mediate section with low m should be included. A filter with one inter¬ 
mediate ra-derived section and one prototype section, together with the 
terminal half sections, is sufficient for almost any purpose. 

4. Design the intermediate sections using the formulas of Table 10-1 
or 10-2. 

5. Arrange the sections in cascade and where two condensers or two coils 
appear in series or parallel, combine into a single condenser or coil. 

An example of design is given in Sec. 13. 

The formulas of Tables 10-1 and 10-2 are collected from the earlier 
sections of this chapter, 7 with transformations that put them in a form 
suitable for design. Thus L k and C*, inductance and capacitance of the 
prototype low-pass T section, are found from Eqs. 10-15 and 10-25 as 
follows: 


II 

r 

(10-43) 

ii 

5- ~ 

ha 

(10-44) 


7 The arrangement is patterned after that used by F. E. Terman in various pub¬ 
lications, including Refs. 8 and 35. 
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TABLE 10-1 

DESIGN OF LOW-PASS FILTERS 


Design Constants 



Prototype Sections 



m-Derived T Sections 



Terminal Intermediate Terminal C 2 = mC k 

Half Section Sections Half Section 

m — 0.6 m = 0.6 


m-Derived n Sections 



Half Section Sections Half Section 

m = 0.6 m = 0.6 
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TABLE 10-2 

DESIGN OF HIGH-PASS FILTERS 



m-Derived n Sections 
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By Eq. 10-28, 



(10-45) 


It is seen from Fig. 10-16 that the characteristic impedance should equal 
the load resistance R at zero frequency, regardless of the value of m. We 
therefore let w = 0 and set 


Z 0T — 



(10-46) 


Simultaneous solution of Eqs. 10-44 and 10-46 gives, for a low-pass T 
section, 

L k = 4 and C h = -fp (10-47) 

TT J e T? J cK 

Prototype L and C for a high-pass T section, and for both kinds of II 
sections, are found in a similar way. 

The factor m is found by a rearrangement of Eq. 10-36. L u L 2 , and 
C 2 then come from Eqs. 10-30 and 31. In the preceding pages, only the 


2C, .. i, 2C, 
o— 

0 -" ' ■ — . . ■ ■ " O 

(a) T Section 
.C, 


L, 

—'TJTDT'— 


2L 2 Cp = K 2 



(b) tt Section 

Fig, 10-18. Band-pass inverse filter. 


low-pass T section has been worked out in detail, but expressions for the 
other types are derived similarly. 

12. Band-pass Filters. It is often necessary to pass a band of frequencies 
between an upper cutoff frequency and a lower cutoff frequency. In 
carrier-current telephone transmission, for instance, a particular channel 
is separated from other channels by such a band-pass filter. 
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The two cutoff frequencies of a band-pass filter will be called f x an,d f 2t 
respectively. Frequencies below f x and frequencies above f 2 must be 
attenuated. 

The principles of operation of a band-pass filter are the same as those 
of the high- and low-pass filters that have been considered. The proto¬ 
type band-pass T section is shown in Fig. 10-18a, and the prototype II 
section in 6. 

To see that these are indeed band-pass networks, the reactances are 
plotted in Fig. 10-18c. X x has the familiar form of the reactance of a 
series-resonant circuit, and —4X 2 is like the familiar parallel-resonance 
reactance curve, but inverted. 

Note that X l and X 2 are both resonant at a frequency in the pass band, 
and that they both change sign at this frequency. They are resonant at 
the same frequency, for in order that the section may be a constant-* or 
inverse network, it is necessary that L X C X = L 2 C 2 . It can be shown that 
the frequency at which the branches of the filter are resonant, called f m 
the midfrequency, is such that/ m 2 = fj 2 . 

If Xi did not change sign at the same frequency as X 2} the filter would 
have two pass bands separated by a stop band, in addition to the stop 
bands at high and low frequencies. However, our derivation requires the 
prototype section to be a constant-* or inverse network. 

Like the prototype low- and high-pass filters, the prototype constant-* 
band-pass sections have variable image 
(characteristic) impedance, and lack sharp 
cutoff. Attenuation as a function of fre¬ 
quency is shown in Fig. 10-19; attenuation 
is infinite at very high and very low fre¬ 
quencies, but rises slowly from the cutoff 
frequencies. 

Characteristic impedance in the pass band 
is shown in Fig. 10-20. The T and n sec¬ 
tions have the same characteristic impedance 
at the midfrequency only, at which Z 0 = \/L 2 /C x = y/Li/C 2 - *. In 
the design of a band-pass filter, it is this midfrequency that is matched to 
the load resistance R; in this way it is analogous to the zero-frequency im¬ 
pedance of a low-pass filter (see Eqs. 10-19 and 10-46) and the infinite- 
frequency impedance of a high-pass filter. 

To provide more desirable attenuation characteristics for a band-pass 
filter, m-derived sections are used. These have a frequency of infinite 
attenuation in each stop band, / la > and / 2o », as indicated in the figure of 
Table 10-3. There is an opportunity to select two arbitrary design con¬ 
stants, mi and m 2 , in a band-pass section; the two frequencies of infinite 



Fig. 10-19. Attenuation of con- 
stant-A; band-pass sections. 
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attenuation can then be independently adjusted to any desired points in 
their respective stop bands. 

If the two values of m are taken to be equal (if m x = m 2 = m), it is 
possible to select only one frequency of infinite attenuation, and the other 
is then specified by the relation 

/ico/200 = f x f % = fj (10-48) 

The two frequencies of infinite attenuation then appear in corresponding 
locations on opposite sides of the pass band. A small value of m provides 
sharp cutoff on both sides of the pass band. When m approaches its 
maximum value of 1, the points of infinite attenuation are near zero and 
infinite frequency, and the network is similar to the prototype section. 




Fig. 10-20. Image (characteristic) impedance in the pass band of prototype and 
m-derived band-pass sections. 


Equations 10-31 and 10-32 give the relations that must exist among the 
elements of an m-derived section, and apply to band-pass filter sections 
as well as to low-pass and high-pass sections. (This assumes a single value 
of m.) In an m-derived T section, for example, the shunt arm must con¬ 
tain an impedance similar to the shunt impedance of the prototype, but 
larger, together with an impedance similar to the series impedance of the 
prototype. The results are arranged in Table 10-3. 

Band-pass sections of the m-derived type have the unsatisfactory char¬ 
acteristic impedance qualities shown in Fig. 10-20. As with low-pass and 
high-pass filters, terminal half sections are used to match the impedance 
of a band-pass filter to input and output circuits. As with low-pass and 
high-pass filters, the best over-all results are obtained by letting m = 0.6 
for the terminal half sections, although this value may be varied a little 
for exceptional designs. 

Design data providing for the independent selection of infinite-attenu¬ 
ation frequencies are given in Table 10-4. 8 Type I of this table is the most 

8 Reproduced, by permission, from F. E. Terman’s “Radio Engineers’ Hand¬ 
book” (Ref. 35). Much of the information is from Otto J. Zobel’s papers in the Bell 
System Technical Journal . 
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TABLE 10-3 

DESIGN OF BAND-PASS FILTERS 


Design Constants 



Frequency 


R = load resistance 

m = 

(/» = /I® oi /200) 
/100/2* = /1/2 



Prototype Sections 

(/100 = 0 , / 20 o = 00, m = 1 ) 



m-Derived T Sections 



m-Derived II Sections 



Terminal Intermediate 


Half Section 

m = 0.6 


Section 



C'a = mCj* 







TABLE 10-4. DESIGN OF BAND-PASS SECTIONS 
Fundamental Relations 

R = load resistance /i = lower frequency limit of pass / 2 = higher frequency limit of pass 

band band 

a frequency of veiy high attenuation in low-frequency f 2m = a frequency of very high attenuation in high-frequency 
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general type; although the network does not appear identical with that 
of Table 10-3, it is electrically equivalent. The other types are various 
degenerate forms of Type I in which coils or condensers reduce to zero. 
Type IV will be recognized as the prototype. 

The design of a band-pass filter must begin with a knowledge of the 
upper and lower cutoff frequencies and the load resistance. Steps in the 
design are then exactly as outlined in Sec. 11. Tables 10-3 or 10-4 give 
the essential formulas. 

When several frequency channels are to be separated by band-pass filters, 
several filters must be connected in parallel (or in series). This cannot be 
done without care, for it is apparent that each filter will affect the operation 
of the others. Each filter will act the same, at any frequency, as would 
an impedance equal to the input impedance to that filter. In the pass 
band, the input impedance to a filter is R . In the stop band, the input 
impedance is almost purely reactive and is approximately equal to the 
image (characteristic) impedance of the input section of the filter. The 
curves of Fig. 10-17 (although this figure is specifically for a low-pass filter) 
give a general idea of the manner in which image impedance can be ex¬ 
pected to vary in the stop band. Schemes that permit connecting filters 
in parallel or series will be found in detailed treatises on filters [see Ter- 
man’s Handbook (Ref. 35) and references therein]. 

13. Design Example. Design a high-pass filter with cutoff at 1,000 
cycles per second, to match 700-ohm input and output circuits. It is 
required that attenuation be at least 20 decibels (power ratio 100 to 1) at 
all frequencies from 0 to 900 cycles. Follow the steps of design procedure 
enumerated in Sec. 11. 

1. II-type intermediate sections will be used. There is no reason for 
this choice; it is purely arbitrary in this instance. 

2. Using Table 10-2, 

700 

L - - iJ^oo - 0 0557 

C ‘ = 4,-l,oix).700 - 0 1130 XKr’torf 


For the terminal half sections, let m = 0.6. Then 

4 m 


1 — TO 


= 3.75 


Ct = 


0.1136 

0.6 


10~ 8 = 0.1890 X 10" 


L, = 3.75 X 0.0557 = 0.2085 
I* *= = 0.0930 


0.6 
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These numerical values for the terminal half septions are now entered in 
the diagram of Fig. 10-21a. ' 

3. What intermediate sections are needed? For adequate attenuation 
at low frequency an intermediate prototype section (to = 1) will be used. 
The specified sharpness of cutoff is not great, and it may be unnecessary 
to use a second intermediate section. (If sharp cutoff were required, an 



Terminal i 
Half-Section I 
I 


i 


Prototype 

Section 



(a) Sections as Designed 
104.2 mh. O.H36>uf. 104.2 mh. 



(b) Elements Merged 

Fig. 10-21. Example of high-pass filter design. 


intermediate section with /« — 900 or 950 cycles would be added.) Let 
us assume that the only intermediate section will be the prototype section 
and compute the attenuation to see if it is satisfactory. 

4. Elements of the prototype section have already been computed in 
step 2, above, and may be entered in the diagram of Fig. 10-21a. 
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5. Shunt inductances in the filter sections are found to be connected in 
parallel. These can be combined into single coils, as shown in Fig. 10-216. 

Attenuation will now be computed. Equation 10-23 is used. Let us 
first compute attenuation in the two terminal half sections. Letting a 
represent the attenuation per complete section, 


cosh a 


i + ~— 
^ 2 Z 2 


1 


1 

2 


U 


(tiC \Ij2 




Results, computed as a function of co, are shown in the dash curve of 
Fig. 10-22. 

Attenuation provided by the intermediate prototype section is next com¬ 
puted. The same formula is used: 


cosh a = 


1 + i£ 

+ 2 Z 2 


2oi L k G k 


Results are plotted in Fig. 10-22. 

Total attenuation in the filter made up of the prototype section and the 
two half sections in cascade is the sum of the individual attenuations, and 
this is also shown in Fig. 10-22. It was specified in the statement of the 
problem that attenuation was to be at least 20 decibels at frequencies 
below 900 cycles. This much attenuation is provided; thus the simple 
filter of Fig. 10-21 is adequate. If the specifications were more rigorous, 
another intermediate section would be used. 

14. Nonideal Behavior of Practical Filters. Imperfect Termination. 
Filter computations, as in the above example, include two idealizations. 
The equation for computing attenuation is based on the assumption that 
the filter is terminated in its image (characteristic) impedance. As we 
have seen (Fig. 10-17), this assumption is reasonably valid in most of the 
pass band, for the filter was designed to make it so. As the cutoff frequency 
is approached, however, the assumption becomes less exact, and through¬ 
out the stop band it is totally false. 

In the pass band, near cutoff, the effect of the unavoidable variation of 
Z 0 is to introduce a small amount of undesired attenuation. Sharpness of 
cutoff is somewhat lessened. 

At first thought, it would seem that computations with stop-band fre¬ 
quencies would be entirely invalidated by the fact that the actual load 
has neither the angle nor the magnitude of the characteristic impedance. 
However, we may consider that in the stop band the attenuation of the 
filter is high; therefore very little of the applied signal reaches the load; 
therefore it is not greatly significant what the nature of the load may be, 
for it cannot have much effect. This argument is slightly specious, but 
the conclusion is none the less true. 
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Evidence is furnished by the computation given at the beginning of the 
chapter. In Sec. 2, the performance of a network with T configuration 
was considered. This network may now be recognized as being composed 
of two half sections of an m-derived n, rearranged to form a T. It is the 
same T that would be obtained if the prototype section of Fig. 10-21a 
were omitted and the two end half sections were directly connected. In¬ 
deed, the numerical values of inductance and capacitance given in Sec. 2 
are the same as the results of the design problem of Sec. 13. Hence a 
comparison is available between the results obtained in Sec. 2 by the 
laborious but exact methods of elementary computation, and the results 
of Sec. 13 in which we applied to the same network the idealized method 
that assumes the filter to be terminated in its characteristic impedance. 


80 
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o 
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Frequency-Cycles per Second 

Fig. 10-23. Comparison of idealized and exact computation of attenuation. 

Attenuation curves from the two computations are compared in Fig. 
10-23. These are replotted from Figs. 10-36 and 10-22. Agreement 
through the pass band is quite good. It is interesting to notice that there is 
a small “negative attenuation” near cutoff; this means that the load actually 
receives more power at these frequencies with the filter present than with 
it absent, owing to a resonant rise of voltage in the filter network.® (A 
purely reactive filter is assumed.) 

In the stop band, the two curves agree in general shape, but not in 


9 Strictly speaking, the curve from Fig. 10-36 is more precisely an illustration of 
insertion loss than attenuation. “The insertion loss at a given frequency caused by 
the insertion of apparatus in a transmission system is the ratio, expressed in deci¬ 
bels, of the powers at that frequency delivered to that part of the system beyond 
the point of insertion before and after the insertion.” (“American Standard Defini¬ 
tions of Electrical Terms,” Ref. 1.) Insertion loss includes the effect of mismatch 
as well as attenuation. 
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detail. The difference, however, is only a few decibels, and is of no practical 
significance in parts of the stop band with high attenuation. When a 
section of this type is used as part of the composite filter of Fig. 10-22, 
an uncertainty of a few decibels in the total attenuation is not important. 
Since all impedance matches between sections of an m-derived filter are 
perfect, with a poor match (for stop-band frequencies) only at the load, 
the more the total attenuation, the less the importance of the imperfect 
match at the load. 

The general conclusion is that attenuation may be computed by Eq. 
10-23 with reasonable accuracy, although a certain approximation is in¬ 
volved. 

Coil Resistance and Losses. The other idealization, which appears in all 
the work of this chapter, is the neglect of power loss in the filter network. 
Purely reactive elements have been assumed. The actual situation is that 
practical condensers may have negligible losses, but this is never true of 
coils. 

The effect of loss is to prevent filter operation from being as extreme as 
is predicted: 

1. In the pass band, attenuation is low but not zero. 

2. At resonant frequencies, attenuation is high but not infinite. 

3. Cutoff is not as sharp as computed. 

A dotted line in Fig. 10-23 illustrates these three effects of loss. At pass- 
band frequencies beyond the range of the diagram, the attenuation owing 
to loss is practically negligible. 

This dotted curve assumes the use of inductance coils of good quality. 
The effect of loss is secondary if the coils have a Q of 15 or more. Coil 
design naturally depends on the range of frequency of operation. Values 
of Q as high as 400 can be obtained with coils having molybdenum- 
permalloy dust cores; these are used for telephone filters at frequencies up 
to about 30 kilocycles. At higher frequencies, the piezoelectric resonance 
of quartz crystals is used to provide resonant elements with extremely 
high Q (several thousand) for filter networks. At ultra-high frequencies, 
open or short-circuited lengths of transmission line can be used to provide 
resonant elements for filters, and Q of several thousand is easily obtained. 

15. Lattice Filters. The composite ladder filter sections that have been 
discussed are satisfactory for many practical applications. We have by 
no means explored their ultimate possibilities, but the m-derived sections, 
although a restricted classification even among ladder filters, are the most 
practical type for most uses. 

For complete generality, the lattice-network filter should be studied. A 
lattice network is shown in Fig. 10-24. It can be shown that the impedance 
properties of a lattice network can be as general as the impedance prop- 
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erties of any symmetrical four-terminal network. A lattice will do any¬ 
thing that Torn sections will do, and may be designed with other char¬ 
acteristics not obtainable with a ladder network. 

The conventional arrangement of elements in a lattice network is shown 
in Fig. 10-24a, and in Fig. 10-246 the same elements are rearranged to 
show that the lattice is a bridge circuit. It is evident at once that if Z a = 
Z by a signal may be applied to one pair of terminals and there will be no 
output at the other pair of terminals. 

The impedance and transmission characteristics of a lattice can be 
studied in the same manner as those of II and T sections. The starting 

m 

n 

n' 

2a 

m' 

(o) (b) 

Fig. 10-24. A lattice network. 


point is to write the impedance at one pair of terminals, the other pair 
being first open-circuited and then short-circuited. By reference to the 
figure, these open- and short-circuit impedances are, respectively, 


Z op = \{Z a + Z b ) 

(1049) 

nr ft Z b 

z,k ~ 2 z a + z h 

(10-50) 

Referring again to Eq. 7-75 for image (characteristic) impedance, 

Zq 2 — z op z sh 

(10-51) 

Transmission is determined from Eq. 7-79: 


COS (/3 — jot) = ,- 

VI - Zjz„ 

(10-52) 

or, alternatively, from Eq. 7-80, 


cosh (a + ?/3) = — - --- 

Vi -zjz„ 

(10-53) 

Using the impedance values of Eqs. 10-49 and 10-50 in Eq. 10-51, there 
results: 

Z 0 — \/Z a Z b 

(10-54) 
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The same impedance values in Eq. 10-52 give 

Z h 4“ Zg 


cos {0 — jot) = 


1 




4Z b Z a 


z h - z a 


(Z b + z a ) 2 

A trigonometric change gives 

tail ( Pt M _ II ~ .. C 9 S (ft -l M _ H 

\ 2 / “ Vl + cos GJ - j«) ~ \ i 
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(10-65) 


(10-56) 


Finding a and /3 from Eq. 10-56 requires evaluating the inverse tangent 
function. If the right-hand member of the equation is real, the argument 
of the tangent is real, and j3 exists but a is zero; this is true if Z a and Z b 
are of opposite sign. If the right-hand member is imaginary, a will exist, 
and 0 will be either 0 or tt. It is therefore seen that the lattice, properly 
terminated, will pass frequencies for which Z a and Z b have opposite sign, 
and will attenuate frequencies for which Z a and Z b have the same sign. 

More detailed examination of the complex tangent function leads to the 
following conclusions: 10 


Transmission band or pass band: 
ZJZ h is negative (and real), 


a = 0 

P - ±2 tan -1 yj~^ 
(The sign of 0 is the same as the sign of X a .) 


Attenuation band or stop band: 

Z a /Z b is positive (real) and less than 1, 


a = 2 tanh -1 



0 = 0 

ZJZ h is positive (real) and greater than 1, 

a = 2 tanh"" 1 


0 = T 


(10-57) 


(10-58) 


(10-59) 


10 These conclusions may be reached from a study of a chart of the tangent 
function as given by Jahnke and Emde (Ref. 11), or by expanding the tangent 
function by Formula 25a of Table II. 
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The image impedance (characteristic impedance) of any lattice is \Zz a Z b ; 
the i nput i mpedanc e to a ny lattice that is terminated in impedance equal 
to y/ZJZ h is also \/Z a Z b . (This fact can be verified by elementary circuit 
methods if desired.) 

The practical problem in designing a lattice, as with any other filter, is 
to have the image impedance Z 0 as nearly constant as possible throughout 
the pass band, and to have the attenuation as high as possible in the stop 
band. The ideal lattice would have Z a = 1/Z b in the transmission or pass 
band, for this would make Z 0 constant, and Z a = Z b in the attenuation 
or stop band, for this would make attenuation infinite. 

Clearly, it is too much to expect that the relation between Z a and Z b 
will change abruptly from one to the other of these radically different 
conditions. Nevertheless, this ideal can be approached quite closely by 
making Z a and Z b both fairly complicated networks of reactive elements. 
The art of design is to come as near to doing so as is economically justifiable. 



at 0 

(a) (b) 

Fig. 10-25. Equivalent reactive networks, and their reactance characteristic. 

In designing a lattice filter, it is simple to control Z 0 and a independently, 
by choice of Z a and Z b (see Eqs. 10-54 and 10-56). 

It is evident that infinite attenuation can be achieved at all frequencies 
by making Z a and Z b identical elements. The result (see Fig. 10-24 b) is 
a balanced bridge. Such an arrangement does not seem to have any 
practical value as a filter. 

By making Z a and Z b inverse impedances (a coil in one arm and a con¬ 
denser in the other being the simplest possible example) a network is 
obtained that has no attenuation at any frequency if it is properly termi¬ 
nated. It is called an all pass section. It produces a phase shift 0 that is 
dependent on the frequency as in Eq. 10-57. It is useful for phase correc¬ 
tion, as, for example, to cancel out delay distortion at the end of a trans¬ 
mission line. 

The methods of design of lattice filters have little to do with transmis- 
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sion-line theory. Moreover, many communication engineers never need 
them. Therefore they will not be given here, but the following brief out¬ 
line will suggest the general principles used. 

If reactance is plotted as a function of frequency, there are points at 
which reactance is zero, called zeros , and points at which it is infinite, 
called poles (see Fig. 10-25). The sign of the reactance changes at each 
pole and at each zero. For any network, poles and zeros alternate. 
Within the pass band of a lattice filter, if Z a has a pole, Z h must have a 
zero, and vice versa. In the stop band, if Z a has a pole, Z b must have a 
pole, and if Z a has a zero, so must Z h . If either Z a or Z h has a pole or 
zero, and the other impedance does not have either, the frequency at 



(a) Pi Network Transformed to Lattice 



(b) T Network Transformed to Lattice 


Fig. 10-26. Equivalence of lattice and ladder sections. (It is understood that the 
lattices are symmetrical; the dash lines indicate arms identical with those shown.) 

which it occurs is a cutoff frequency, for here the impedance of one arm 
of the filter changes sign and that of the other arm does not. 

Foster’s reactance theorem gives the reactance of a two-terminal network 
in terms of the frequencies at which there are poles and zeros. With the 
use of this theorem, design becomes a problem of locating poles and zeros 
in a lattice in such a way that the ideal filter conditions are approached 
as nearly as possible. There are various practical schemes for doing this 
(following Cauer and Bode; Refs. 10 and 35) which will not be given here. 

Any II or T network can be transformed to an equivalent lattice. The 
equivalent networks are shown in Fig. 10-26. It does not follow that any 
lattice can be transformed to a II or T. If a lattice can be so transformed, 
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however, there may be some practical advantage in building the filter as 
a II or T even though it was designed as a lattice; usually fewer coils and 
condensers are needed. 

16. Balance of Networks. Clearly, all lattice networks are balanced to 
neutral. Impedance in one line is identical with that in the other. 

II and T networks may be either balanced or unbalanced. Their names 
come from the unbalanced arrangements, in which all the series impedance 
is placed in one side. If half the series impedance is placed in each side of 
the circuit, the n or T becomes balanced (see Fig. 10-27). The balanced 



— 7 17 17 

2M A l \ 4 l \ 

Balanced Pi or Square Balanced T or H 


Fig. 10-27. Balanced II and balanced T sections, equivalent to the unbalanced sections 
of Figs. 10-26 and 10-5. 

n is sometimes called a square network , and the balanced T an H network , 
for obvious reasons. 

A balanced II or T requires more coils and condensers than does the 
equivalent unbalanced II or T. Otherwise, the desirability of one form or 
the other is dictated by the input and output circuits. For some uses, 
the balance to ground provided by the square and H sections is required. 
For others, common connection of the shunt elements (as to ground) is 
advantageous, and this is possible only with the unbalanced II or T. No 
general statement is possible. 

17. Network Theory. In conclusion, it should be mentioned again that 
beautiful and extremely powerful methods of filter synthesis are provided 
by general network theory. The methods of this chapter are simple and 
relatively restricted. However, these simple methods provide for the de¬ 
sign needs of the great majority of electrical engineers, and these concepts 
of filter operation that are based on transmission-line theory make use of 
the most expedient if not the most elegant approach to the subject. 

PROBLEMS 

10-1. Draw typical curves of reactance as a function of frequency for the follow¬ 
ing reactive elements: (a) simple inductance, (6) simple capacitance, (c) inductance 
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and capacitance in series, and (d) inductance and capacitance in parallel. Indicate 
resonant frequencies. 

Note: These typical curves will be used in the next several problems as they are in 
Figs. 10-6, 10-7, and 10-18. 

10-2. Plotting Xi and —4X 2 , as in Fig. 10-6, indicate the pass and stop bands 
of a T orll filter section in which X l is inductance and X 2 is inductance and capaci¬ 
tance in series. Classify as to high, low, or band pass, and mark the frequency or 
frequencies of infinite attenuation. 

10-3. Repeat Prob. 10-2 for a section in which X x is L and C in parallel and X 2 
is L. 

10-4. Repeat Prob. 10-2 for a section in which X x is L and C in parallel and X 2 
is C. 

10-6. Repeat Prob. 10-2 for a section in which X x is L and C in series and X 2 is C. 

10-6. Repeat Prob. 10-2 for a section in which X x is C and X 2 is L and C in 
parallel. 

10-7. Repeat Prob. 10-2 for a section in which X x is C and X 2 is L and C in series. 

10-8. Repeat Prob. 10-2 for a section in which X x is L and C in series and X 2 is 
also L and C in series but with a different resonant frequency. 

10-9. Repeat Prob. 10-2 for a section in which X x is L and C in parallel and X 2 
is L and C in series. 

10-10. Repeat Prob. 10-2 for a section in which X x is L and C in series and X 2 is L. 

10-11. Repeat Prob. 10-2 for a section in which X x is L and X 2 is L and C in 
parallel. 

10-12. Repeat Prob. 10-2 for a section in which X x is L and C in parallel and X 2 
is also L and C in parallel but with a higher resonant frequency. 

10-13. Repeat Prob. 10-2 for a section in which X x is L and C in parallel and X 2 
is also L and C in parallel but with a lower resonant frequency. 

10-14. Repeat Prob. 10-2 for a section in which X x is L and C in series and X 2 
consists of a parallel combination of L and C in series with a series combination of 
L and C . The frequency at which X x = 0 is the frequency at which X 2 = ». (This 
is the most general m-derived band-pass T section.) 

10-16. Repeat Prob. 10-2 for a section in which X x consists of a parallel combina¬ 
tion of L and C in series with a different parallel combination of L and C, and X 2 
is a parallel combination of L and C. The frequency at which X x = 0 is the fre¬ 
quency at which X 2 = co. (This is the most general m-derived band-pass II section). 

10-16. Show that Z 0 of a II section is imaginary in the attenuation band. 

10-17. Compute numerical values to check the curve of Fig. 10-17 at the points 
f/f e = 0.5, 1.1, 1.2, 2.0, and 4.0. 

10-18. Compute and plot a curve of image impedance similar to Fig. 10-17 but 
for a low-pass m-derived filter with terminal half-II sections for which m = 0.6. 

10-19. Find L k and C k (similar to Eq. 10-47) for a high-pass II section. 

10-20. Compute and plot a curve of attenuation in a band-pass section as in Fig. 
10-19, but giving a numerical scale for attenuation in decibels (see Fig. 10-8). 

10-21. Design a low-pass filter with cutoff at 1,000 cycles, to match 700-ohm 
input and output circuits. Use II-type intermediate sections. Above 1,100 cycles, 
attenuation is to be at least 20 db. y 
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10-22. Design a high-pass filter with cutoff at 1,000 cycles, to match 700rohm 
input and output circuits. Use T-type intermediate sections. Below 900 cycles, 
attenuation is to be at least 20 db. 

10-23. Add to the filter of Prob. 10-21 a section to provide “infinite” attenuation 
at 1,050 cycles, and plot attenuation as a function of frequency for the improved 
filter. 

10-24. Add to the filter of Prob. 10-22 a section to provide “infinite” attenuation 
at 950 cycles, and plot attenuation as a function of frequency for the improved 
filter. 

10-25 . Show that the input impedance to a lattice network (F ig. 10 -24) is 
\/ Z a Z h (the image impedance) provided an impedance equal to y/Z a Z b is con¬ 
nected at the output terminals. 

10-26. Design a lattice network to be equivalent to the T section of Fig. 10-1. 

10-27. Using the equation for lattice networks, find the image impedance of the 
network designed in Prob. 10-26, at frequencies of 1,200 and 2,400 cycles. 

10-28. Using equations for lattice networks, find the attenuation in decibels 
produced at 700 cycles by the network designed in Prob. 10-26. 

10-29. Design a “square” attenuating pad to produce 6.0 db attenuation at all 
frequencies and to match a 700-ohm line on each side (see Chap. 9). 

10-30. Design an H attenuating pad to produce 4.5 db attenuation at all fre¬ 
quencies and to match a 650-ohm line on each side (see Chap. 9). 



CHAPTER 11 


APPLICATION TO POWER LINES 


1. Characteristics of Power Transmission. Efficiency is one of the 
major concerns of the power engineer. He has a commodity to transport, 
and it is necessary that as much as possible of this commodity reach the 
receiving end of the transmission line. The commodity of the power engi¬ 
neer is electric energy whereas, in a sense, that of the communication 
engineer is information, and this distinction accounts for much of their 
difference in point of view while using the same transmission-line theory. 

Several characteristics of power lines determine the mode of thought of 
the power engineer. All power lines are electrically short. A power line 
must have high efficiency. Voltage regulation is important for normal op¬ 
eration, and perhaps even more important for stability at time of fault. 
Terminal generators and transformers, and sometimes the line itself, have 
current-carrying capacities set by allowable heating which may not safely 
be exceeded. These factors, all peculiar to power transmission, have led to 
the development of special concepts and certain special tools. Among 
these are: 

1. The concept of the flow of active power and reactive power. 

2. Use of equivalent II (or T) networks. 

3. The “general circuit constants.” 

4. Circle diagrams and charts. 

The power engineer usually handles a transmission-line problem in one 
of two ways. In his analysis of a power system, he may replace an actual 
transmission line by its equivalent II or T section of lumped constants; he 
can then proceed with the simplification or transformation of his power net¬ 
work, or with its representation on a “network analyzer” without having to 
give further consideration to the complications introduced by distributed 
constants. Alternatively, he may use a graphic solution of the transmission¬ 
line equations, the circle diagram or circle chart of a power transmission line, 
and thus base the analysis of his network on the line equations or (what is 
really the same thing) on the general circuit constants of the line. 

Both the computation of equivalent II or T networks and the use of circle 
diagrams will be discussed in the following chapter. 

2. Real and Reactive Power. Electrical behavior of a circuit may be 
expressed in terms of voltage, current, and power factor. The power engi- 
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neer, however, more commonly works with voltage, active power, and 
reactive power. These quantities are indicated on switchboard instruments, 
and are convenient for thinking and speaking about power systems. 
Current, power factor, and other electrical quantities can be derived from 
voltage, active power, and reactive power if needed. The concept of reac¬ 
tive power is used very little by communication engineers, but it is a great 
convenience in the consideration of power transmission. 



A tower of a 287,000-volt power line, Hoover Dam to Los Angeles, above the Cajon 
Pass. Three segmental conductors, 1 40-mch diameter, 512,000-circular-mil copper, are 
spaced 390 inches, see Fig 5-3. Two overhead ground wires protect from lightning. 
(Courtesy of General Cable Corporation .) 

Reactive power is the product of voltage, current, and the sine of the 
phase angle, as active power is the product of voltage, current, and the 
cosine of the phase angle. Active power is produced by a generator, and is 
consumed by a resistive load, or by a motor, or by the resistance of a 
transmission line. Reactive power is produced by an overexcited synchro¬ 
nous condenser, or by an overexcited generator, and is consumed by an 
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inductive reactive load, by an induction motor, or by the inductive react¬ 
ance of a transmission line. 1 

Active power flows from generator to load, being wasted to some extent 
in resistance loss along the way. A similar stream of reactive power is 
visualized, flowing from overexcited generators to inductive loads and being 
consumed in the inductive reactance of transformers and transmission lines. 

Conservation of energy requires that there be a balance of active power 
produced and active power consumed. In the same way, there is a balance 
of reactive power produced and reactive power consumed. The more usual 
reactive elements are: 


Producing Reactive Power 
Overexcited synchronous machines 
Capacitive loads, including static 
capacitors 

Distributed capacitance of trans¬ 
mission lines 


Consuming Reactive Power 
Underexcited synchronous ma¬ 
chines 

Inductive reactive loads 
Induction motors 
Reactance of transformers 
Reactance of transmission lines 


A synchronous machine may either produce or consume reactive power. 
If two machines on the same system are equally excited (so that both op¬ 
erate at unity power factor), neither produces or consumes reactive power. 
But if the excitation of one is higher than that of the other, reactive power 
flows from the overexcited to the underexcited machine. This is true re¬ 
gardless of whether one or the other of the machines is a generator, a motor, 
or a synchronous condenser. 

As a very rough first approximation, the stream of active power through a 
transmission system and the stream of reactive power through the same 
system are more or less independent of each other. Thus, Fig. 11-1 shows 
active power flowing from a generator to a load, while reactive power flows 


1 The algebraic sign of reactive power has been a subject of debate for the past 
twenty-five years. If an inductive load consumes reactive power, a capacitive load 
may be looked upon as a source of reactive power. The alternative proposal is to 
reverse the signs and assume that an inductive element such as an induction motor 
acts as a source of reactive power, and that reactive power is consumed in capaci¬ 
tance or in an overexcited generator. It appears that most power engineers prefer 
and actually use the former concept, and it will be adopted in the present discussion. 

The opposite convention (assuming a capacitive load to consume reactive power) 
was adopted by the American Institute of Electrical Engineers and approved by the 
American Standards Association in 1941 (see Ref. 1). However, the subject was 
reopened and a reversal of sign was recommended by the American Institute of 
Electrical Engineers Standards Committee; the recommendation, with reasons and 
discussion, was published in Electrical Engineering , November, 1946, p. 512. It 
appears highly probable that the latter convention will continue to be commonly 
accepted by practicing engineers, and for that reason it is used in this book. 
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each way from an overexcited synchronous condenser at an intermediate 
substation. 

The flow of either active or reactive power through a transmission line 
results in consumption of real power in the resistance of the line, and the 
consumption of reactive power in the inductive reactance of the line. Thus 
the circulation of reactive power results in consumption of active power, 
and the circulation of active power results in consumption of reactive power. 
Obviously, active and reactive power are not entirely independent. 

A transmission line produces reactive power in its shunt capacitance, and 
consumes reactive power in its series inductance. The amount produced is 
dependent on voltage, and the amount consumed is dependent on current. 

There is a critical amount of load that makes the consumption of reactive 
power equal to production of reactive power in the line. It is not surprising 
to find that this balanced condition results if the impedance of the load is 
approximately the characteristic impedance of the line (exactly so if the line 


0 from 
Over- excited 
Svnc Cond 


P to Sync Cond 



P from 
Generator 


to Resistance* 
Load 


P and Q to 
Induction 
Motor 


Fig. 11-1. Flow charts of active and reactive power in a simple transmission system. 


is a distortionless or lossless line). Also, the balance is approximated with 
any load if the line is a multiple of a half-wavelength long, but this is not a 
practical consideration on any existing power line. 

In general, for good efficiency and good voltage regulation, reactive 
power should be produced as near as possible to the point at which it is 
consumed. This is an important reason for the use of synchronous or static 
condensers at the load end of a transmission line. Induction motors are 
usually the chief consumers of reactive power. 

Reactive power is measured in vars (from the initials of volt-amperes 
reactive) as active power is measured in watts. In practical quantities, the 
units are more commonly kilovars or megavars, corresponding to kilowatts 
and megawatts. The algebraic symbol Q is used, as P is used for power. 

From the definitions of P and Q as the product of voltage and current 
times the cosine and sine, respectively, of the phase angle, we may write 

VI — P + jQ (11-1) 
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where I is the conjugate of J, the complex quantity representing current. 2 
This equation is the starting point of most studies of power. 

3. Equivalent n or T Network. A power transmission line is usually 
part of a fairly complex system, and the operation of the system must be 
studied as a whole. At the least, there are transformers at each end of a 
line, generators at one or both ends, and various kinds of loads. Often the 
most convenient way to include a transmission line in a general system 
problem is to substitute for the line an equivalent II or T network, an arti¬ 
ficial line (see Fig. 11-2). The elements of the artificial line can then be 
combined in series or parallel with impedances and admittances of trans¬ 
formers, generators, and other equipment constituting the power network. 

To help understand the problem, let us consider the network analyzer or 
network calculating board by which power system problems are often studied. 
This is essentially a miniature network of adjustable impedances. Its im¬ 
pedances are set to be proportional to the impedances of transformers, 
generators, and other elements of the power network being studied. Volt- 

Z*=Z(l*V) 


(a) (b) 

Fig. 11-2. Transmission-line equivalents, n and T networks are shown for a line for 
which zx = Z and yx = Y. Formulas given are obtained by series expansion, neglecting 
terms of second and higher degree. The general circuit constants of the line are, with the 
same approximation, 

A = D - 1 + \ZY 
B = Z( 1 + \ZY) 

C - 7(1 + \ZY) 

See also Fig. 11-4. 

age is applied at appropriate points to represent generator voltages. Resist¬ 
ances and reactances represent loads. The calculating-board voltages and 
currents are proportional to those actually existing in the power system, 
but reduced in scale by a factor that may be as much as 100,000 to 1. In 
physical appearance, the network analyzer resembles a rather extensive 
switchboard with panel after panel of adjustable knobs and dials, a few 
panels of jacks and plugs like a telephone exchange, and a central panel or 
bench equipped with various instruments for measuring voltage, current, 
and active and reactive power. 

A transmission line can be represented on a calculating board by the II com¬ 
bination of impedances shown in Fig. 1 l-2a, or by the T combination of Fig. 

_ 2 As part of the disagreement previously mentioned, many authorities prefer 
VI = P + jQ. This results in changing the sign of Q (see footnote 1). Common 
practice favors Eq. 11-1. 





Chap, 11] 


POWER LINES 


271 


11-26. Whether to use a T or II is a matter of convenience; usually but pot 
always, the II section is more suitable for use on a calculating board. The 
II or T section is, of course, an artificial line, ae was discussed in Chap. 8. 

Although the network analyzer or calculating board has been mentioned, 
it is not necessary to have such a device to solve network problems. With 
sufficient time and patience, a solution can always be obtained by computa¬ 
tion; with simple networks, computation may be the preferred method. In 
either case, whether the desired values are to be measured in the miniature 
system of a network analyzer, or to be computed with pencil and paper, the 
transmission line may be visualized as a II (or T) artificial-line section. 

Our immediate interest is therefore in the representation of a transmission 
line by a II or T section. The operation of a network analyzer, or the analysis of 
a power network by calculation, are subjects outside the scope of this book. 

Artificial-line Formulas. Figure ll-2a shows a II-section artificial line. 
For the II section to be an exact representation of the real transmission line, 
the conditions of Chap. 8 must be satisfied. With a change of notation to 
fit customary usage, the following equations may be taken from Table 8-1: 


„ ^ sin Bx 

z * = z ~&r 

1 v __ 1 V tan \Bx 

2 r ~ 2 1 \Bx 


( 11 - 2 ) 

(11-3) 


where Z T is the series impedance in the equivalent II network 

\Y v is the admittance of each of the shunt branches of the II 

Z is the impedance per unit length of the actual line multiplied by 
the length of the line; that is, Z = zx 
Y is the admittance per unit length of the actual line multiplied by 
the length of the line; that is, Y = yx 
Bx is (as in previous chapters) equal to — j\/zyx 
Note that the fractions in Eqs. 11-2 and 11-3 are the correction factors of 
Chap. 8, and approach 1 for short lines. 

For actual use, it is usually more convenient to put these correction 
factors in series form, 3 giving 


SSL Bz_ ZY {ZY£ iZY£ ' 

Bx r 6 T 120 r 5,040 ^ 

tan \Bx ,_ZY (ZF)» _ 17(ZF) 3 
\Bx 12 + 120 20,160 + 


(11-4) 

(11-5) 


3 Derivation of Eq. 11-4 follows: 

sin Bx _ __ (Bx) 2 , (Bx) A ___ (Bx) 9 , 

Bx ~ 1 3! 5! 7! + 

(Bx) 2 — — (zy)x 2 = — ( zx)(yx ,) = — ZF 
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Elements of the equivalent II network are then 




(ZY) 2 

120 


+ 


(ZY) 3 

5,040 



( 11 - 6 ) 



^l v (l-ZY (ZY£ _ 17(ZF) 3 

2 V 12 ^ 120 20,160 



The advantage of the series form arises from the fact that all power lines 
are electrically short. It is practically never necessary to go beyond the 
first-order terms in the expansions of the correction factors to obtain suffi¬ 
cient accuracy. The expressions shown in Fig. 1 l-2a then result, and these 
are the practical expressions to be used in almost all cases. 

For a power line of ordinary dimensions, 300 miles long, and operating 
at a 60-cycle frequency, the error in the simple expressions of Fig. 11-2 is 
between J and 1 per cent. Since there are usually other sources of error of 
greater magnitude, these simple expressions are commonly quite satisfac¬ 
tory. Moreover, the error is greatly less for shorter lines (error is approxi¬ 
mately proportional to the fourth power of x). 

Elements of the equivalent T network can also be taken from Table 8-1: 


1 rz _ 1 ^ tan \Bx 

2 Zt ~ 2 Z iBx 


Y t = 


Y sin Bx 
Bx 


( 11 - 8 ) 

(11-9) 


where Y T is the shunt admittance in the equivalent T network 
%Z T is the impedance of each of the series arms of the T 
Z, F, By x are as tabulated under Eq. 11-3. 

Using the series expansions of Eqs. 11-4 and 11-5, these are expressed in 
more easily usable form as 


1 7 _ 1 z _ ZY (ZYf _ 17(ZF) 3 
2 T ~ 2 V 12 120 20,160 


Y t - 




+ 


(ZYl 
120 ~ r 


(. ZTf_ 

5,040 



( 11 - 10 ) 

(11-11) 


As with the II network, terms in the expansion of higher than first order 
can be neglected in mast computations on power lines. Omitting higher 
order terms, we obtain the expressions of Fig. 11-26 which are adequate for 
almost all practical computation. 


Substitution of the latter in the former gives Eq. 11-4. Equation 11-5 is derived in 
a simil ar manner from the formula 


2? 5 , 17z 7 
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Alternative Means of Computation . The correction factors are expanded 
in Eqs. 11-4 and 11-5 into infinite series for easy computation. This is not 
the only means of computation of the factors, however, and two alternatives 
should be mentioned. 

1. The correction factors, each of which involves a trigonometric function 
of a complex quantity in the numerator, can be evaluated by expansion into 
expressions containing circular and hyperbolic functions of real arguments 
only, using Formulas 24 and 25o, respectively, of Table II. This is not 
usually the easiest method for power transmission problems. 

2. The correction factors can be evaluated by the use of charts. Charts of 
the complex functions, such as Fig. 4-5 or Kennelly’s charts (Ref. 12), can be 
used, but special charts have been prepared by Woodruff that are specifi¬ 
cally for power lines and cover the usual useful region with a greatly enlarged 
scale and a convenient arrangement. Woodruffs charts 4 are for cosh 6, 
(sinh 6)/6 , and (tanh \0)/%0. Woodruff specifies that 6 = y/ZY , Z and Y 
having the same meaning as in this chapter; so it will be recognized that the 
latter two charts give the correction factors of Eqs. 11-4 and 11-5. (This 
hyperbolic form of the correction factors is given explicitly in Table 8-1.) 

Some power engineers prefer the use of Woodruffs charts; others prefer 
the expressions of Fig. 11-2, derived from series. For either method of 
computation, it is first necessary to calculate ZY . In most power-line 
computations, the conductance g that represents leakage and insulation 
loss can be neglected, in which case 

ZY = (R + jX){jB) = -BX + jBR (11-14) 

where B is susceptance 5 of the total line, found by multiplying the suscept- 

4 Published in Electrical Engineering (Transactions of the American Institute of 
Electrical Engineers) , May, 1935, and also in books by Woodruff and Kimbark 
(Refs. 38 and 14). It should be mentioned that the first two of Woodruff's charts 
can be used to evaluate the complex functions in the transmission-line equations by 
changing the form of Eqs. 4-32 and 4-34 to 

V = V r cosh 6 + I r Z —-2 (11-12) 

U 

I = I r cosh e + v r Y (11-13) 

u 

recognizing that Z 0 = Z/6 = 6/Y, since by definition 6 = y/ZY. 

6 It is regrettable that the symbol B is used with three different meanings in this 
chapter. Common usage is so well established that a certain amount of overlapping 
of meaning cannot readily be avoided. Here B is susceptance. In the next section, 
B is the second of the general circuit constants ABCD. In Eqs. 11-2 to 11-9, 
B = —jy/zy, the generalized form of the phase constant 0, as in the earlier chapters 
of this book. Fortunately, the meaning of B in any case can readily be determined 
from the context. 
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ance per mile, the reciprocal of x a ' + x d ' from the tables of 
Appendix 3, by the length of the line (capacitive susceptance is 
positive) 

X is reactance of the total line, found by multiplying the reactance 
per mile, from the tables of Appendix 3, by the length of the line 
R is resistance of the total line, found by multiplying the resistance 
of one conductor per mile, from the tables of Appendix 3, by the 
length of the line 

This expression gives ZY in rectangular complex form, which makes its use 
in the formulas of Fig. 11-2 particularly simple. 

The behavior of a power system can be fully worked out by representing 
each transmission line by an equivalent II or T network. An equivalent II 
or T network does not, of course, give any information about conditions 
along the line itself, but its effect on all the rest of the power system is 
identical with that of the actual line. The equivalence is exact at one 
frequency only, but a power line is operated at only one frequency. 

After equivalent II or T sections are substituted for transmission lines in a 
power network, the solution for power-system behavior is carried forward 
either by computation or by use of a network calculating board. 

4. General Circuit Constants. Another useful method of analysis of 
power-line operation is provided by the general circuit constants usually 

written ABCD. These constants are defined by their appearance in the 

following equations. 

For a network (passive, linear, and bilateral) having two pairs of termi¬ 
nals, such as the input and output terminals of a transmission line, the input 
voltage and current can be written in terms of the output voltage and 
current and four constants: 

V. = AVr+BI r (11-15) 

I a = CVr + Dir (11-16) 

The constants ABCD are determined by the network; indeed, they com¬ 
pletely define the terminal behavior of the network, and two networks 
having identical constants ABCD are equivalent as far as their terminal 
current and voltage relations are concerned. 6 

Examples. A transmission line is an example of a network for which the 
constants ABCD are readily determined. Let us write Eq. 4-9 as follows, 
letting x be the total length of the line: 

V a = V r cos (0 — j<x)x + jI r Z 0 sin (fi - ja)x (11-17) 
A B 

6 The matrix can be used to characterize the network. This leads to 

C D 

interesting mathematical methods for those familiar with matrices (see footnotes 
8 and 9). 
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Then, by comparison with Eq. 11-15, it is evident that for a transmission 
line : < 

A = cos 03 — ja)x (11-18) 

B = jZ 0 sin (8 — ja)x (11-19) 

Equation 4-13 gives 

I. = j sin (/3 - ja)x + I r cos (/3 - ja)x (11-20) 

"0 

and comparison with Eq. 11-16 shows that for a transmission line: 

C = -fsinOJ -ja)x (11-21) 


D = cos (/5 — ja)x 


( 11 - 22 ) 


In the above equations, the constants ABCD of a transmission line are 
expressed in circular trigonometric functions. Hyperbolic functions can be 
used instead, if preferred, and from Eqs. 4-32 and 4-34 the following con¬ 
stants are obtained: 


A = cosh (a + j&)x 

(11-23) 

B = Z 0 sinh (a + j/3)x 

(11-24) 

C = sinh (a + jff)x 

(11-25) 

D = cosh (a + jfi)x 

(11-26) 
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Fig. 11-3. General circuit constants of various network elements. See Eqs. 11-29, 
11-32, 11-36, and 11-39. 

The general circuit constants of various simple network elements are 
easily obtained by similar comparison. For instance, for the series imped¬ 
ance of Fig. ll-3a, we may write 

V. = V r + ZI r (11-27) 

I. = Ir (11-28) 






For the symmetrical II of Fig. ll-3c: 

V, = V r + Z(I r + \YV r ) 

= F,(l + \ZY) + I,Z (11-33) 

/. = /,+ \YV r + \YV. (11-34) 

Substituting Eq. 11-33 for V. and rearranging terms gives 

I. = V r (Y + \ZY 2 ) + 1,(1 + \ZY) (11-35) 

Hence the general circuit constants of the symmetrical n network are 
A = 1 + \ZY B = Z 

C = Y + IZY 2 D = 1 + \ZY (11-36) 

For the T network of Fig. ll-3d: 

V. = V r + \Zl, + \Zl. (11-37) 

/. = /,+ Y(Vr + hZI r ) (11-38) 


The latter of these must be substituted into the former to eliminate and 
when terms are collected we see that the general circuit constants of the 
symmetrical T network are 

A = 1 + hZY B = Z + 1 Z 2 Y 

C = Y D = 1 + \ZY (11-39) 

It is sometimes useful to have, in addition to the above, the constants of 
unsymmetrical n and T networks. These are given in Fig. 11-4. Such ex¬ 
amples could be continued indefinitely. More complicated networks can be 
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considered to be combinations of those already treated, and the constants 
ABCD for a complex network can be computed from the constants that 
apply to its component parts individually, using some of the following 
general relations. 

General Relations . 1. For any network, 7 the following relation between 
the constants is always true: 

AD — BC = l (11-40) 

Illustrations of this will be seen in the general circuit constants of the five 
examples given above. To see that it is true in general, it may be shown to 
be true for an unsymmetrical II or T; then since any network of the kind we 
are considering can be simplified to an equivalent II or T, Eq. 11-40 must 
hold for all such networks. (A more formal proof is obtained by expressing 

A-l+ZnYw 
& = Z* 

C = Y nr ■*'Y TTS + Z Tr Y 1 , r Yti S 


A = ! + Z TS Y r 
B = Z Tr + Z TS *Y T Z Tr Z T5 
r = v 

D = l + Z T rY T 

Fig. 11-4. Equivalence (exact) between nonsymmetrical n and T networks and general 
circuit constants. (For transmission-line equivalents, see Fig. 11-2.) 
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the constants ABCD in terms of driving point and transfer impedances of 
a general network.) 

2. Simultaneous solutions 8 of the general equations 11-15 and 11-16 
(using 11-40) gives 

V r - DV. - BI. (11-41) 

lr = -CT. + AI, (11-42) 


7 Passive, linear, bilateral, and with two pairs of terminals, as already stipulated. 

8 Using determinants, Eq. 11-40 is 


A B 
C D 


= 1 


(11-43) 


This, with Eqs. 11-15 and 11-16, gives 

A V . 

0 /. 

which are Eqs. 11-41 and 11-42. 



(11-44) 
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3. A very useful relation is that A = D for all symmetrical networks. A 
symmetrical network is one that looks the same from either end; that is, 
the sending and receiving terminals may be interchanged without changing 
the behavior of the network. This equality of A and D may be deduced 
from a comparison of Eqs. 11-41 and 11-42 with 11-15 and 11-1G, remem¬ 
bering that the assumed positive di¬ 
rection of current flow is reversed 
when sending and receiving termi¬ 
nals are interchanged. 

Networks in five of the above exam¬ 
ples are symmetrical (the transmis¬ 
sion line, simple impedance, simple 
admittance, symmetrical II, and sym¬ 
metrical T). We found that A — D 
for all of these, but not for the un- 
symmetrical II and T of Fig. 11-4. 

4. If a network with constants 
A.B.C.Dy is connected in cascade 
with a network with constants 
A 2 B 2 C 2 D 2 , the constants A 0 B 0 CoD 0 
that apply to the entire composite 
network can be determined. Volt- 

Fig. 11-5. General circuit constants of and current between the two 

composite systems. See Eqs. 11-49,11-50, networks, at point m of Lig. ll-5a, 
and 11-51. can be written 

V m = A 2 V r + B 2 l r (11-45) 

Im = C 2 V r + D 2 I r (11-46) 

Then sending voltage and current are 

V. = AiV m + BJ m = (A,A 2 + B 1 C 2 )V r + (A,B 2 + B x D 2 )I r (11-47) 

L = <?! V m + DJ m = (C,A 2 + D 1 C 2 )V r + (CA + D x D 2 )I r (11-48) 

from which the constants of two networks in cascade are 9 

A 0 = AjA 2 “f“ Bj C 2 Bq = A\B 2 -|- B\T) 2 

Co — C\A 2 + D y C 2 Do = C\B 2 ~b D\D 2 (11-49) 

This set of constants for two networks in cascade is useful when, for 
example, it is desired to find ABCD for a transmission line supplied through 

9 Using matrices, the combination in cascade is written 


A 0 

Bo 

A 1 

Bi 

a 2 

Bo 

Co 

Do 

Ci 

Di 

C 2 

Do 
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a transformer, the constants of the transformer and of the line being known 
independently. By repeated application, constants can be found for a 
composite system of any number of networks in cascade. It is possible to 
derive explicit expressions for ABCD of three general networks in series, 
or four, or any number, but the complication of such expressions increases 
rapidly. 

5. The constants ABCD for any two networks in parallel can be found, 
but as the most interesting case is that in which the two parallel networks 
are identical, as in Fig. 11-56, the expressions will be given for that case only. 
For two identical networks in parallel, each having constants ABCD , 

Ao = A B 0 — \B 

Co = 2C D 0 = D (11-50) 

Sets of constants can be thus derived for more or less special cases. 
(Many additional examples will be found in Refs. 5, 16, and 18. The West- 
inghouse “Reference Book,” Ref. 18, may be specially mentioned.) Only 
one more example will be given here. 

6. Most power transmission links consist of a transmission line with 
transformers at each end, and the composite system of Fig. ll-5c is fre¬ 
quently an adequate representation. Z B and Z T are here intended to repre¬ 
sent the series impedances of the terminal transformers, and ABCD may be 
the constants of the intervening transmission line. The constants of a 
network with a series impedance at each end are 

Ao = A + CZ 8 B 0 = B + AZ r -f- DZ b + CZ B Z r 

Co = C Do = D + CZ r (11-51) 

5. General Circuit Constants of Transmission Lines. The constants 
ABCD for a transmission line are complex quantities. They can be com¬ 
puted from Eqs. 11-18, 11-19, 11-21, and 11-22, or from Eqs. 11-23 to 11-26, 
by expressing these functions of complex variables as combinations of func¬ 
tions of real variables, or by use of charts. 10 However, the constants are 
readily expanded into infinite series, and good accuracy can easily be ob¬ 
tained for lines as long as 300 miles, if the frequency and general charac¬ 
teristics of the lines are in the range that is usual for power engineering, 
without going beyond the first-order terms of the series. This provides a 
convenient and practical means of computation. 

As in Eq. 11-23, 

A = cosh \/zyx = cosh \/ZY (11-52) 


10 The section headed Alternative Means of Computation, p. 273, applies to 
computation of the constants ABCD as well as to computation of equivalent II and 
T networks. 
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where z is series impedance per unit length of line 
y is shunt admittance per unit length of line 
x is length of line 
Z = zx and Y = yx 

Using Formula 5 of Table II, the hyperbolic cosine is expanded: 




, (ZY? 

^ 720 i " 


(11-53) 


Similar expansion of Eqs. 11-24 to 11-26, noting that Z 0 = y/.Y/Y , gives 


(11-55) 


D - A (11-56) 

As mentioned, for lines of usual dimensions, higher order terms may be 
neglected without reducing the accuracy that can be obtained from ordinary 
engineering data, and the general circuit constants of a power transmission 
line are approximately 


A - 1 + 

c= r(i 


D — A 


(11-57) 


For the value of ZY, see Eq. 11-14. These equivalents are given with Fig. 

11 - 2 . 

It is sometimes helpful to change an actual transmission line to an equiva¬ 
lent II or T, and then (perhaps after combining with other network imped¬ 
ances) to find the network constants ABCD of the n or T. For a .sym¬ 
metrical network, Eqs. 11-36 or 11-39 can be used; for a nonsymmetrical 
network, the equations are given with Fig. 11-4. 

The inverse transformation should also be available: if the constants 
ABCD of a transmission line (or other network) are known, what is the II 
or T equivalent? For a symmetrical network the elements of the equivalent n 


Z r =B 


1 y A - 1 

2 T ~ B 


(11-58) 


These are obtained by solving Eqs. 11-36 for Z and %Y. Similarly, for a 
symmetrical network, the elements of the equivalent T are 

T 7 /if 1 rr A ~ 1 


Y T = C 


1 7 A - 
2 Zt ~~C 


(11-59) 
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These are derived from Eqs. 11-39. The derivations are similar for unsym- 
metrical networks, and results are given in Fig. 11-4. 

The general circuit constants of transmission systems are sometimes con¬ 
venient for computation, and they are used in preparing circle diagrams of 
transmission lines. 

6. The Transmission-line Vector Diagram. It is evident that a vector 
diagram can be drawn for a transmission line, as in Fig. ll-6a, using the 
general circuit constants of Eq. 11-15, 

V . = AV r + BI r (11-60) 

It will be convenient to write the general circuit constants in both polar and 
rectangular form, using the following notation: 

A = | A | /a = a x + j<h 
B = \B\Zl= b 1 +jb 2 
C = \ C \Zx = c i + fa 
D = \ D\ZA= di+jd, (11-61) 

For an ordinary power transmis¬ 
sion line, A (which is cosh \/zy x) is 
a complex quantity with a magnitude 
slightly less than 1 and a small posi¬ 
tive angle. The angle, a, is shown in 
Fig. ll-6a. B for the ordinary line 
has an angle fi that is nearly 90 de¬ 
grees. If receiving-end current is, as 
shown in the figure, substantially in 
phase with receiving-end voltage, 

BI r is at a large leading angle with 
respect to AV r . The sum of A V r and 
BI r is V t . It may be noted that if 
there is no load on the line, V, = AV r . 

To develop a circle diagram, con¬ 
sider that V r is held constant, and 
that V , is to be found as the load varies. Changing the load current I r 
changes the vector BI r . The vector V, changes correspondingly. 

It is convenient to consider the in-phase and quadrature components of 
current separately. In Fig. 11-66, I rp is the component of I r that is in 
phase with the receiving-end voltage, and J ra is the component that lags 
the voltage by 90 degrees. Any receiving-end current may thus be analyzed 



Fig. 11-6. Evolution of the receiving-end 
circle diagram. 
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into components, and each component is then multiplied by B. BI rp is 
at an angle 0 with V r , and BI rq is normal to BI rp . 

Since I rv is the in-phase component of receiving-end current, and receiv¬ 
ing-end voltage is constant, BI rp is proportional to received power. Simi¬ 
larly, BI ra is proportional to received reactive. 11 This proportionality 
makes it possible to draw a pair of axes, one coinciding with the line BI rp 
and the other with BI rq , and to calibrate them in megawatts and megavars, 
respectively. On axes so calibrated, values of received active and reactive 
power can be read if the operating point , the tip of the vector BI r , is known. 
Conversely, if P r and Q r are known, the operating point on the diagram can 
be found. This is a convenience, for P r and Q r are more commonly known 
than are the components of the load current. 

7. The Receiving-end Circle Diagram. By tipping the vector diagram 
of Fig. 11-6& to make the P r axis horizontal and the Q r axis vertical, Fig. 
ll-6c is obtained. This is a simple form of the transmission-line circle dia¬ 
gram. Active and reactive power supplied by the line to a load are read on 
its axes. An operating point is thereby located on the diagram, and the 
distance from the operating point to 0 is a measure of the sending-end 
voltage that is necessary. The angle at 0 is the angle between the receiv¬ 
ing-end voltage and the sending-end voltage. 

Since the distance from 0 to the operating point is the magnitude of 
all operating points that lie on a circle with center at 0 have the same send¬ 
ing-end voltage. Such a circle is drawn in the diagram, and other circles 
can be drawn for other sending-end voltages. 

Figure ll-6c is called a receiving-end diagram because its axes give re¬ 
ceiving-end values of active and reactive power. This simple form of the 
diagram is useful in problems such as the following: if the receiving-end 
voltage of a transmission line is that for which the diagram was drawn, what 
is the sending-end voltage (magnitude and angle) when the load on the line 
has a specified value? The diagram will give the sending-end voltage for 
any value of load. Note that if the load consumes reactive power, as an 
inductive load will do, the operating point lies below the horizontal axis, 
and if the load produces reactive power, as does a capacitor or an overex¬ 
cited synchronous machine, the operating point is above the axis. 12 Simi- 

11 The word reactive is commonly used as a noun by power engineers, meaning 
reactive power . This usage, although regrettable, will probably be accepted for lack 
of any other single word to convey the same meaning. 

12 Whether to use the circle diagram in this position, or to invert it so that the 
operating points of inductive loads lie above the power axis, has long been debated. 
The question is part of the controversy regarding the correct sign of reactive power. 
The orientation of Fig. 11-6 shows positive reactive power (according to the con¬ 
vention used in this book; that is, VI = P + jQ) measured downward. Those who 
prefer to draw it upward may do so, thereby inverting the whole diagram. But 
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larly, of course, if the load were to produce active power instead of consum¬ 
ing it, the operating point would lie to the left of the vertical axis. On some 
lines, the direction of flow of active power may reverse from time to time, 
and for such a line the operating point may fall on either side of the vertical 
axis. 

8. The Sending-end Circle Diagram. The circle diagram of Fig. 11-6 
was developed from Eq. 11-60 for V a . There is a similar equation 11-41 for 
V r : 

Vr = DV, - BI . (11-62) 

Figure ll-7a shows the relation of these quantities. 

Consider the sending-end voltage to be constant. The vector DV a is 
therefore fixed. If sending-end power changes, BI a will change, and the tip 
of the vector V r will move correspondingly. The two dash lines marked P a 
and Q a can be drawn as axes and, if they are properly calibrated in sending- 



end megawatts and sending-end megavars, respectively, it is possible to 
locate the lower end of the BI a vector by reading on these axes the values of 
sending-end active and reactive power. The tip of the V r vector is thereby 
determined, and from this the magnitude and angle of the receiving-end 
voltage are known. 

This diagram may be turned as in Fig. 11-76: it is called a sending-end 
diagram because the axes are calibrated in sending-end power and reactive 
power. A circle about 0, such as the one shown, is a locus of operating 
points for which receiving-end voltage is constant. The angle indicated at 


Fig. ll-6c follows so naturally from the vector diagram of Fig. ll-6a that it seems 
rather pedantic to insist on turning it upside down. The simple fact is that each 
engineer will draw his diagrams the way he likes—some right side up, some upside 
down, some sideways—and this is no doubt as it should be. 
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0 is the angle between 7, and 7 r ; the reference vector 7, is at an angle 0 
with the horizontal axis, and the angle $ is shown. 

9. Construction of the Circle Diagrams. Circle diagrams can be drawn 
as suggested in Figs. 11-6 and 11-7. The necessary magnitudes and angles 
can be measured, and the scales of active and reactive power computed. 
However, work is saved, and chance of mistake is avoided, by systematizing 
the construction of the diagrams. For this purpose, certain dimensions of 
circle diagrams will now be derived and these dimensions may conveniently 
be used whenever a circle diagram is to be drawn. 

Scales of active power P and reactive power Q are first laid out on a sheet 
of cross-section paper (refer to Fig. 11-8). These scales must be numerically 
equal in megawatts and megavars per inch on the paper, and should include 




(h) Sending End 


Fig. 11-8. Dimensions used in construction of circle diagrams. 


the range of operating values of P and Q to be expected. The following 
information is then needed: 

1. The coordinates of point 0 on the cross-section paper. 

2. The radii of constant-voltage circles. 

3. The position of the reference line for zero angle between 7, and 7 r . 
To obtain this information for the receiving-end diagram , Eq. 11-60 is 

modified to the form of the equation of a circle. In Eq. 11-60, let 7 f be a 
purely real reference vector. Then 

7. = AV r +BI r 

- (oi + ja 2 ) V r + (b t + jb 2 )(I rp + jl rq ) (11-63) 

| 7. | a is next set equal to the sum of the squares of the magnitudes of the 
real and imaginary components of 7 a ; terms are then rearranged, and by 
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completing the squares of the quadratic expressions containing the compo¬ 
nents of current: 



Orlb\ 4* 
b? + 6* 2 



Qj&i £E ]&2 

b? + b? 



JLEJL 

6, 2 + W 


(11-64) 


Substituting into this equation the following: 18 


u 



and 


Ir, - 


Qr 


V r 


(11-65) 


and introducing the symbols P R and Q R (with capital subscripts) to repre¬ 
sent total megawatts and megavars in the three phases of a balanced three- 
phase system (these being more convenient than watts and vars per phase), 
and letting V s and V R be the magnitudes of line-to-line voltage in kilovolts 
(rather than the line-to-neutral voltage in volts), Eq. 11-64 becomes 



“j" 

b* + b 2 2 



d 2 b\ aib 2 rr 2 ^ 

b 2 + b 2 2 Vb ) 


v s 2 v r 




+ b 2 


( 11 - 66 ) 


If V s and V R are constant, this equation has the familiar form of the 
equation of a circle, P R and Q R being the variables. In other words, Eq. 
11-66 shows that the locus of operating points, plotted with P R and Q R as 
the axes, is a circle, provided sending-end voltage and receiving-end voltage 
are both held constant. This fact, of course, was already known, and such 
circles are shown in Figs. ll-6c and ll-8a. Now, however, we are prepared 
to continue with the construction of a circle diagram. If the coordinates of 
the center of a circle are called P R0 and Q R0) and its radius R 0 , as in Fig. 
ll-8a, Eq. 11-66 shows that 


Pro 

Qro 

Ro 


d\b\ “t* d 2 b 2 jT* 2 

“ + b 2 2 

. d 2 bi d\b 2 T/ 2 
“T T 2 , 7 2 V R 


b 2 + b 2 


VsVr 
\/bi 2 + b 2 


(11-67) 

( 11 - 68 ) 

(11-69) 


where P R0 and Q R0 are the coordinates of the center of the circle (measured 
in megawatts and megavars) 

Ro is the radius of the circle (this value is measured on the 
megawatt scale of the P axis) 


18 This derivation follows that of 0. G. C. Dahl (Ref. 5). Equation 11-65 changes 
Dahl’s choice of sign for reactive power. To be consistent with Vl = P + jQ , it 
is necessary to write I rQ = ~-Q r /V r (see also footnote 14). 
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V 8 and V R are magnitudes of sending and receiving voltages, re¬ 
spectively, both being line-to-line values measured in 
kilovolts 

P R and Q r are megawatts of total three-phase power, active and 
reactive, respectively, delivered by the line to the load 
a u a 2 , b l} and b 2 are the real and imaginary components of the general 
circuit constants A and B, as in Eqs. 11-61, and may be 
computed from Eqs. 11-57. 

If A and B include the impedance of terminal transformers and other 
apparatus, as do A 0 and B 0 of Eqs. 11-51, the circle diagram shows the 
over-all performance of the system consisting of the line and the trans¬ 
formers or other apparatus in series. Even synchronous-machine imped¬ 
ance is sometimes included in the determination of A and B, and hence in 
the diagram, but this does not usually give satisfactory results as the effect 
of machine saturation and the difference between direct and quadrature 
axis reactances are not readily taken into account. 

With a power line of normal length and frequency, the components of 
A and B are all positive; hence P R0 is negative, as shown in Fig. ll-8a. 
Ordinarily, a x is much larger than a 2 , and b 2 is much larger than ; Q R0 is 
therefore capacitive. 14 

To complete the receiving-end diagram, so that angles may be read from 
it as well as magnitudes, the reference line marked 0° in Fig. 11-8 must be 
located. As indicated in the figure, the angle of either of the general circuit 
constants, either a or 0, will locate this reference line from which angles are 
to be measured. Good accuracy is more easily obtained by using a, and the 
simplest method is as follows. Draw the line from point 0 to the origin of 
coordinates. Measure from 0, along this line, a distance proportional to a, 
(the real component of A ), and thence a perpendicular distance proportional 
to a 2 ; the zero-degree line passes through the point thus determined. 

To construct the sending-end diagram , Eq. 11-62 is modified and the 
following equation, similar to 11-66, is obtained: 



d\b\ "4" d 2 b 2 
b\ 2 + b 2 



d 2 b\ d\b 2 
~b 2 + b*~ 



V s 2 Vr 
b 2 + b 2 2 


(11-70) 


From this equation, a circle of constant voltage is located, as shown in 
Fig. 11-86, by 


P so 


dibi + d 2 b 2 T , 2 

6 1 2 + 6 2 2 


(11-71) 


14 With our choice of sign of reactive power, this is positive (see footnote 13). 
Whatever convention is used, if Eq. 11-68 gives a negative value, as it will for a 
normal power line, Q RO is measured in the direction of reactive power delivered to a 
capacitive load. 
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r\ dj>\ — dib 2 rr 2 

Qso - ~ bs + bf' v * 

(11-72) 

? 

- VsV B 

° vV + b,° 

(11-73) 


Symbols have the meanings given below Eq. 11-69, and 

Pso and Qso are the coordinates of the center of the circle (measured 
in megawatts and megavars) 

P s and Q s are megawatts of total three-phase power, active and 
reactive, respectively, delivered to the line 
d t and d 2 are the real and imaginary components of the general 
circuit constant D. The angle of D is 5, and 8 can be used 
as in Fig. 11-86 to locate the zero-degree reference line for 
measurement of angle 

Note that the radius of a circle is the same in the sending-end and receiv¬ 
ing-end diagrams. There is symmetry of location of the centers, also, if the 
line itself is symmetrical; that is, if A = D, making a x = d x and a 2 — d 2 . 
(Indeed, with a symmetrical line, the sending-end diagram is identical 
with the left-hand half of the receiving-end diagram if proper attention is 
given to the subscripts S and R and the signs of P and Q .) 

10. Examples. We may now outline the solution of a transmission-line 
problem. A receiving-end diagram and a sending-end diagram are used as a 
pair to give full information. Line constants A, B, and D are known. We 
also know the active and reactive power to the load, and the receiving-end 
voltage. Active and reactive power and voltage at the sending end, and 
line loss, are to be found. 

P R and Q r scales are laid off on a sheet of cross-section paper. The center 
for constant-voltage circles is found, as in Fig. ll-8a, using Eqs. 11-67 and 
11-68. The 0° line is drawn, a x and a 2 being known. The operating point is 
located from given values of active and reactive power. 

The magnitude of V s is first found by measuring the radius of a circle 
about 0 that passes through the operating point; Eq. 11-69 is used to com¬ 
pute the value of V 5 . The angle between V s and V R is then found by 
measuring the angle from the zero-degree line to the operating point. 

Next, the sending-end diagram is needed (see Fig. 11-86). A separate 
piece of cross-section paper may be used. Since V s is now known, from the 
receiving-end diagram, the center of the required circle on the sending-end 
diagram can be found (Eqs. 11-71 and 11-72). The radius of the required 
circle on the sending-end diagram is known; it is the same as the radius of 
the circle on the receiving-end diagram. The angle between V s and V B is 
known from the receiving-end diagram. A radial line is therefore drawn at 
the correct angle from the 0° line; a circular arc of proper radius is struck, 
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and the point of intersection gives the operating point on the sending-end 
diagram. 

Finally, sending-end active and reactive power are read from the chart 
as the coordinates of the operating point thus located. Power loss in the 
line was also to be found; it is the difference between P s and P R . Efficiency 
of transmission is P B divided by P s . Sending-end power factor is the 
cosine of the angle between the power axis and a line from the origin of 
coordinates to the operating point. 

Many modifications are possible to permit small economies in the con¬ 
struction or use of circle diagrams. One of the most common is to super¬ 
impose the sending-end diagram on the receiving-end diagram, using the 
same axes for both. Thus, Fig. 11-86 can be superimposed on Fig. ll-8a, 
with the axes coinciding. This provides a direct comparison, on the same 
sheet of paper, of receiving-end P and Q with sending-end P and Q. Active 
power consumed in the line is given by the horizontal distance between 
the sending-end operating point and the receiving-end operating point, 
and reactive power consumed in the line is given by the vertical distance 
between the points. The disadvantage of such superposition of the dia¬ 
grams is that the axes cannot readily be marked unambiguously; for 
instance, P s and P R are read on the same scale, and the beginner may be 
at a loss to interpret his results. After a little experience, however, this 
difficulty vanishes, and the advantages of the combined diagram usually 
justify its use. 

A numerical example will illustrate certain points that have not previously 
appeared. Consider a transmission line (Oroville to Bellota) 111.5 miles 
long. The conductors, each 795,000-circular-mil ACSR cable with 54 
aluminum and 7 steel strands, are spaced 15.88 feet apart in a vertical plane; 
the temperature of the conductors is taken to be 50°C, corresponding to 
moderately heavy load. The nominal voltage is 230 kilovolts at 60 cycles. 

Computation gives a Y = 0.974, a 2 = 0.00475, b x = 15.15, b 2 = 84.5. 

Consider that the load on the line is 120 megawatts power and 40 mega- 
vars reactive (inductive) load. Receiving voltage is 230 kilovolts. Find 
sending-end voltage, and sending-end active and reactive power, using a 
circle diagram. 

The first step is to compute the coordinates of the center of the circle on 
the receiving-end chart, using Eqs. 11-67 and 11-68. These are P B0 = 
— 109.1 and Q R0 = —590. 

Figure 11-9 is to be used for both receiving-end and sending-end diagrams. 
The center of the receiving-end circles is located in the upper left-hand 
comer using the computed values of P R0 and Q R0 . The zero-degree line, 
starting from point O, is drawn at an angle a to the dash line from O to the 
origin of coordinates; this is done by measuring 9.74 inches along the dash 
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Fin. 11-9. Change of center of circle diagram corresponding to change of Vg. 
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tine and 0.0475 inches normal to it, and drawing the zero-degree line through 
the point thus located. 

The operating point is located at P R = 120 megawatts, Q R = 40 mega- 
vars inductive. The radius of a circle through the operating point (the 
distance from 0) is measured and is found to be (on the coordinate scale) 
673. 

It is now convenient to compute the radius of a circle on which operating 
points would fall if both V s and V R were 230 kilovolts. Equation 11-69 is 
used, and gives a radius of 616. It therefore follows that since the radius to 
the actual operating point is 673, as compared to 616 for an assumed voltage 
of 230 kilovolts, the actual voltage is (230) (673/616) = 251 kilovolts. The 
angle from the zero-degree line to the operating point is measured as 10.0 
degrees. 

Next, the sending-end diagram is to be drawn. We shall use the same 
axes in Fig. 11 -9. The point O for the sending-end diagram, near the bottom 
of the figure, could be located by using Eqs. 11-71 and 11-72, but since the 
transmission line under consideration is entirely symmetrical, the general 
circuit constant D equals A , and the sending-end 0 is symmetrical with the 
receiving-end 0 if V s = V R . Let us therefore locate the point 0 for the 
sending-end diagram on the same dash line that passes through the receiv¬ 
ing-end 0 and the origin; we measure the distance from the origin to the 
receiving-end 0 as 600 (on the coordinate scale), so the same distance is 
measured to sending-end 0. However, it is known from the results obtained 
above that V s is actually 251 kilovolts, not 230. Hence (by Eqs. 11-71 and 
11-72) the actual center of the sending-end circle, although it lies on the 
dash line as drawn, is not at a distance of 600 from the origin, but at a dis¬ 
tance of (600)(251/230) 2 or 715. Consequently, a distance of 715 is meas¬ 
ured along the dash line, and the point O' is located. 

A sending-end zero-degree angle line is next drawn, making an angle 8 
(which equals a) with the dash line. Another radial line is drawn 10.0 
degrees from this reference line, an arc is struck with radius 673 (same radius 
as the receiving-end circle), and the point of intersection of the arc and the 
radial line is the sending-end operating point. 

The coordinates of this sending-end operating point are read as P s — 125 
megawatts and Q s = 30 megavars. This completes the solution of the 
problem. 

It is evident that the horizontal distance between the sending-end operat¬ 
ing point and the receiving-end operating point represents the loss of power 
in the line; it is 5 megawatts. The vertical distance between the operating 
points indicates that the line delivers 40 megavars of inductive reactive 
power and takes in only 30; hence the line itself (because of its capacitance) 
is acting as a source of 10 megavars of inductive reactive power. 
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This example illustrates the use of what is sometimes called “ratioing” in 
the construction of new circles. The general principles are as follow^: 16 
After one sending-end circle and one receiving-end circle have been drawn 
for a given network, all further construction of the diagrams can be done by 
simple ratios. 

1. The centers of receiving circles are all on a straight line through the 
origin, the distance from the origin being proportional to V R 2 . 

2. The centers of sending circles are all on a straight line through the 
origin, the distance from the origin being proportional to V s 2 . 

3. The radii of both sending and receiving-end circles are proportional to 
the product V S V R . 

4. The line for zero angle must be redrawn when a new center point is 
located, but its direction does not change and all zero-degree lines are 
parallel. 

11. Transmission-line Charts. A diagram can be drawn for a trans¬ 
mission line with a family of circles to represent many different voltages, 
and a family of radial lines to represent different angles. A diagram so pre¬ 
pared can be used as a chart for reference, not in one problem alone, but in 
any problem relating to that transmission line. 

If, for example, a number of other circles are drawn in Fig. 11-8 for 
different values of Vs, keeping V R the same for all, such a chart results. It 
has the appearance of Fig. 11-10. However, a chart made in this manner 
would be applicable at only one value of receiving-end voltage (as is Fig. 
ll-8a), although it would have circles for many values of sending-end 
voltage. To use a chart at various receiving-end voltages, the coordinates 
of the center of the circles must have values of P R and Q R that depend on 
the value of V R . There are two ways that this can be accomplished: either 
the center point can be moved when a new value of V R is to be used, or the 
coordinate scales can be changed when V R is changed so that the same 
center point applies for all values of V R . 

The latter expedient has been adopted in Fig. 11-10, to produce what is 
known as the “modified Evans and Sels” chart. 16 The quantities read from 
the modified chart are not P and Q directly, but P and Q divided by a 
factor that depends on the square of the actual voltage. Thus the scale of 
the whole chart is changed when V R is changed, and this change of scale 
accomplishes the same purpose as the process of ratioing , automatically 

15 Adapted from the Westinghouse “Reference Book/’ p. 338 (Ref. 18). 

16 Much of the basic work on circle charts is owing to R. D. Evans and H. K. Sels, 
Circle Diagrams for Transmission Systems, Elec . J., December, 1921, p. 530. 
“Modified” scales were soon thereafter proposed by several authors. The chart 
herein described is only one of several that are applicable at all voltages. This one 
has the advantage of being direct-reading at rated voltage (see Refs. 5,16, and 38). 
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Fia. 11-10. Receiving-end chart. P R is active power delivered to the load. Q R is 
reactive power delivered to the load, and if positive (to an inductive load) is measured 
downward. 


altering both the centers and the radii of the circles when a new value of 
V B is used. 

To show that the modified chart accomplishes this purpose, divide each 
term of Eq. 11-66 by the ratio (F fi /F K(l . at6d) ) 4 , where V R has its usual 
meaning of receiving-end voltage, and F* (ratod) is the rated value of 
receiving-end voltage. The result is 


.{Vm/Vm (rated)) 


+ 01^1 U 2 &2 /T J \2 

^ 2 ^2 V R( rated)/ 


+ 


_ Or _ _ Q;bi fli b 2 

.(Fs/F/8 (ra t.d)) 2 b* + b 2 2 


(F g ( rat . d) ) 

b, 2 + b a a 


‘tel 


(11-74) 
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7—-— -7, in Megawatts 

[V s /V 5 (rated )] 2 

Fig. 11-11. Sending-end chart. Ps is active power delivered to the line. Qs is reactive 
power delivered to the line, and if positive (as to an inductive reactance) is measured 
downward. 

This is recognized as the equation of a circle if the variables are those shown 
in Fig. 11-10, the center of the circle being at the point: 

Abscissa = (11-75) 

Ordinate = 4 ^"2 _j_ ^'a 2 (^*(r»t«u)* (11-76) 

and the radius being 

Radius = (11-77) 

VV + bS \Vj 

(The symbols are defined below Eq. 11-69.) 
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Equation 11-74 is the equation of any one of the circles of the receiving-end 
chart of Fig. 11-10. The coordinates of the center do not change with 
changes of operating voltage; they are determined by the rated receiving 
voltage which is an arbitrary and fixed value. Hence all circles have the 
same center point, regardless of the actual operating values of voltage at 
either end of the line. The radius of each individual circle depends on the 
rati& of voltages, V S /V R . Thus, each circle is the locus of operating points 
corresponding to constant V S /V R . 

If V R equals V RiTfkted) , Eqs. 11-75 to 11-77 are the same as 11-67 to 11-69. 
At rated receiving voltage, therefore, the modified chart is the same as the 
prototype chart, and it is direct-reading in megawatts and megavars on the 
horizontal and vertical axes. At other receiving voltages, values read from 
the coordinates must be multiplied by ( V R /V R{T&ted) ) 2 to obtain actual 
values of active and reactive power. 

It is evident that a similar modification of Eq. 11-70 will yield a circle 
chart for sending-end P and Q, as in Fig. 11-11, universal as regards terminal 
voltages. The center of the circles on the sending-end chart has the coordi¬ 
nates 

Abscissa = | ( V s(r . t . d) ) 2 (11-78) 

Ordinate = (F S(rat „ d ,) 2 (11-79) 

and the radius of each circle is 

(n - 80) 

Angle lines are located on the modified charts just as on the prototype 
charts of Fig. 11-8. 

Such a pair of charts may be drawn for a transmission line, one for sending 
and one for receiving, and thereafter most problems relating to operation of 
the line can be answered by reference to the charts. A numerical example 
will illustiate the method of using the charts. 

Example . The charts for a transmission line are shown in Figs. 11-10 
and 11-11. These are for the Oroville-to-Bellota line, the dimensions of 
which are given in the example on page 288. The constants a,, a 2 , 6,, and b 2 
were computed in the previous example from the line dimensions. 

For preparing the modified charts, the nominal or rated voltage is taken 
to be 230 kilovolts at each end of the line. Using this value, and the con¬ 
stants previously computed, the charts are drawn. 

As an example of the use of the charts, consider that the load on the line 
is 120 megawatts power and 40 megavars reactive (inductive load). Re- 
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ceiving voltage is 230 kilovolts. The operating point is found on the receiv¬ 
ing chart; P R = 120 and Q R = 40 are read directly on the axes,, as 
V R /V R( rated) = 1. From the chart, V S /V R = 1.090, and the angle between 
V8 and V R is 10.0 degrees. 

Compute V R /V s = 0.918. Enter the sending chart with this voltage 
ratio and the angle 10.0 degrees. Read on the axes of the chart the values 
105 megawatts and 25 mcgavars (inductive). These values must be cor¬ 
rected. Compute V s = (1.090)(230) = 251 kilovolts, and find the ratio 
(Vs/Vs (rated)) 2 = 1.188. Multiply the chart readings by this correction 
factor: P, H — (105)(1.188) = 125 megawatts and Q s = (25)(1.188) = 30 
megavars (inductive). 

The fundamental quantities are now known. From them we may find 
power loss in the line as 125 — 120 = 5 megawatts. Line efficiency = 
120/125 = 0.96. Production of reactive power in the line = 40 — 30 = 10 
megavars. 

It is evident that this is only one of the simpler of a great variety of 
problems that can be solved by use of the charts. 

12. Line Loss. Loss, in the above examples, is computed as the small 
difference of two relatively large quantities. The accuracy, particularly 
when the larger quantities are obtained by graphic methods, is often unsat¬ 
isfactory. Power loss must usually be known with good accuracy because of 
its direct economic importance in transmission line design. 

Loss values obtained from charts in the manner illustrated are helpful 
for exploratory work, and, when careful studies require more exact values, 
it is usual to resort to computation. Various formulas can be used (see Refs. 
5, 18, and 38). The following is one of the most convenient: 

Loss = (oa + a 2 c 2 )V R + 2 {a 2 d 2 + b x c x )P R 

+ 2(aA - &a)Q* + (M. + M*) P ' 2 y?* (H-81) 

This expression 17 gives three-phase loss in megawatts in terms of the 
general circuit constants of the line and 

V R , receiving-end line-to-line voltage (kilovolts) 

P Rf received three-phase active power (megawatts) 

17 The derivation is somewhat lengthy but basically simple. It is given by Dahl 
and Woodruff in Refs. 5 and 38. The principal steps are as follows: Loss = 
Re { Vj a — Vrl). Eliminate V a and I a by substituting F r , 7 r , and the constants 
ABCD. Expand ABCD and l r into real and imaginary components, retaining only 
the real component of the quantity in brackets. Expand AT) — BC = 1 in the real 
and imaginary components of ABCD, using the result to simplify the expression for 
loss. Express current in terms of active and reactive power and voltage. Change 
from volts, watts, and vars per phase to kilovolts line to line, and three-phase 
megawatts and megavars. Equation 11-81 results. 
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Q Ry received three-phase reactive power (megavars, positive if to an 
inductive load) 

When this formula is used in the numerical example of the previous sec¬ 
tion, the computed loss is found to be 4.52 megawatts, compared with the 
graphically determined value of 5. 

Note that the last of the four terms in the expression for loss is approxi¬ 
mately the resistance of the line times the square of the current in the line, 
and this term accounts for most of the loss when the load is heavy. 

It is possible to rewrite Eq. 11-81 in a form that is recognizable as describ¬ 
ing a family of circles on a transmission-line chart. The circles are constant- 
loss loci. If these circles are drawn, power loss in the line can be read from 
the chart (see Refs. 5, 8, 14, 16, and 38). However, the computation re¬ 
quired in finding the radii of the circles is considerable. It seems that most 
engineers engaged in transmission-line calculations prefer to find loss by 
subtraction, using values of P R and P s obtained from charts if the approxi¬ 
mate result that can be obtained by this method is satisfactory, and to 
employ numerical computation rather than a graphic solution when pre¬ 
cision is needed. 

In conclusion, other loci that can appear on a transmission-line diagram 
may be mentioned. Lines of constant power factor comprise a family of 
straight lines radiating from the origin of coordinates, the power factor 
represented by each being the cosine of its angle with the horizontal axis. A 
few such lines, corresponding to known or assumed load power factors, are 
often useful on the receiving-end chart. 

Circles of constant efficiency of transmission can be drawn; so, also, can 
circles of constant active power at the distant end of the line, and circles of 
constant reactive power at the distant end. A complete treatment of circle 
diagrams is given by Lewis (Ref. 16). 

There are two major alternatives in the use of transmission-line diagrams. 
One method is to draw complete charts as illustrated in Figs. 11-10 and 
11-11. The other is to draw axes and to locate centers, but not to draw 
families of circles and angle lines; then, when any specific problem is to be 
solved, the pertinent circles and angle lines are drawn, using specific values 
that relate to that particular problem. The latter method has the advan¬ 
tage of greater precision, for no interpolation is necessary as on the charts; 
radii, in particular, can be measured with greater precision than is possible 
from reading an ordinary chart. 

When a pair of circle diagrams or charts, of whatever type the engineer 
prefers, have been prepared, they will be filed for further use when other 
problems relating to that particular line arise. It is helpful for the engineer 
in charge of a transmission system to keep a complete set of circle diagrams 
relating to each major link of his network. 
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13. Corona Loss. High-voltage power lines are subject to a type of 
energy loss that does not occur on lines operating at low voltage. The high 
electric field strength in the region immediately around the high-voltage 
conductors causes ionization of air in that region. Electrons are accelerated 
by the force of the electric field and, if the voltage is sufficiently high, 
electrons will gain enough energy to enable them to ionize air molecules by 
collision. If the electric field strength exceeds a critical value, ionization 
becomes cumulative, and appreciable loss of power from the high-voltage 
line results. 18 The luminosity that accompanies profuse ionization is called 
corona ; it is readily visible at night about the surface of overstressed high- 
voltage conductors. Under ideal conditions, it appears as a uniform glow, 
but more commonly it is in the form of a multitude of brush discharges from 
minor roughnesses and irregularities of the conductor surface. 

Good engineering practice demands that corona loss be avoided. It is not 
practical for the loss to be zero on a high-voltage power line, but it should 
be kept below some such nominal value as 1 or 2 kilowatts per mile of three- 
phase line in fair weather. 

Corona loss is not readily taken into account in the mathematics of trans¬ 
mission lines. Since operating voltages are commonly held below the 
voltage of profuse corona formation, it is not often necessary to do so. 19 
From the practical point of view, it is most important to know the voltage 
at which corona loss becomes excessive so that this voltage may not be 
exceeded. 

Corona loss is affected by many factors, some having to do with the con¬ 
ductor surface, and some with atmospheric conditions. A complete theo¬ 
retical treatment is impractical, but two empirical methods of computing 
corona loss are available and both give dependable results in the range of 

18 Ionization by collision or impact is the basic process of corona formation about 
a high-voltage conductor. The theory of ionization by collision, first proposed by 
J. S. Townsend in 1904 (Townsend, “Electricity in Gases,” Oxford University 
Press, New York, 1915) has been extensively discussed in the literature of physics 
and electrical engineering. Much of the original investigation of corona was done 
by H. J. Ryan (see Trans . AIEE, 1911, pp. 1-130) and C. P. Steinmetz (see F. W. 
Peek, “Dielectric Phenomena in High Voltage Engineering,” 3d ed., McGraw-Hill 
Book Company, Inc., New York, 1929). More recent work has been done by 
J. S. Carroll (see footnote 20) and others. Corona in ordinary air is a rather com¬ 
plicated combination of impact ionization, streamer formation, and space-charge 
shielding; a brief description is given in discussion by H. H. Skilling, Trans. AIEE , 
March, 1932, p. 79. 

19 The voltage of a traveling wave caused by lightning, however, may greatly 
exceed the corona-forming voltage of the line on which it travels. If so, corona loss 
causes rapid attenuation of the wave, and a curious change of wave form. See 
H. H. Skilling and P. de K. Dykes, Distortion of Traveling Waves by Corona, 
Trans. AIEE , 1937, p. 850. 
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conditions to which they are adapted; one is owing to Peterson, the other to 
Carroll and Rockwell. 20 Both methods of computation take into account 
air temperature and pressure, frequency, spacing between conductors, size 
of conductors, and stranding and surface condition of conductors. Since 
both methods require careful and thoughtful application for good accuracy, 
no summary will be attempted. The reader who finds it necessary to com¬ 
pute corona loss should refer to the original papers. 

The following excerpts from the Carroll and Rockwell paper give an idea 
of the voltage at which corona becomes excessive. For anything more than 
a general indication of corona-forming voltage, the corrections described in 
the original paper must be made. 

Carroll and Rockwell show that loss from an ordinary high-voltage power 
line may conveniently be accounted for by finding the voltage at which the 
loss per mile of three-phase line becomes 4 kilowatts. For stranded copper 
or aluminum cable, the surface being of normal roughness and well weath¬ 
ered, suspended with 22-foot flat spacing, normal atmospheric temperature 
and pressure at sea level, at a frequency of GO cycles per second, the line-to- 
line voltage at which three-phase corona loss per mile is 4 kilowatts is 

V = 167 D + 107 kilovolts rms sine-wave equivalent (11-82) 

D is the outside diameter of the conductor in inches. This expression is 
applicable for values of D between 0.7 and 2.1. For segmental copper 
(Type HH) conductor, with D between 1.0 and 1.5 inches, use the same 
formula and add 40 kilovolts to V . 

Having determined the voltage at which loss is 4 kilowatts per mile, the 
voltage corresponding to another value of loss per mile is judged by reference 
to typical experimental curves. For instance, the loss is 2 kilowatts per 
mile (a commonly acceptable fair-weather design value) at a voltage that 
is lower than the 4-kilowatt-loss value by something between 15 and 30 
kilovolts. The loss is 1 kilowatt per mile at a voltage that is 40 to 60 
kilovolts below the 4-kilovolt-loss voltage. Correction is then made for air 
density and other factors. Air density will probably not change the critical 
voltage by more than a few per cent unless the line is in operation at high 
elevation above sea level. 

It must be repeated that this brief statement permits only a crude 
determination of the voltage at which corona is to be expected. If, by 
subtracting 60 kilovolts from the value computed from Eq. 11-82, one 
obtains a corona-forming voltage that is still 25 per cent or so above the 

20 W. S. Peterson, Trans . AIEE, March, 1933, p. 62; J. S. Carroll and M. M. 
Rockwell, Trans . AIEE , 1937, p. 558. Both are based primarily on experimental 
work at Stanford University by Carroll and associates; see references in the latter 
paper. 
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operating voltage of a line, and the line is normal in design and location, it 
is reasonable to expect that it will have negligible corona loss. If, on the 
other hand, the operating voltage approaches closely the corona-forming 
voltage, full use should be made of the original papers cited. 

For lines of exceptional design, there is no substitute for actual measure¬ 
ment under conditions approximating those of anticipated operation. 


PROBLEMS 

11-1. Switchboard instruments in a generating station with 39,000 kilovolt¬ 
amperes installed capacity indicate 23,300 kilowatts, 13,000 kilovars, 10.5 kilovolts. 
Power is three-phase and voltage is line to line on low-voltage bus. Find (a) station 
power factor, (b) kilovolt-ampere output, and ( c ) bus current. 

11-2. A three-phase generating station with 54,000 kilovolt-amperes installed 
capacity is developing full-rated kilovolt-amperes at 0.85 power factor (lagging). 
The bus voltage is 12,000 volts, line to line. Find (a) active power and reactive 
power output and ( b ) bus current. 

11-3. Is reactive power produced or consumed (using the convention adopted in 
this book) by the following: 

o. Synchronous motor, overexcited. 

b . Transformer, magnetizing current. 

c. Generator, underexcited. 

d. Series capacitor. 

e. Synchronous condenser, underexcited. 

/. Induction motor, lightly loaded. 

11-4. It is sometimes stated that “with reference to line voltage, reactive power 
flows down hill.” Restate this quotation in more precise words, and show that it is 
true under ordinary conditions of power transmission. 

11-6. A 220-kilovolt, three-phase, 60-cycle power transmission circuit (Cono- 
wingo-Plymouth Meeting) is 5S miles long. The three conductors are each 795,000- 
circular-mil ACSR with 30 aluminum and 19 steel strands; they are suspended with 
25.5-foot separation in a horizontal plane. Assume the temperature is 25°C. 
Find Z, F, and ZY (Eq. 11-14) of the line. 

11-6. A transmission line (Oroville-Bellota) is described in the example on page 
288. Find Z , F, and ZY (Eq. 11-14) of this line. 

11-7. The line of Prob. 11-5 is to be represented on a network analyzer by an 
equivalent II section. Determine values of R, A r , and F to use on the analyzer. 

11-8. The line of Prob. 11-6 is to be represented on a network calculator by an 
equivalent II section. Determine values of R , X, and F to use on the calculating 
board. 

11-9. Repeat Prob. 11-7 for an equivalent T section. 

11-10. Repeat Prob. 11-8 for an equivalent T section. 

11-11. From the results of Prob. 11-5, find the general circuit constants of the 
Conowingo-Plymouth Meeting line. 
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11-12. From the results of Prob. 11-6, find the general circuit constants of the 
Oroville-Bellota line. 

11-13. Find the general circuit constants of the II section of Prob. 11-7 (or of the 
T section of Prob. 11-9), thereby obtaining the transmission-line general circuit 
constants indirectly. 

11-14. Find the general circuit constants of the II section of Prob. 11-8 (or the T 
section of Prob. 11-10), thereby obtaining the transmission-line general circuit 
constants indirectly. 

11-15. It is stated that the error in the expressions of Fig. 11-2 for equivalent II 
and T artificial lines “is approximately proportional to the fourth power of length.” 
Show that this is true. 

11-16. Derive Eq. 11-5. 

11-17. Derive the formulas of Fig. 11-4 for ABCD of the nonsymmetrical II 
section. 

11-18. Derive the formulas of Fig. 11-4 for ABCD of the nonsymmetrical T 
section. 

11-19. Show that AD — BC = 1 for a nonsymmetrical II section. 

11-20. Show that AD — BC = 1 for a nonsymmetrical T section. 

11-21. Show from Eqs. 11-49 that A 0 = D 0 for two networks in cascade, even 
though each network by itself is an unsymmetrical network, provided the networks 
are identical and the two are so connected (with like ends together) that together 
they comprise a symmetrical system. 

11-22. Derive A 0 B 0 C 0 D 0 for two networks in parallel, and show that these re¬ 
duce to Eqs. 11-50 if the two networks are identical. 

11-23. Use a circle diagram to determine the following values for the transmission 
line of Prob. 11-6 (Oroville-Bellota). See Fig. 11-9. Draw the diagram with care 
on a sheet of paper at least 10 by 16 inches; coordinate paper is recommended for 
convenience. Do not fold the sheet, for folding impairs accuracy. 

a. Received voltage is 230 kilovolts; received power 105 megawatts, unity power 
factor. Find sending-end voltage, P and Q, power loss, and efficiency of trans¬ 
mission. 

b. Sending voltage and receiving voltage are both 230 kilovolts; received power 
120 megawatts. Find received Q and sending P and Q. 

c. Sending voltage is 230 kilovolts; sending power is 120 megawatts at unity 
power factor. Find receiving V, P, and Q. 

d. Receiving voltage is 230 kilovolts; sending power is 120 megawatts at unity 
power factor. Find sending voltage and receiving P and Q. 

e. What synchronous condenser capacity is required at the receiving end to 
maintain voltage at 230 kilovolts at both ends with no load? 

/. What synchronous condenser capacity is required at the receiving end to 
maintain voltage at 230 kilovolts at both ends of the line; received power is 100 
megawatts and receiving-end power factor may vary from 0.80 (current lagging) 
to 1.00? 

11-24. Repeat Prob. 11-23 for the transmission circuit of Prob. 11-5 (Conowingo- 
Plymouth Meeting). 

11-25. Use the charts of Figs. 11-10 and 11-11 to obtain the results required in 
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Prob. 11-23. If you have obtained the same results by the method of Prob. 11-23, 
compare (a) ease and (b) accuracy of the two methods. 

11-26. Draft a pair of charts, similar to Figs. 11-10 and 11-11, for the Coho- 
wingo-Plymouth Meeting transmission circuit of Prob. 11-5. 

11-27. Use the charts of Prob. 11-26 to obtain for the Conowingo-Plymouth 
Meeting circuit the results required in Prob. 11-23. 

11-28. The Oroville-Bellota line is used as a numerical example in Secs. 10 and 
11. For the given load, compute power loss in transmission. The computed value 
should have slide-rule accuracy. 

11-29. Problem 11-24 requires determination by graphic means of power loss in 
transmission. (Part a of the problem.) For the same conditions, compute the 
power loss. The computed value should have slide-rule accuracy. 

11-30. A 220-kilovolt, three-phase, 50-cycle power line in Sweden is 485 kilo¬ 
meters long. The conductors are copper, 25.0 millimeters outside diameter, 255 
square millimeters cross section; they are suspended with 7.90-meter separation in 
a horizontal plane. Problems 11-5,11-7,11-9,11-11,11-13,11-23,11-26, and 11-27 
may be applied to this Swedish line. 

11-31. Is voltage on the line of Prob. 11-5 high enough to make corona loss an 
important factor in the design of the line? 

11-32. The Hoover Dam line of Fig. 5-3 uses segmental copper (Type HH) 
conductor. Rated sending-end voltage is 287.5 kilovolts. Is corona loss an im' 
portant factor in the design of the line? 



CHAPTER 12 


APPLICATION TO RADIO-FREQUENCY LINES 


A. RADIO-FREQUENCY RELATIONS 

1. Use of Lines at High Frequency. Lines are used at radio frequency 
to transmit energy, much as they are at lower frequencies, and in addition, 
they are used for their impedance characteristics. When frequency is high 
enough to make a quarter-wavelength comparable to the dimensions of 
laboratory apparatus, lines can be used as circuit components. 

Various types of line are shown in Fig. 12-1. The coaxial line is far 
more commonly used than the parallel-wire line at high frequencies be¬ 
cause it does not radiate energy into space, the electric and magnetic 
fields being enclosed within the outer tubular conductor. Also, the coaxial 
line is shielded by its outer conductor from interference from nearby 
circuits. A double coaxial line can be used if the circuit must be balanced 
to ground. Another balanced line is a two-wire line enclosed within a 
shielding copper tube. 

The upper limit of frequency for which a coaxial line is useful is the 
frequency at which a wavelength is equal to the average circumference of 
the line. Lines will propagate waves of any frequency, however high, but 
if the wavelength of the signal on the line is less than (a + b)w, a and b 
being radii of the inner and outer conductors, respectively, a coaxial line 
is capable of propagating other modes than the usual transmission-line 
mode (see Sec. 11, Chap. 13) and this is detrimental to simple and efficient 
operation. A similar difficulty is found on parallel-wire lines if the spacing 
between the wires is greater than \ wavelength of the signal frequency, 
but the practical upper limit of frequency for open parallel-wire lines is 
much lower because of radiation loss. 

2. Approximations at High Frequency. Obviously, line loss cannot be 
neglected if it is the determining factor in a problem. The current in a 
line at a point J wavelength from a short circuit, for instance, is primarily 
dependent on line loss, for in an ideal line it would be zero. Similarly, 
the input impedance to a quarter-wavelength short-circuited line is de¬ 
termined by line loss. The resonant properties of an open or short-circuited 
line are dependent on loss. In general, loss is the determining factor at 
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nodal points on resonant lines where the electrical quantities of interest 
tend toward zero or infinity. 

In radio-frequency problems not involving quantities at nodal points, 
loss is commonly neglected. This is not because loss is less at radio fre¬ 
quency; indeed, loss is greater than in the same line at lower frequency. 
But radio-frequency lines are usually short; their lengths may be some- 



Z 0 =276 Logjj 



Z 0 = 


138 


Log q 


/i+(k-i)r 

k= Relative Dielectric 
Constant of Spacers 
(k of Air=l) 



Double Coaxial Line 


Zq- 2(Z 0 of Single Coaxial, Above) 



Fig. 12-1. Common radio-frequency lines. 


thing between a few centimeters and a few hundred meters, compared 
telephone or power lines of many miles. Energy loss is usually small 
the length of a line. 

Equations neglecting line loss can be taken from Chap. 3, as follows. 


$ A 
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As approximations 


II 

eo 

N-/ 

P = B = us/lc 

(3-5) 

7 = jP = juVk 

(3-4) 

Vd “ ity " S - js 

(3-8) 

2t 1 

P fy/h 

(3-9) 

V = V iC 101 + V 2 e~ i0x 

(3-6) 

I = ij* + i#'* 

(3-7) 

V = F r ^cos px + j sin 0xj 

(3-14) 

I = 7 r ^cos Px + j ~ sin pxj 

(3-16) 

Z ( Z r /Z„) cos Px + j sin px 

Z 0 cos /3x + j(Z r /Z 0 ) sin @x 

(3-36) 


When it is further specified that frequency is high, and that therefore 
the factor in the inductance formulas of Table I is practically zero, 
we may write 

Per meter of Per meter of 

two-wire line coaxial line 


l = 0.921 log - X 10" 6 l = 0.461 log - X 10" # 
a a 

_ 12.08 X 10~ 12 _ 24.16fc X 10~ 12 

C log (b/a) C log (6/a) 


( 12 - 1 ) 

( 12 - 2 ) 


Using these expressions for l and c in Eq. 3-3 gives 
For two-wire line in air: 

Zo = 276 log - 
a 

For coaxial line: 


Zo 



(12-3) 


(12-4) 
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(As before, for the two-wire line, a is radius of each wire and b is spacing 
center to center; for the coaxial line, a is outer radius of the inner con¬ 
ductor and b is inner radius of the outer conductor. Relative dielectric 
constant is k. Logarithms are to the base 10.) Values of Z 0 for certain 
other types of lines are given in Fig. 12-1. 

When Eqs. 12-1 and 12-2 are used for l and c in Eq. 3-8, it is found that 
velocity is independent of all dimensions of a line in air. On a coaxial line 
with solid insulation, velocity is independent of everything except the 
dielectric constant of the insulating material: 

Velocity = ^ " meters per second (12-5) 


where k is the relative dielectric constant of the insulation. 

Velocity of high-frequency waves on a transmission line is the same as 
the velocity of electromagnetic waves radiated freely. The transmission 
line is fundamentally a wave guide; it directs the travel of waves that 
exist in the space between the conductors of the transmission line. If 
this space is filled with air, the velocity is the velocity of waves in air; 
for all practical purposes 3 X 10 8 meters per second. If the space is filled 
with a dielectric material, the velocity is that of waves in the dielectric 
material. 

Using this value of velocity in determining the wavelength, 


= 3 X 10* 

fVk 


meters 


( 12 * 6 ) 


Similarly, 0 may be written in terms of velocity: 


2t f\/k 
3 X 10 8 


per meter 


(12-7) 


3. Radio-frequency Resistance. When line loss is neglected, a = 0. 
If line loss cannot be neglected, Eq. 5-16 gives an approximate value for a, 
good at high frequency: 


= lg + rc _ gZo , r 
2 \/ Ic 2 2Z 0 


( 12 - 8 ) 


If limited to a line in air , with no dielectric losses and hence zero g , a 
can be further simplified to 
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If, on the contrary, dielectric loss is much greater than resistance loss, as 
may occur with solid-dielectric coaxial lines at centimeter wavelengths, it 
is approximately true that 


a 


gz 0 

2 


( 12 - 10 ) 


To find a numerical value for a from Eq. 12-8 or 12-9, it is necessary 
to know the resistance per unit length. This is quite different from the 
low-frequency resistance of the same conductors because of skin effect. 
High-frequency resistance is found by using the hypothetical effective depth 
of penetration or “skin depth” from Eq. 7-35. For any nonmagnetic material 


5 



meters 


( 12 - 11 ) 


where / is frequency (cycles per second) 

p is resistivity of the conductor material (meter-ohms). 

This equation is velid for all ordinary materials except iron and its alloys, 
and these are never used for the conductors of radio-frequency lines. Re¬ 
sistivities of silver, copper, and ordinary brass at room temperature (20°C) 
are 

M eter-ohma 

Silver.1.63 X 10~ 8 

Copper.1.72 X 10~ 8 

Brass (approx).7.0 X 10~ 8 

Table 7-2 gives values for other metals. 

Resistance is found by multiplying the equivalent depth of penetration 
by the perimeter of the conductor, to obtain the cross section in which 
current is assumed to flow. Note that this method is valid for a conductor 
of any shape provided its thickness is at least 105 and it has no sharp 
comers. Dividing resistivity of the material by this cross section in which 
current is assumed to flow, the resistance of unit length of the conductor 
is obtained. 

The high-frequency resistance per unit length of both of a pair of round 
wires of radius a is therefore 


r 


= 2 


P 

2to8 


( 12 - 12 ) 


Using values of p as given above in meter-ohms, and 5 in meters from 
Eq. 12-11, Eq. 12-12 will give resistance in ohms in the unit of length 
used to measure the radius a. Thus, if a is measured in meters, r is in 
ohms per meter. 
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Combining the above equations, the high-frequency resistance of a pair 
of wires of nonmagnetic material is 


Vp V? 

5037r a 


(12-13) 


It is important that the high-frequency resistance is proportional to the 
square root of the frequency. 

To find the resistance of a coaxial line , the resistance of the current- 
carrying inner surface of the outer tube is added to the resistance of the 
one wire: 


r = 


2wa8 2wb8 



(12-14) 


For any nonmagnetic material, the high-frequency resistance of a coaxial 
line is thus 


VpVf ti i\ 

1006t r \a ^ b) 


(12-15) 


The resistance of a coaxial line also is proportional to the square root of 
frequency. 

Finally, the resistivity of the material can be combined with the other 
constants involved, and Eqs. 12-13 and 12-15 can be written to give the 
high-frequency resistance of lines of nonmagnetic material as: 

For two-wire line: 

VI 

r = 2 K ohms per unit length (12-16) 

For coaxial line: 

r = K Vl Q + ohms per unit length (12-17) 

where / is frequency (cycles per second) 
a is the radius of the wire 
b is the inner radius of the tube 
K = 41.6 X 10~ 9 for copper 
= 40.2 X 10“ 9 for silver 
= 83 X 10~ 9 for brass (approx) 

For other metals, K is proportional to the square root of resistivity. Note 
that a and b must be measured in the same units of length, and the result 
is resistance in this unit of length of transmission line. Thus, if a and b 
are in meters, r is in ohms per meter. 

Proximity Effect . Resistance of a two-wire line, determined from Eq. 
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12-16, is increased by proximity effect if the spacing between wires is not 
large compared to the wire size. Resistance computed from the equation 
is to be multiplied by the appropriate factor from Table 12-1. Since b/a 


TABLE 12-1 

PROXIMITY FACTOR IN PARALLEL WIRES OR TUBES 
AT VERY HIGH FREQUENCY 


Spacing _ b 

Proximity 

Radius a 

Factor 

5s* 

1.07 

bop] 

1.09 

10 

1.02 

15 

1.01 

20 

1.01 


* s indicates current in same direction in the two wires, 
t op indicates current in opposite directions in the wires. 


for two-wire lines is usually greater than 10, and is practically always 
greater than 5 (for which the clear space between wires is only di¬ 
ameters), proximity effect is usually negligible. The error that results 
from neglecting proximity effect may well be less than other probable 
errors in determining resistance. 

Furthermore, if b/a is so small that proximity effect is significant, there 
is another complication in the use of transmission-line equations. The 
approximate value for capacitance of two-wire lines given in Eq. 12-2 must 
be examined critically, for it is derived with the assumption that b/a is 
large. The more accurate formula of Eq. 6-74a may be required. 

Proximity effect is similar to skin effect. If two conductors, parallel and 
close together, are carrying current in the same direction, there is a tend¬ 
ency for the current to be more concentrated in 
the more distant parts of the conductors, for 
inductance of the outer paths is less. If, on the 
other hand, current is in opposite directions in 
two parallel conductors it tends to concentrate 
at the nearer surfaces, 1 as in Fig. 12-2. The re¬ 
sulting dissymmetry of current density increases 
loss in the conductor, and hence increases the effective resistance. It is obvious 
that proximity effect is a function of frequency, vanishing at low frequency, 
and also that it depends on conductor material; however, simplifying as¬ 
sumptions are possible if the frequency is so high that “skin depth” 5 is 
small compared to the size of the wire, and Table 12-1 makes this assumption. 




Fig. 12-2. Proximity effect. 


1 See also the discussion of Unequal Division of Current in four wires, Chap. 6, 
Bee. 6. 
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Coaxial lines do not have any similar dissymmetry of current distribu¬ 
tion, and hence have no proximity effect. It may be better to say’that 
skin effect and proximity effect are indistinguishable in coaxial lines. Cur¬ 
rent following the path of least inductance tends to concentrate near the 
outer surface of the inner conductor and the inner surface of the outer 
conductor, and this whole effect is called skin effect in a coaxial line. 

4. Dielectric Loss. All solid and liquid dielectric materials waste ap¬ 
preciable amounts of power in high-frequency electric fields if the frequency 
corresponds to wavelengths in the range of a few centimeters. See the 
discussion of insulation loss in Sec. 10, Chap. 7. 

Dielectric power factors of various materials have been measured, and 
the experimental results are tabulated in reference books. 2 The power 
factor is a property of the material, as explained in Chap. 7. It is essen¬ 
tially independent of frequency. Nevertheless, since power factor is found 
to vary somewhat if the frequency is changed by several powers of 10, it 
is best to employ in computation an experimental value that is known to 
apply in the frequency range of the computation. 

Equation 7-72 relates the power factor of a dielectric material to the 
equivalent value of g that should be used to represent that power factor: 

g = a* X (PF) (12-18) 


2 Recent data on three high-quality dielectric materials are as follows: 


Frequency 

10 3 

10 6 

10 8 



Polyethylene DE-3401: 
k* . 

2 20 

i 

2.26 

2 26 

2.26 

2.26 

PFf. 

<0 0002 

<0.0002 

0 0002 

0.00031 

0.0006 


Polystyrene: 
k* . 

2.56 

2.56 

2.55 

2 55 

2.54 

PFf. 

<0.00005 

0.00007 

<0.0001 

0.00033 

0.0012 

Teflon: 

k* . 

PFf. 

2.1 

<0.0003 

2.1 

<0 0002 

2.1 

<0.0002 

2.1 

0.00015 

2.08 

0.0006 


* k is relative dielectric constant. 

fPF is dissipation factor (equal to power factor for these low values). 

These values are abstracted from extensive tables in “Reference Data for Radio 
Engineers,” H. J. Reich, editor, Federal Telephone and Radio Corporation, New 
York, 1949. Tables are also given in F. E. Terman, “Radio Engineers’ Hand¬ 
book,” McGraw-Hill Book Company, Inc., New York, 1943, and T. Moreno, 
“Microwave Transmission Design Data,” McGraw-Hill Book Company, Inc., 
New York, 1948. 

Illustrative values of power factor of other materials are: quartz, mica, 0.0005; 
glass, steatite, 0.005; phenol products, 0.05. 
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B. Attenuation. A formula, good at high frequency, for attenuation 
owing to conductor resistance is given by Eq. 12-9. Equation 12-17 can 
now be substituted for r, and Eq. 12-4 for Z 0 , to give a formula for attenua¬ 
tion in a coaxial line owing to conductor resistance: 


a = 


K Vfk 
276 b 



(12-19) 


where a and b are inner and outer radii, in the same unit of length 
/ is frequency (cycles per second) 
k is relative dielectric constant of insulation 
A is a factor from Eq. 12-17 

a is per unit length, unit of length being same as for a and b 
The corresponding equation for attenuation in a two-wire line in air owing 
to conductor resistance is 


K v7 b/a 
270 b log b/a 


( 12 - 20 ) 


where a and b are wire radius and spacing, respectively, and other symbols 
have the same meaning as above. Proximity effect is not included. 

The part of the attenuation that results from dielectric loss is given by 
Eq. 12-10 as lgZ a . Introducing g from Eq. 12-18 and Z 0 from 12-4, at¬ 
tenuation owing to dielectric loss is 

= 1/3 (PF) 

= l (PF) 

- f Vk (PF) (12-21) 

where (PF) is power factor of the dielectric 

X is wavelength in the dielectric (meters) 

X 0 is wavelength of the same frequency in air (meters) 
k is relative dielectric constant 

a is attenuation per unit of length, the unit of length being the 
same as is used in Z, c, /3, X, or X 0 

Several expressions for a are given in Eq. 12-21, and whichever is most 
convenient may be used. It is interesting that attenuation owing to di- 
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electric hysteresis is quite independent of line dimensions, and depends 
only on the quality of the dielectric material. 8 > 

Total attenuation is the sum of that resulting from conductor resistance 
(Eq. 12-19 or 12-20) and that resulting from dielectric loss (Eq. 12-21). 

Attenuation is given by these equations in nepers. This is readily 
changed to decibels (Eq. 9-10) to obtain a measure of power loss. Thus 
for a coaxial line terminated in its characteristic impedance, 


Power loss = 8.686a = 


+ 


K \/fk 1 + b/a 
31.8 b log 10 b/a 
27.3 Vk 


^0 


(PF) decibels per unit length (12-22) 


This equation will be found to be the most convenient for many practical 
computations of loss. 

Optimum Dimensions . For a coaxial line of a given outside diameter, 
there is an optimum size of wire for which attenuation is least. That is, 
there is a certain value of b/a (b being fixed) that gives minimum a in 
Eq. 12-19. It is evident that this must be so, for if b/a approaches its 
minimum value of 1, the logarithm in the denominator of the expression 
for a approaches zero and a becomes large without limit; if, on the contrary, 
b/a becomes very large, the numerator containing b/a becomes large 
faster than the denominator which contains log b/a , and again a becomes 
large without limit. There must be a minimum value of a between these 
limits. 

Physically, if the inner conductor is smaller than the optimum size, its 
resistance is higher and loss is increased. If the inner conductor is larger 
than optimum, the increased capacitance lowers the value of Z 0 and hence 
more current is required to transmit a certain amount of power, with the 
result that loss is again increased. 

Attenuation owing to dielectric hysteresis need not be considered in this 
discussion, for such loss, as is shown by Eq. 12-21, is independent of line 
dimensions and hence does not affect the optimum ratio of b/a. (If the 
dielectric loss resulted from actual conductivity of the material, with g 
independent of frequency, instead of being due to dielectric hysteresis, there 
would be a slight but unimportant change of the optimum ratio.) 

Although the optimum value of b/a is 3.6, this is not a critical value. 
Attenuation is less than 10 per cent above the minimum if the value of 
b/a is anything between 2.3 and 6. 


3 Some authors define the loss in a dielectric material by using the quality factor 
Q = w€p as a characteristic of the material (e is absolute dielectric constant, p is 
resistivity). For all practical purposes, Q = 1/(PF) (see footnote 9, Chap. 7), and 
Q may be used in Eq. 12-21 if desired. 
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Z 0 for Minimum Attenuation . Corresponding to the optimum ratio of 
b/a , there must be an optimum value of characteristic impedance. For 
air dielectric, Eq. 12-4 gives Z 0 = 138 log 5/a, and if b/a = 3.6, Z Q = 78 
ohms. 

Hence, a coaxial line of given outside diameter, air-insulated, has mini¬ 
mum attenuation if the characteristic impedance is between 77 and 78 
ohms. This is an important reason for the widespread practical use of 
lines with approximately this impedance. 

However, a line designed for minimum attenuation is not best for all 
purposes. A line may be designed to transmit maximum power. The 
limiting factor is electric field strength at the surface of the inner con¬ 
ductor; if a critical value of field strength of about 30,000 volts per centi¬ 
meter is exceeded, corona or sparking results. From Eqs. 6-70 and 6-71, 
voltage between the inner and outer conductors of a coaxial line is V = 
E,a In b/a , E 8 being the electric field at the surface of the inner conductor. 
Power transmitted is V 2 /Z 0 . Recognizing that E 8 has a maximum value, 
there is an optimum value of b/a to give maximum power transmission. 
This is 1.65, and the corresponding characteristic impedance is 30 ohms. 

A line may be designed to acr as a resonant circuit. A short-circuited 
quarter-wavelength line has high input impedance, and an open-circuited 
quarter-wavelength line has low input impedance. These will be discussed 
in the next section. For a short-circuited resonant coaxial line to have 
maximum impedance, b/a must be 9.2, corresponding to Z 0 = 133 ohms 
for an air-insulated line. For an open-circuited resonant line to have 
minimum impedance, the inner conductor of the coaxial line should be as 
large as possible, which requires that Z 0 approach zero. 

Lines with characteristic impedance of 50 to 80 ohms are common in 
practice. 

For two-wire lines , there are similar optimum values of b/a if 6, the 
spacing, is held constant. Working from Eq. 12-20, a is minimum if 
b/a = 2.7. This neglects proximity effect which is quite appreciable for 
such a small value of b/a . When proximity effect is included, the optimum 
b/a is about 4. Attenuation is less than 10 per cent above the minimum 
if b/a is between 3 and 6.5. The practical value of b/a for a two-wire line 
is usually above this optimum range. A ratio of 4 leaves a clear space 
between conductors that is only as great as the conductor diameter. It 
is more common to have b/a equal 10 or more. 

6. Lines as Circuit Elements. Transmission lines find frequent use at 
radio frequency as circuit elements because of their desirable impedance 
properties. Lines that are used for such purposes are usually open- 
circuited or short-circuited at the receiving end, and do not serve to trans¬ 
mit energy—the term “transmission line” is preserved only by custom. 
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Because the particular interest is in impedance, Eq. 5-32 is helpful: 

JL _ (Zr/Zo) cos Bx + j sin Bx n9 9Q . 

Z 0 ~ cos Bx + j(Z r /Z 0 ) sin Bx 

It will be recalled that B = p — ja and, if line losses can be neglected, 
Eq. 12-23 may be written in terms of (3 instead of B . The equation is 
readily expanded and simplified for various applications. 

For instance, for a short-circuited line, Z r = 0, and Eq. 12-23 becomes 


7 =r = j tan Bx 

For an open-circuited line, Z, is infinite and 

■§r = — j cot Bx 


(13-24) 


(12-25) 


If a line is just { wavelength long, fix = t/2. If losses may be neglected, 
so that we may write Bx — ir/2, Eq. 12-23 becomes 

§J = f r (12-26) 

Z, is the input or sending-end impedance of the line, and it is thus related 
to the load or receiving-end impedance by the simple and useful relation 

Z a Z T = Z 0 2 (12-27) 


This equation is applicable to a quarter-wavelength line with any termina¬ 
tion except open circuit or short circuit. An open or short-circuited line 
acts like a resonant circuit, and line loss is an essential factor that cannot 
be neglected. 

7. Lines as Resonant Elements. If we consider only what appears at 
the input terminals, a short-circuited quarter-wavelength line and a parallel- 
resonant circuit of coil and condenser have these characteristics in com¬ 
mon: both present extremely high impedance to one particular frequency; 
with both, the impedance at resonance is resistive; with both, the imped¬ 
ance drops rapidly if frequency varies slightly from resonance; both have 
inductive reactance at frequencies below resonance and capacitive react¬ 
ance at frequencies above resonance; both will carry direct current freely 
while effectively blocking the frequency to which they are resonant. An 
inherent difference is that the transmission line displays similar resonance 
at all odd multiples of its lowest resonant frequency, and has inverse 
resonance characteristics (as of a short-circuited half-wavelength line) at 
the even multiples. 

An open-circuited quarter-wavelength line is similar to a series-resonant 
circuit of coil and condenser. It has extremely low impedance at the 
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resonant frequency; it is resistive at resonance, inductive above, and ca¬ 
pacitive below. It blocks direct current, while passing freely the resonant 
frequency. Like a short-circuited line, but unlike a circuit of lumped 
constants, its charactersitics tend to repeat at odd multiples of the lowest 
resonant frequency, whereas at even multiples the inverse characteristics 
appear. 

The selectivity, or frequency sensitivity, of a resonant circuit is usually 
measured by the quality factor Q. There may be various definitions 4 for 
Q , and for lumped circuits it is immaterial which is adopted. With lines, 
however, the possible definitions are not always coincidental, and it will 
be best to base the following discussion on the one that is most frequently 
a matter of practical interest: the frequency sensitivity near resonance. 

Frequency sensitivity of a lumped parallel-resonant circuit is as follows. 
If Z is the input impedance at any operating frequency (limited, however, 
to a frequency near resonance, and to a circuit with fairly low losses and 
consequent high Q ) and Z rOB is the input impedance at resonance, it is 
shown in books on circuit theory that 


A = R 

%TOS R -f“ j(o)L — \/a>C) 


(12-28) 


where R is the resistance of the circuit of coil and condenser (measured 
around the loop) 

L is the inductance of the coil 
C is the capacitance of the condenser 
co is 2tt times the operating frequency 
Let us specify further that 

<o () is the value of co at resonance 
8 o) is the tuning off resonance, 803 = co — co 0 
Then, noting that co 0 L = l/co 0 C, by definition of resonance, it is a good 
approximation that 


Z = R = R 

Z T en R + j’2L 803 R 5c0 COq L r 


(12-29) 


Using Q to represent c c 0 L/R, this becomes 



1 


1 + m— 

COq 


(12-30) 


4 Based on ratio of reactance to resistance; total current (or voltage) to current 
(or voltage) of one element; ratio of stored energy to energy consumed per cycle; or 
frequency selectivity as discussed in the text. 
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(This is approximately the formula for the universal resonance curve.) 
Among the many useful deductions from this equation are the folloWing: 

1. When the detuning ratio, <5w/w 0 , is 1/2 Q, the impedance is less than the 
impedance at resonance by the factor 1/ \/2, or the impedance is ap¬ 
proximately 70 per cent of impedance at resonance. 

2. With this same amount of detuning, the angle of the impedance is 45 
degrees; thus its components of resistance and reactance are equal. 

For comparison, the frequency sensitivity of a short-circuited quarter- 
wavelength line may be analyzed. Referring to Eq. 12-24, 


Z _ j sin Bx __ . sin fix cosh ax — j cos fix sinh ax 
Z 0 ~~ cos Bx ~~ ^ cos fix cosh ax + j sin fix sinh ax 


(mi) 


For quarter-wave resonance, fix — w/2. For frequencies near resonance, 
sin fix is approximately 1 and cos fix is much smaller than 1. For a line 
with low losses, a is much smaller than fi; sinh ax is very small and is 
approximately ax , whereas cosh ax is approximately 1. Using these ap¬ 
proximations in Eq. 12-31, 

I - < 1M2 > 

Exactly at resonance, cos fix = 0 and hence Z Tt)B /Z 0 = 1 /ax. Slightly 
off resonance, cos fix is small and is approximately proportional to the 
amount of detuning from resonance; to show this, we write 


0 n o) „ w 0 + So) 

COS fix = COS fio — X = COS fio - X 

W 0 W 0 


- cos (i + A '5 x ) 


= —sin fi 0 — x — —fi — x (12-33) 

w 0 w 0 

The above equation proceeds in five steps. In the first, using subscript 0 
to indicate conditions at resonance, it is recognized that fi is proportional 
to w. In the second, the tuning off resonance 5w = w — w 0 is introduced. 
In the third, it is noted that fi 0 x = tt/2 , this being the value of fix at 
resonance. The cosine is then changed to the sine, and since 5w/w 0 is 
small it is a good approximation to let the sine equal its argument. 

We have now evaluated Eq. 12-32 at resonance, and also slightly off 
resonance. The ratio is 


Z _ ax _ 1 

Z T9B I So) t . . fi Bo) 

ax + jfi — x 1 + 7- 

w 0 a wq 


(12-34) 
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o = 


A 

2a 


(12-35) 


the equation becomes 

Z _ 1 

Zr ” 1 + j2Q - 


(12-36) 


The similarity of Eq. 12-36 to 12-30 shows two things. First, the uni¬ 
versal resonance curve applies as a good approximation to the variation of 
impedance of a quarter-wavelength transmission line near resonance (the 
fundamental reason being that the curve is a good approximation of the 
complex tangent function in that restricted region). Second, the frequency 
sensitivity and selectivity of a quarter-wavelength line is characterized by 
the quantity fi/2a in the same way that the response of a lumped resonant 
circuit is characterized by Q. 

Hence, as in Eq. 12-35, fi/2a is commonly spoken of as the Q of a trans¬ 
mission line. The two statements regarding Q that follow Eq. 12-30 can 
also be applied to a resonant line, based on Eq. 12-36. Attention may 
also be called to the fact that Q = ul/r for a line with no dielectric loss, 
this being analogous to the Q of a coil. 

As has been mentioned, a short-circuited line is resonant at all odd 
multiples of the frequency for which it is f wavelength long, and at these 
higher frequencies it displays similar properties. The Q at each resonant 
frequency is determined by the values of fi and a that apply at that fre¬ 
quency. The value of fi is proportional to frequency. If line loss is pre¬ 
dominantly in the resistivity of the metal conductors, a is proportional to 
the square root of frequency (Eq. 12-19); if loss is primarily in the dielectric 
material, a is proportional to frequency (Eq. 12-21). Hence, for a line of 
given length, if the line is in air, Q at the higher resonant frequencies will 
tend to increase as the square root of the frequency; if the line has solid 
dielectric material, Q will be approximately constant. 5 

8. Impedance at Resonance. Q indicates the sharpness of resonance; 
it also indicates the maximum impedance available from a short-circuited 
line at resonance . It was deduced from Eq. 12-32 that the impedance at 
resonance is 


Z 


res 


Zo __ 2Q „ 

OtX fix 0 


(12-37) 


5 At a wavelength in the neighborhood of 10 centimeters, 1,000 is not an unrea¬ 
sonable value for the Q of a solid-dielectric line, and 10,000 for the Q of a line in air. 
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Since resonances occur when fix = tt/2, 3ir/2, 5x/2, and so on, this may 
be written 



(12-38) 


where n is the number of quarter-wavelengths, an odd integer. 

It is evident that, on a line of given length, Z r68 is less high at the higher 
resonant frequencies, corresponding to larger n’s. Even if Q increases as 
the square root of frequency, as on a line with no dielectric losses, the n in 
the denominator increases more rapidly. If Q is substantially independent 
of frequency, as on a line with high dielectric loss, Z re8 at the higher 
resonant frequencies has only one-third, one-fifth, one-seventh, and so on, 
of its value at the lowest resonant frequency. 

If the length of a line is to be determined to give resonance at a given 
frequency, it is always advantageous to use a quarter-wavelength line 
rather than a three-quarter-wavelength or longer line. Q is the same, at 
the same frequency, for various lengths of line (see Eq. 12-35), but the 
maximum obtainable resistance, as in Eq. 12-38, is inversely proportional 
to the number of quarter-wavelengths. 

The characteristics of an open-circuited quarter-wavelength line are com¬ 
parable with those of the short-circuited quarter-wavelength line just 
discussed. The selectivity of the circuit is the same; the universal resonance 
curve is applicable to the admittance of the open-circuited quarter-wave¬ 
length line near resonance, and Eq. 12-36 applies to the ratio of admittances 
F/F res (instead of Z/Z rt)B ). The same statements can be made about the 
selectivity and frequency sensitivity, but applying to admittance instead 
of impedance. Working from Eq. 12-25, for a low-loss open-circuited line 
near resonance, 


_ cos fix cosh ax + j sin fix sinh ax 
Z 0 j sin fix cosh ax + cos fix sinh ax 


~ ax — j cos fix 


(12-39) 


For comparison with Eq. 12-32: 

Y_ ^ 1 

Y 0 ax — j cos fix 


(1240) 


F 0 , the characteristic admittance of the line is 1/Z 0 , or approximately 

V^L 

Since the admittance of an open-circuited line for which coa fix = 0 is 
seen from Eq. 12-40 to be 

y _ Yo 2 Q y 

_ ax ~ fix ' 


(12-41) 
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it follows that admittance at the various resonant frequencies corresponding 
to odd multiples of quarter-wavelength operation can be expressed as 



(12-42) 


where n is an odd integer. 

A high-impedance selective resonant circuit is frequently required, and 
a line may be used for this purpose in either of two ways: an open-circuited 
half-wavelength line has the desired characteristics, and so has a short- 
circuited quarter-wavelength line. Let us compare the two possibilities. 

They are equally selective, for both have the same Q. 

The maximum impedance of the short-circuited quarter-wavelength line 
is, by Eq. 12-38, 4QZ q /tt. The maximum impedance of the open-circuited 
line is found from the second member of Eq. 12-39 by introducing the 
condition that the line is £ wavelength long; that is, fix = t or x = w/fi. 
This gives Z = Z 0 /ax = fiZ 0 /aw = 2QZ 0 /w , which is just half the imped¬ 
ance of the short-circuited quarter-wavelength line. 

Various other factors may be of practical importance. The short- 
circuited quarter-wavelength line will carry direct and low-frequency cur¬ 
rents; the open-circuited half-wavelength line will block them. At radio 
frequencies other than the desired resonant frequency, such as half and 
double the fundamental resonant frequency, the open and short-circuited 
lines have quite different characteristics; this may be important in con¬ 
nection with harmonics. 

The length of a short-circuited line is more readily adjustable than is the 
length of an open-circuited line, and also, if coaxial, the short-circuited 
line is more completely shielded and self-contained. 

It is such factors as these that determine whether a short-circuited or 
open-circuited line should be used in practical application. We note again 
an illustration of the general principle that the shorter line always has 
better impedance characteristics because of having lower total loss. 

Summary. From the above derivations, the impedance of a resonant 
line for which the length is n quarter-wavelengths is given by 

for short-circuited line with n = 1, 3, 5, ... 

for open-circuited line with n = 2, 4, 6, . . . 

for short-circuited line with n = 2, 4, 6, . . . 

for open-circuited line with n = 1 , 3, 5, . . . 


Z = 4Q 
Z 0 mr 

x = 40 
Y 0 nir 
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- ^ /8 iry/k 

where Q = — = —r— , 

*2tOt Ot Ao 

X 0 is wavelength of the same frequency in air (meters) 

Jfc is relative dielectric constant of the line 
ot is nepers per meter, from Sec. 5 

Optimum Design . In Sec. 5 it was seen that there is an optimum design 
of line to give minimum attenuation. There is also an optimum ratio of 
b/a to give maximum input impedance at resonance. Impedance is 
Z res = Z 0 /ax , and since Z 0 and a are both functions of 6/a, the maximum 
resonant impedance does not correspond to the minimum attenuation. 

Let us find the optimum value for a line without dielectric loss. (If 
dielectric loss were considerable, the optimum ratio would be affected, but 
it is not probable that a line with dielectric loss would be used as a high- 
impedance resonant circuit.) Substituting Eqs. 12-35,12-4,12-7, and 12-19 
into Eq. 12-38, the impedance at resonance of a short-circuited coaxial 
line is 


„ _ 5,080 n _ 9 ,~. h (log b/a) 

~ ~KtT 10 Vfb 1 + b/a 


(12-43) 


where a and b are inner and outer radii of the line (centimeters) 
f is frequency (cycles per second) 

n is the number of quarter-wavelengths, an odd integer 
K is given with Eq. 12-17 

If the line conductors are copper, K = 41.6 X 10 -9 and 


122 V/ & (log b/a) 2 

n 1 + b/a 


(12-44) 


The optimum b/a to give maximum impedance in Eq. 12-43 or 12-44 is 
about 9.2. Thus maximum impedance of a coaxial line is obtained with a 
much smaller inner conductor than is maximum Q. However, the imped¬ 
ance maximum is quite broad, and the resonant impedance is within 10 
per cent of the maximum value if b/a is between about 5 and 20. 

The optimum b/a to give maximum impedance to a short-circuited 
quarter-wavelength line of two parallel wires is about 8.0. 

Equations 12-43 and 12-44 apply also to an open-circuited line that is J 
wavelength long, or some multiple of this length. The integer n is then 
even. The optimum b/a is of course the same. 

9. Resonant Voltage Rise. A series-resonant circuit of coil and con¬ 
denser can be used to provide an increased voltage; the voltage across 
either the coil or the condenser is greater in magnitude than the applied 
voltage by a factor of approximately Q. An open-circuited quarter-wave- 
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length line can also be used to raise voltage; the voltage at the open end of 
the line is greater than the applied voltage. From Eq. 4-8, letting Z T be 
infinite, 

V 

-jf = cos Bx = cos (/? — ja)x (12-45) 


For resonance, fix is to be an odd multiple of tt/ 2; hence the length x is 
Mr/ 2(3 with n an odd integer, and 




_ . mrot \ 
3 2/J/ 


zhsin j 


. Mr 


4 Q 


(12-46) 


Since Q is large, the argument is small and is approximately equal to the 
sine. The amplitude of voltage increase at the open receiving end of the 
line that is n quarter-wavelengths long is hence 




(12-47) 


This compares with the voltage increase of Q obtained from a resonant 
circuit with lumped parameters; the voltage increase is slightly higher than 
Q for a ^-wavelength line, but if the line is 3 or 5 quarter-wavelengths 
the resonant rise of voltage at the end is greatly reduced. In comparing 
with the voltage to be obtained from a circuit of coil and condenser, it is 
to be remembered that the Q of a line is greatly higher than the Q of such 
a circuit at a high radio frequency, and the Q of a line improves with in¬ 
creasing frequency. 

Practical Considerations. In concluding the discussion of resonant lines 
it should be mentioned that the practically obtainable Q is never as high 
as the Q predicted from the equations of this section, particularly for 
frequencies of centimeter waves. The losses are always greater than the 
formulas give. There are several contributing causes. Any imperfection 
of the line and associated apparatus increases loss. Because of extreme 
skin effect, roughness of the surface of the conductors is important; so, 
also, is the porosity that may result from silver plating. A thin layer of 
metallic oxide on the conductor surfaces will increase the loss, for current 
is driven into such a surface layer by skin effect. The use of silver plating 
is advantageous in avoiding semiconducting surface oxides. 

Any small loss of energy by radiation will lower the Q, and radiation is 
not taken into account in the above equations. A possible example is 
radiation from the open end of an open-circuited coaxial line. The resist¬ 
ance of the short-circuiting disc or plunger in a short-circuited line has also 
been omitted. 

In a system with moderate Q, the actual value of Q may come close to 
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the predicted value. In a system specially designed for high Q, however, 
a very small amount of loss will make an appreciable difference, and the 
actual Q that can be obtained may turn out to be somewhere between the 
predicted Q and half the predicted Q. 

A matter of importance in the consideration of all short-circuited lines 
is the length of the short-circuiting member itself. It is evident that the 
short-circuiting bridge on a two-wire line is similar to an additional length 
of line. If the bridge is a wire or rod, connecting the ends of the wires as 
in Fig. 12-3o, it will have magnetic and electric fields about it somewhat 
similar to those about the main conductors. To speak a little more pre¬ 
cisely, the electromagnetic field of the line will be distorted near the short- 
circuiting wire. As a fair approximation, the effective length of line is the 
actual length of the line increased by approximately half the wire-to-wire 
spacing. 

If, however, the line is short-circuited by a large disc of copper or other 



good conducting material, as in Fig. 12-36, there is relatively little dis¬ 
tortion of the electromagnetic field at the end of the line. It may be 
considered that the incident wave is reflected by the large disc, as by a 
mirror, with hardly any necessity for readjustment of the geometry of the 
fields. There is little electric or magnetic field beyond the disc. Hence 
the actual length of the line is a very fair measure of its equivalent electrical 
length. 

A coaxial line may be short-circuited by a disc that closes all the space 
between inner and outer conductors. It may also be short-circuited by a 
single wire from the inner to the outer conductor. The latter is much less 
satisfactory; it destroys the symmetry of the coaxial line, it leaves the 
end open to stray fields and permits the line fields to escape from the end 
of the tube to some extent, and it makes the effective length of the line 
somewhat indefinite (see also Sec. 13, Chap. 13). 

If a coaxial line is closed with a short-circuiting disc, there should be 
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good electrical connection between the disc and the line conductors around 
the entire circumference. Bad contact, permitting current to flow but 
resulting in loss, is harmful to the resonant properties of the line. Contact 
resistance occurring at the point of short circuit, where current is maxi¬ 
mum, is more disturbing than would be an equal amount of resistance at 
any other point in the line (see Sec. 10). 

10. Examples of Quarter-wavelength Resonance. Three facts relating 
to quarter-wavelength lines are used so often that they should be thor¬ 
oughly familiar. They have previously been derived and will merely be 
summarized at this point: 

1. The input impedance to a short-circuited quarter-wavelength line is 
an exceedingly high resistance, approaching infinity if loss is negligible. 



Fig. 12-4. Coaxial line, showing means of supporting inner conductor. 

2. The input impedance to an open-circuited quarter-wavelength line is 
a very low resistance, approaching zero if loss is negligible. 

3. More generally, for a quarter-wavelength line, neglecting loss, 

Z.Z r = Z 0 a (12-48) 

where Z, is sending-end or input impedance 
Z r is receiving-end or load impedance 
Z 0 is characteristic impedance of the line 
Supporting Stub . An example of the use of a quarter-wavelength line 
as a high impedance is the supporting stub shown in Fig. 12-4a. The 
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support of the inner conductor of a coaxial line at centimeter-wave fre¬ 
quencies is a serious design problem. The use of solid dielectric material 
as a support or spacer, even in the form of beads at intervals along the 
line as in Fig. 12-1, is undesirable because of dielectric loss in the electric 
field. A practical solution in some cases is to use a metal rod to support 
the line, as shown; the metal rod is itself the inner conductor of a short 
coaxial line, extending at right angles to the main line, and short-circuited 
at its outer end. By adjusting the length of this supporting stub line so 
that it is electrically equivalent to a quarter-wavelength long (the geom¬ 
etry of the supporting tee being taken into account) it appears as an almost 
infinite impedance to a wave on the main line. Actually this all-metal 
support can be constructed to divert less energy from the main line than 
would be lost in an adequate support of dielectric material. 

A quarter-wavelength supporting stub in its simplest form is highly fre¬ 
quency-sensitive, for the stub line does not have high impedance except at 
one particular frequency. Indeed, the better it is, and the higher its im¬ 
pedance, the more sensitive it is to frequency change. By proper design 
of the sleeve that holds the main line, the support can be made much less 
frequency-sensitive, however. 

Supporting Beads. The simplest means of supporting the inner con¬ 
ductor of a coaxial line is to hold it in place with solid dielectric material. 
To avoid unnecessary dielectric loss, the solid dielectric may take the 
form of beads or discs spaced along the line, as in Fig. 12-46. (Flexible 
coaxial line is completely filled with solid dielectric material, but rigid line 
need not be.) The effect of such beads depends on whether their spacing 
bears any simple relation to the wavelength transmitted. 

If the wavelength is much greater than the bead spacing, or if the 
spacing is random, or unrelated to the wavelength, the beads merely 
increase the effective dielectric constant. If the thickness of the bead is 
w , the relative dielectric constant k , and the spacing s, the effective di¬ 
electric constant of the line is the average value 

i + (* - i) f 

o 

See the coaxial line and shielded pair in Fig. 12-1. 

If the beads are spaced | wavelength apart (including the fact that 
the wavelength is shortened by the dielectric constant of the bead), it is 
best to consider the repeated small reflections that take place when a wave 
passes a bead. There will be some reflection from each surface of each 
bead, owing to the abrupt change of Z 0 as the dielectric constant changes. 
Reflection as the wave enters the bead will be opposite in sign to reflection 
as the wave leaves the same bead, and the thinner the bead the more 
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nearly these two reflections from the same bead will add to zero. How¬ 
ever, there will be some residual reflection from a bead. There will also 
also be reflection from the next bead. 

If the beads are \ wavelength apart, the reflection from the second bead 
will be just out of phase with the reflection from the first bead, as \ cycle 
will elapse while the incident wave travels the distance between beads 
and the reflected wave returns. Since the reflection from the first bead 
and the reflection from the second bead are practically equal in magnitude 
and opposite in phase, they will cancel and there will be no net reflection. 
Quarter-wavelength spacing is therefore desirable, but it is somewhat 
sensitive to frequency and is not always satisfactory for broad-band opera¬ 
tion. 

On the other hand, if the beads are \ wavelength apart, the reflection 
from the second bead will add in phase with the reflection from the first 
bead. Reflections from all other beads will add in a cumulative manner, 
producing very serious reflection in a long line. Thus a half-wavelength 
spacing (or spacing of approximately \ wavelength, if losses are taken into 
account) is extremely undesirable. 

In general, repeated discontinuities of like kind should be spaced at odd 
multiples of | wavelength. Discontinuities of unlike kind (such as change 
from air to solid dielectric, followed by change from solid dielectric back 
to air) should be multiples of J wavelength apart. For instance, a dielectric 
bead \ wavelength thick produces little net reflection. 

Resonant Short-circuiting Devices. Good contact is important in the de¬ 
sign of sliding plungers that are intended to adjust the position of the 
short circuit in a coaxial line. A plunger sliding along a line, making 
perfect contact with both inner and outer conductors at all points, could 
be used to adjust the length of the short-circuited line. Despite the most 

careful design, however, the losses re¬ 
sulting from bad contact in sliding 
devices are serious. 

An improvement of the shorting plug 
results from attaching to the plug, as 
at b in Fig. 12-5, sets of spring fingers 
Fig. 12-5. Spring-finger type of slid- that effectively form a pair of inner 
ing contact. and outer tubes extending from 6 to a. 

The distance from b to a is made ex¬ 
actly \ wavelength. This device gains some advantage from having springy 
fingers that make good contact at a. A greater advantage is in having the 
sliding contact at a point, l wavelength from the short circuit, where the 
current is minimum and resistance causes the least loss of power. A major 
disadvantage of the device is that it uses a line that can never be less than 
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i wavelength long; this results in unnecessarily large line loss. Also, the 
spring fingers are not easily kept in adjustment and contact resistance is 
rather variable, depending upon alignment and surface finish. 

A more effective device 0 is shown in Fig. 12-6. The general construction 
of this “half-wave trap” is shown in Fig. 12-6a, and a detail in Fig. 12-66. 
Referring to the detail, a wave coming from the left is effectively short- 
circuited and reflected at the surface a. The plunger does not quite make 
contact with the line conductor at the short-circuiting face a, for a small 
but definite clearance is left at 6. There is a narrow passage from 6 to c. 
This passage is actually a coaxial transmission line of very close spacing. 






1 l 

) 
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(b) a 



Fig. 12-6. A sliding plunger with “half-wave trap.” 


By proper design, input impedance to this trap line at 6 can be made 
practically zero, thereby completing the short circuit of the main line at 
the face ab. 

The distance from b to c is J wavelength. The distance from c to d is 
also \ wavelength. Some small part of the wave impinging on the surface 
ab will enter the trap at 6; it will pass on to c and to d , where it will be 
reflected back to c and to b again. The passage bed is a half-wavelength 
short-circuited line, and its input impedance (at b) is practically zero, as 
desired. 

There should be good contact between plunger and tube at the point c. 
However, this is a point of minimum current, for c is J wavelength from 
the short circuit at d , and contact resistance is less serious here than else¬ 
where. 

The quality of a resonant line is inversely proportional to power loss. 
A half-wave trap is effective because it introduces a minimum of power 
loss in the system. Only a small fraction of the total power in the main 
line enters the trap line, and only a small fraction of this small fraction is 
lost (in resistivity of the metal walls or in contact resistance at c), the 
rest being returned to the main line after reflection at d. Actual per¬ 
formance of the half-wave trap is quite satisfactory. 

This device is discussed in some detail, not only because of its practical 
importance, but even more because it illustrates the general principles 
mentioned on page 322. 


* See Moreno (Ref. 20). 
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Quarter-wavelength Line for Impedance Matching. Another example of 
interest, an illustration of the use of Eq. 12-48, is the impedance trans¬ 
formation produced by a quarter-wavelength line. A load, as in Fig. 12-7, 

receives energy from a line to which its im¬ 
pedance is not matched. Let us assume 
that the load is pure resistance (or, what 
is the same thing, that enough transmission 
line is included within the load so that a 
Fig. 12-7. A quarter-wavelength pure resistance appears when looking in 
section for impedance matching, at the terminals marked b). By properly 

designing a quarter-wavelength section of 
line, from a to 6, the load can be matched to the main line. 

The characteristic impedance of the section of line from a to b may be 
called Z Q2 , and Z h is its load impedance. The impedance looking toward 
the load at a is required to be equal to the characteristic impedance of the 
main line (to provide a match) and may be called Zoi. By Eq. 12-48, 

Zo\Zb = Z 02 2 (12-49) 

Zoi and Z h are given; Z 02 , the characteristic impedance of the quarter- 
wavelength section, is designed to satisfy this relation, and thus to prevent 
resonance or standing waves on the main line. There will, of course, be 
resonant effects on the quarter-wavelength section; indeed, it is resonance 
along this section that provides the desired impedance transformation. 

This is not a particularly advantageous way to match line and load, for 
the quarter-wavelength section is not easily adjustable in either Z 0 or 
length. With a two-wire line, Z 0 could be adjusted by changing the 
spacing between wires, but (despite the diagrammatic representation of 
the line in the figure) it is not likely that a two-wire line would be used 
for work at frequencies that make a quarter-wavelength section a practi¬ 
cable device. The characteristic impedance of a coaxial line is determined 
by the dimensions of the two conductors, and it cannot be changed after 
construction. 

However, a fairly practical compromise is to have a line that would be 
a coaxial line except that the inner conductor is adjustable from its central 
position. By means of an eccentric mounting, it can be moved from the 
axis toward the wall of the tube. As the inner conductor moves toward 
the wall of the tube, the characteristic impedance of the line is decreased. 

There are several practical methods of matching lines to loads at centi¬ 
meter-wave frequencies. These use lines as impedance transformers and 
as reactive elements, and will be considered in Secs. 18 to 21. 

11. Lines as Reactive Elements. Since inductance coils are unsatis¬ 
factory at centimeter-wave frequencies, it is often convenient to use a line 
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that is terminated in either a short circuit or an open circuit as a reactive 
element. For example, a line may be used as inductance or capacitance 
in a filter network or in an impedance-matching network. 

Although at exact resonance the input impedance to either an open- or 
short-circuited line is resistive, the impedance is almost purely reactive at 
intermediate frequencies. (From Eq. 12-36, impedance is largely reactive 
if the detuning, 5co/o> 0 , is as much as five or ten times 1/Q; and Q of a 
transmission line is so high that this is a relatively small deviation from 
resonance.) 

The input reactance to a line may vary from zero to 70 per cent of the 
resonant maximum impedance, and may be either reactive or capacitive. 
If the length of the line is less than \ wavelength, the reactance of an open- 
circuited line is capacitive (negative); reactance of a short-circuited line is 
inductive (positive). If the line is between | and J wavelength long, an 
open-circuited line is inductive; a short-circuited line is capacitive. 

To determine the line input reactance, the following are good approxi¬ 
mations unless the length is near a multiple of J wavelength. These are 
from Eqs. 12-25 and 12-24. 

For an open-circuited line: 


X = —Z Q cot /3x = — Zq cot 



For a short-circuited line: 


X = Z Q tan fix = Z 0 tan 



(12-50) 


(12-51) 


In these expressions x is length of line, and X is wavelength. Near resonance 
the appropriate equations of Secs. 7 and 8, Eqs. 12-36 and 12-40, may be 
used to find reactance. 

For some purposes it is necessary to know the resistance component of 
the input impedance to a line, even though the impedance is predomi¬ 
nantly reactive. For a high-frequency line with small or moderate loss, 
except near frequencies that give resonant peaks of impedance, the re¬ 
sistance component is as follows: 7 
For an open-circuited line: 

8 -§&"£)] (liM2) 


7 The derivation for the short-circuited line is as follows. It is assumed that 
r<£a)l t g<£ coCf (ax) 2 <K 1, (ax tan fix) 2 « 1. By Eq. 5-36, 


Z = jZ 0 tan Bx 


(12-56) 
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For an open-circuited line with no dielectric loss (g = 0): 

S-Z„co(Ml 
For a short-circuited line: 

+ < 12 ^) 

For a short-circuited line with no dielectric loss (g = 0): 


Expand Z 0y retaining only first-order real and imaginary terms: 

_ jr + jail _ [a?k + jttfQg ~ ^)] 1/2 

° V Q + jo>c y/g 2 -)- W V 

= V? Vue 2 [ (a,2fc) ' /2 + 2 ( “ 2fc )" I/2 ^ ( ^ - rc) + •••] 

~4l + &4c(i- r i) (i2_57) 


Expand j tan £x, noting that approximately tan ax = ax, 

ii “ fe =- ■’“> “ 

~ ax(l + tan 2 £x) + j tan fix 


= ^?> + itan,3x (12 - 58) 

Multiplying, by Eq. 12-56, 

Z = R + jX- + + #«•»«*] 

From the imaginary parts of Eq. 12-59, Eq. 12-51 results. Equating the real parts, 
and making a trigonometric substitution for cos 2 £x, Eq. 12-54 is obtained. Equa¬ 
tion 12-55 then results from letting g = 0 and a = r/2Z 0 . In Eqs. 12-50 to 12-55, 
the small angle of Z 0 is to be neglected, although this cannot be done in Eqs. 12-56 
and 12-57. (Note, however, that for the distortionless line the imaginary compo¬ 
nent of Eq. 12-57 vanishes, Z 0 being purely real, and the parenthesis in Eqs. 12-52 
and 12-54 then vanishes also.) 

Derivation of the equations for the open-circuited line is parallel to the above, 
starting from Eq. 5-34. 
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12. Energy Transmission. When a line is operated at radio frequency 
for the purpose of transmitting energy, its principles of operation are mtich 
the same as for a telephone line. The object is to supply as much energy 
as possible to the load. Resonance is avoided by terminating the line in 
its characteristic impedance. The line is sometimes loaded to reduce 
attenuation. 

There are two or three significant differences in radio-frequency opera¬ 
tion, however. One is that the width of the band of frequencies to be 
transmitted is usually a much smaller fraction of the average frequency 
than is the case of an audio-frequency line. 8 Since a typical radio-frequency 
line may carry a frequency of several million cycles plus or minus only a 
few thousand, with a total band width of less than 1 per cent of the average 
or carrier frequency, it is unnecessary to give great attention to the varia¬ 
tion of line characteristics with frequency. It is often sufficient, for in¬ 
stance, for the line and load to be matched at one frequency. Distortion, 
which is the result of variable response at different frequencies, is usually 
not much of a problem. 

At radio frequency it is necessary to consider the radiation of energy 
from a line into space. An open-wire line, acting like an antenna, loses a 
fraction of the energy that it receives, and to avoid radiation a coaxial 
line is often used. The open-wire line may be said to have a certain radia¬ 
tion resistance ; this is a hypothetical resistance which, multiplied by the 
square of the rms line current, J 2 , gives radiated power. Careful con¬ 
sideration of radiation from a transmission line is a moderately involved 
problem in field theory and it must suffice here to say that the radiation 
resistance of a nonresonant two-wire transmission line is of the order of 
magnitude of 1,580 (6/X) 2 , where h is spacing and X is wavelength (in the 
same units of length). This value may be doubled when radiation from 
connections at the ends of the line is considered. It applies fairly well to 
an open-circuited line even though resonant, but the radiation resistance 
of a short-circuited resonant line may be greatly lower. (For a resonant 
line, radiation resistance is multiplied by the square of the rms current 
at a point on the line where the current is maximum to obtain radiated 
power.) It is assumed that h is much smaller than X and that the length 
of the line is many times h. It is interesting that the length of the line 
does not appear in this formula for radiation resistance, indicating that 
energy radiated is not primarily a function of length of line. 

About the only practical conclusion that can be drawn from this ap¬ 
proximate expression is that the value of radiation resistance which it 

8 Video-frequency operation , although employing higher frequencies, is obviously 
comparable to audio-frequency operation for purposes of this discussion. It has the 
same problems, many being accentuated. 



330 


ELECTRIC TRANSMISSION LINES 


[Chap. 12 


gives should be low compared to Z 0 of the line. This will be true if the 
spacing is less than wavelength, a proportion that is easily attained 
in the broadcast frequency range but that is difficult with wavelengths of 
a few centimeters. Hence coaxial lines are almost always used for centi¬ 
meter waves in preference to two-wire lines. 

If coaxial lines are open at the ends, or are closed by discs, or in some 
other way the axial symmetry of the system is reasonably well preserved, 
radiation is negligibly small. However, if the terminating equipment is 
connected without regard for axial symmetry, radiation may be com¬ 
parable to that from a two-wire line. 9 

The major problem at radio frequency, however, is the same as at audio 
frequency: if a line is intended to transmit energy it should deliver as much 
power as possible to the receiving-end apparatus, and (although efficiency 
is usually a secondary consideration) it should not make excessive demands 
on the sending-end equipment. 

Matching of impedances is necessary for maximum power transfer. The 
general principle may be restated. If a transmission system is broken at 
any point, the impedance at that point looking toward the generator 
should be the conjugate of the impedance looking toward the load. 

If the transmission system consists of generator, line, and load it is 
advantageous to avoid resonance on the line. For such “flat” operation of 
the line, both load and generator must be matched to the characteristic 
impedance of the line. If a proper impedance match is not provided at 
the load, there is resonance and standing waves of current and voltage 
appear on the line. If the impedance match at the generator is not correct, 
there is not maximum power transfer. 

However, it is not essential for maximum power transfer that the line 
be “flat,” without standing waves. If resonance is permitted on the line, 
the line itself may be used as an impedance transformer to match the load 
to the generator. Proper matching is achieved if the line is connected to 
the load, and the input impedance to the line is then the conjugate of the 
generator impedance. The impedance curves of Fig. 3-5 suggest that a 
wide range of input impedance is available if it is possible to adjust the 
length of a line with a mismatched load. It will be seen, however, that 
adjustment of length alone is not sufficient, for a change of length alters 
both magnitude and angle of the input impedance and it would be quite 
fortuitous if the magnitude and angle of the generator impedance were 
both matched by the same length of line. 

It is an important and fairly obvious general principle that two variables 
cannot be independently adjusted if only one physical quantity can be 

9 King, Mimno, and Wing, “Transmission Lines, Antennas and Wave Guides” 
(Ref. 15). 
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changed; the number of physical adjustments must be at least equal to 
the number of quantities to be controlled. 

However, if both the length of the line and also the characteristic im¬ 
pedance of the line can be varied, the line can be designed to match any 
load impedance to any generator impedance. A simple example is seen if 
the impedances of both load and generator are pure resistance; then the 
quarter-wavelength line mentioned in Sec. 10 will provide the required 
match if its characteristic impedance is the geometric mean of the two 
terminating resistances (Eq. 12-48). 

Although a perfect match cannot be obtained by adjusting length only, 
it will in general be possible to go part of the way toward achieving maxi¬ 
mum power transfer by this single adjustment. A sliding device known 
as a “trombone” or “line stretcher” is a simple means of varying the elec¬ 
trical length of a line even while it is in operation. 

If a line is many wavelengths long, the undesirability of permitting 
standing waves on the line outweighs the simplicity of using the line itself 
for a matching transformer. Source and load must then be matched to 
the line. There are many ways of doing this. A section of line of different 
Z 0 may be inserted between the main line and the apparatus at either end, 
leaving the main line nonresonant. This has been mentioned. Or stub 
lines, open or short-circuited, may be connected to the main line, near the 
ends, for matching. Or a section of tapered line, with continuously varying 
characteristics, may be used to connect one part of the system to another 
of different impedance. There are many such devices. One or two of the 
more important will be discussed. 

First, however, the standing-wave ratio of a line, and some of its implica¬ 
tions, must be considered. 

13. Standing-wave Ratio. The standing-wave ratio on a line is simply 
the ratio of the voltage at a point of maximum to the voltage at a point 
of minimum. It is important because it is an easily measured quantity 
that serves as an indication of whether or not the line is operating under 
favorable conditions. 

Techniques of measurement that are useful at lower frequency cannot 
often be employed at frequencies higher than a thousand megacycles. 
One of the quantities that can be measured fairly easily and reliably at 
centimeter-wave frequencies is relative voltage. The insertion of a probe 
into a slot in the outer tube of a coaxial line permits determination of 
the relative electric field strength and hence the relative voltage at different 
points along the line. The details of rectification and amplification of the 
voltage picked up by such a probe need not be discussed here. Alterna¬ 
tively, a loop inserted into the magnetic field of the line will permit com¬ 
parison of current at different points along the line. Either measurement 
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will yield the standing-wave ratio on the line. It is particularly important 
that only the ratio of voltages (or currents) and not their absolute magni¬ 
tudes are needed. 

The symbol a is frequently used for standing-wave ratio: 

I V I 

c = standing-wave ratio = (12-60) 

I V min | 

The standing-wave ratio is always positive, real, and not less than 1. 
The standing-wave ratio equals 1 on a flat or perfectly terminated line, on 
which there is no reflected traveling wave and hence no standing waves 
along the line. On an open or short-circuited line, with total reflection, 
so that the reflected wave is equal in magnitude to the incident wave, 
V min is zero and a is infinite. 10 



The standing-wave ratio is closely related to the ratio of reflected wave 
to incident wave p (and hence to the reflection factor), and to the imped¬ 
ance ratio f; it will be remembered that p = V 2 /V x and f = Z r /Z Q as in 
Eq. 2-30. 

Figure 12-8 illustrates the relation between the standing-wave ratio and 
the traveling waves. It shows the voltage distribution along a line. The 
load voltage (at the left-hand side) is neither a maximum nor a minimum. 


10 Equation 12-60 defines the voltage standing-wave ratio, which is the same as the 
current standing-wave ratio. The power standing-wave ratio rj is the square of this: 


V = 


1 r m> , l 2 

I F min | 2 


(12-61) 
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A maximum is reached at a distance x _ along the line, and a minimum at 

x mIn . Corresponding vector diagrams are shown below. The incident and 
reflected waves are in phase at x m „, and V — is their arithmetic sum : 11 


= \V 1 \ + \V 1 


(12-62) 


The incident and reflected waves are directly opposed at x min , so that 


Hence, by Eq. 12-60, 

I V mt 


I F min 

Solving for the ratio of V 2 to V l9 
V 2 


V mia I = I V 1 


_ l | + i y a i _ i + l v 2 /Vi 
I f. I - I V 2 I 1-1 v 2 /v. 


p I = 


V 1 


* ~ 1 = 1 1 - 1 V mi « 

O + 1 | max | + | V min 


(12-63) 


(12-64) 


(12-65) 


Since F max and F mln , or else their ratio < 7 , can readily be determined 
experimentally, this gives a means of finding the magnitude of the re¬ 
flection coefficient. The reflection coefficient is in general complex, how¬ 
ever, and its angle must also be determined. Let us refer again to Fig. 
12 - 8 . 

The angle of the reflection factor is the angle between V l and V 2 at the 
load. For instance, in Fig. 12-8 it is 120 degrees. At the point of maxi¬ 
mum voltage, where the two traveling-wave components are in phase, 
each has changed in phase by half this angle. Consequently 


Angle of reflection factor = 20 x mgkX ( 12 - 66 ) 

The angle of rotation of each vector, which is #r max , can also be written 
27r(x niax /X). Either of these expressions gives the angle of rotation in 
radians, and if the angle is desired in degrees, we write 180 instead of x. 
Alternative forms for the reflection factor can be written in terms of the 
quarter-wavelength of the line as 


or 


Angle of reflection factor = x radians 


(12-67) 


Angle of reflection factor 


^ 180 degrees 


(12-68) 


11 This discussion of standing-wave ratio is meaningful only on a line with negligi¬ 
ble loss and negligible attenuation. In the absence of attenuation, the magnitudes 
| V 1 1 and | V 2 1 are constant all along the line. If this were not so, p would be vari¬ 
able with x, and a would be meaningless, or at best some approximation would be 
necessary (see, for instance, Fig. 5-9). 
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If the wavelength on the line is not known, the half-wavelength is found 
experimentally as the distance between successive voltage minima, as indi¬ 
cated in Fig. 12-8. 

As a practical matter, the voltage minimum is more sharply defined, 
and hence can be more accurately located than the maximum. That is, 
x mi n can be measured more exactly than x max . To take advantage of this, 
a slight change can be made in the above equations to put them in terms 
of x min . Referring again to Fig. 12-8, a voltage minimum occurs where 
each of the component voltage vectors has rotated through an angle of 
/3x m&x + 7r/2. It is possible that if the line were differently terminated a 
voltage minimum would precede the first voltage maximum, in which case 
the first voltage minimum would occur where each of the component 
voltage vectors had rotated through an angle of /3x max — x/2. Allowing 
for either of these alternatives, 


famin 





(12-69) 


Substituting this into Eqs. 12-66 to 12-68: 

Angle of reflection factor = 2/3x min zb x radians 

= —rr x zb x radians 
A/4 

= fsf 180 ± 180 degrees 


(12-70) 

(12-71) 

(12-72) 


Either the plus or minus sign can be used in these equations as is more 
convenient; neither is wrong. 

Having now a relation between the standing-wave ratio, the position of 
voltage minimum (which are experimental data), and the reflection factor, 
another step will relate also the terminal impedance. From Eq. 2-30, 


= z* z r /z 0 - 1 f - i 

p v , z r /z 0 +1 r + i 

Solution for impedance gives 

__ %r 1 + V 2 /V 1 _ 1 + P 

f z 0 1- v 2 /v 1 1 - p 


(12-73) 


(12-74) 


Hence, if the standing-wave ratio is known, together with the location on 
the line of a voltage maximum or minimum, the load impedance can be 
found. It is assumed that Z 0 is known or can easily be computed. 

This gives an important and valuable means of measuring impedance 
at high frequency. The method is to connect an element of unknown 
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A slotted coaxial line assembly for measurement of standing waves, 300 to 5,000 mega¬ 
cycles. A length of rigid air-insulated line is being attached to the right-hand end of the 
slotted line; a section of “patch cord” (flexible coaxial line with polyethylene insulation) 
is connected at the left. A tuning stub is upright at the end of the slotted line, and a 
shorter one projects from the movable head that carries a probe along the slot. The 
probe is connected to an amplifier and voltmeter in the background. Various line 
fittings are shown. All lines and attachments have 50-ohm characteristic impedance. 
(Courtesy of General Radio Company.) 


impedance onto the receiving end of a slotted transmission line that has a 
movable probe. The relative values of F max and F min are recorded, and 
also the distances from the receiving-end terminals to the first and second 
voltage minima. The reflection factor p is then computed from Eqs. 12-65 
and 12-72, and Z r is computed from 12-74. Further discussion is given in 
Sec. 16. 

If it is known that Z r is purely resistive , we have the simple relation 
that either 



If V 2 /Vx is real and positive, the first of these equations is correct, as is 
seen by comparing Eq. 12-74 and Eq. 12-64, letting V 2 /V y = | V 2 /V l |. 
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The second equation is correct if V a /Vi — — \ V 2 /V 1 |. It will be seen 
that the first equation applies if Z, is greater than Z 0 and the second if 
Z r is less than Z 0 . The former applies if the load is at a point of voltage 
maximum on the line, the latter if at a minimum . 

The standing-wave ratio on a fine is often a matter of interest in de¬ 
termining proper operation of the terminal equipment. It may be specified 
that an antenna, for instance, should operate on the end of a certain lino 
without producing a standing-wave ratio on the line in excess of a given 
amount. For m'aking such tests the obvious methods of measurement, 
using a slotted line as suggested above, are sometimes too slow, and a direct 
indicating device is desired. The directional coupler makes such a device 
possible. 

Consider that the main transmission line shown in Fig. 12-9 is carrying 
energy in a wave traveling from left to right. Two connections are mnrlA 



Fig. 12-9. A type of directional coupler. 


from this main line to a second line running parallel; each connection 
transfers only a very small part of the energy from the main line to the 
secondary line. Energy passing through the first connection will start 
waves traveling in both directions along the secondary line, starting at a. 
Energy passing through the second connection will start waves going both 
ways from b. If the two connections are identical and the distance ab 
between them is \ wavelength, the wave traveling toward the right from 
a will reinforce the wave traveling toward the right from b. But the wave 
traveling left from a will exactly cancel the wave traveling left from 6; 
the wave from b will be equal and out of phase because of having traveled 
just | wavelength farther. Hence, a wave traveling from left to right in 
the main line will produce a wave traveling from left to right in the second¬ 
ary line, but will not produce a wave traveling from right to left in the 
secondary line. The secondary line is terminated at both c and d with 
its characteristic impedance, to prevent reflections, and meters at c and 
d indicate the arrival of energy. A wave traveling from left to right in 
the main line will be measured at d, but not at c. 

Since the directional coupler is symmetrical, a wave traveling from 
right to left in the main line will be measured at c but not at d. The ratio 
of the reading at c to that at d can therefore be the ratio of the incident 
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wave to the reflected wave in the main line. If the main line is flat, one 
instrument will indicate nothing. 

It is essential that the connections in the directional coupler be identical 
and that little energy be removed from the main line. The nature of the 
connection is not otherwise important, and it is found that a mere hole 
from one line into the other gives satisfactory results, permitting the 
electromagnetic field to pass through. 12 

B. IMPEDANCE CHARTS 

14. The Rectangular Impedance Chart. Input impedance is so impor¬ 
tant in the use of transmission lines at radio frequencies that several im- 



Fio. 12-10. The rectangular impedance chart. 


pedance charts have been devised and published, and have found wide 
use. The equations of impedance are complicated enough to make the 
use of a chart worth while. 

One type of chart is shown in Fig. 12-10. The coordinates of the chart 
are the real and imaginary components of Z/Z Q , which may be called 


12 There is another type of directional coupler, the operation of which depends on 
the angle between the main line and the secondary line, only one hole being used. 
This and other ingenious measuring devices are described in books on techniques, 
as Refs. 22 and 24. 
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R/Zo and X/Z 0 , respectively. Thus the chart lies in the complex f plane, 
which was introduced in Fig. 2-9 a. The circles that enclose the point 
Z/Z 0 = 1 give both the standing-wave ratio <r and the magnitude of p. 
The orthogonal set of circles, all of which pass through the point Z/Z 0 = 1, 
give distance along the line measured as fractions of a wavelength. Use 
of the chart will be considered first, and then the derivation will be given. 

As used in this chart, p is the ratio of the voltage of the reflected wave 
to the voltage of the incident wave at any given point on the line; Z is 
the impedance, or ratio of voltage to current, at that same point. (In an 
earlier chapter, p represented the same ratio, but applied only at the re¬ 
ceiving end of the line, and Z was the impedance at the receiving end, Z r . 
We now generalize to give p and Z meaning at all points of the line.) 

As an example , consider a line that is wavelength long and is termi¬ 
nated in a purely resistive load that is half the characteristic impedance. 
For such a load, Z r /Z 0 — Locate this point in the chart; it lies on the 
horizontal axis one square from the left edge. Note that the circle | p | = 
0.33 passes through this point. 

Now, if the line under consideration may be considered to be without 
loss, traveling waves on the line are not attenuated, the magnitude of the 
incident wave is the same everywhere on the line, the magnitude of the 
reflected wave is the same eve^where on the line, and hence the magnitude 
of their ratio is the same everywhere on the line. This means that | p | is 
constant along the line. To find Z at any point along the line, we follow 
the circle of constant | p j, which in this example is the circle | p | = 0.33; 
moving in a clockwise direction around the circle corresponds to moving 
away from the load and toward the generator on the actual line. 

Let us find the sending-end impedance of this line for which the length 
x is given in terms of the wavelength by stating that x/\ = A. Our 
initial point, at the load, lies on the line of the chart marked x/\ = 0. 
Our final point, at the sending end, therefore lies on the circle marked 
x/\ = and we follow around the circle marked | p | = 0.33 until it 
intersects the circle marked x/\ = T V At this point of intersection, we 
read Z/Z 0 from the coordinates, getting a value of about 1.39 — 7*0.73. 
(It is hardly necessary to mention that this numerical value was obtained 
from a chart with finer divisions than Fig. 12-10.) The sending-end im¬ 
pedance is then found by multiplying Z 0 by this complex number. The 
result is an input impedance with resistive and capacitive components, 
both fairly large as compared to the load resistance. 

The impedance for any other length of line can be found by following 
the circle for [ p | = 0.33 until it intersects the appropriate circle for x/\. 
If the length of the transmission line is more than a half-wavelength, we 
must go around the circle more than one complete revolution. Thus if 
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the line were f wavelength long, the sendmg-fcnd point would be found 
by going once around the circle for the first half-wavelength and then 
continuing a distance corresponding to an additional \ wavelength. The 
chart reading at such a point is Z/Z 0 = 2 + jO, from which the input 
impedance is twice the characteristic impedance. 

If the load impedance is not purely resistive, the procedure is the same 
but one extra step is required. As another example , consider the same line 
with a load such that Z r /Z 0 = 0.6 + jO.S. The point of the chart corre¬ 
sponding to this impedance lies on the circle | p | = 0.50. It also lies on 
the intersecting circle for x/\ = f. The calibration of these distance 
circles, however, is only relative. We know that the point just located is 
truly the receiving-end impedance, where the true value of x/\ is zero. 
To find impedance at points along the line, we move around the circle 
for | p | = 0.50 in a clockwise direction, going the appropriate distance as 
measured from this starting point. Hence, if the line is wavelength long, 
we go around the circle wavelength from our starting point (which 
happens to be on the curve marked J wavelength); thus we go to the inter¬ 
section with the curve for x/\ = A + | or The impedance read at 
this point is Z/Z 0 = 0.38 — j0.36, and this is the input impedance to the 

3 %-wavelength line. 

As a matter of practical convenience, such charts commonly have the 
circles marked with values of standing-wave ratio a instead of | p |. In 
Fig. 12-10, both values are given on each circle. It is easy to convert 
from one to the other by Eq. 12-65: 

l'l-7TT or < 12 - 76 > 

The standing-wave ratio a is more often of interest in practical work than 
is | p |, the magnitude of the ratio of reflected voltage to incident voltage. 

It will be seen that each circle for a given value of standing-wave ratio 
<r is tangent at the horizontal axis to a vertical line with the identical value 
of Z/Zq . Thus the circle for <r = 3 is tangent to the vertical line for 
R/Z 0 = 3. This follows from Eq. 12-75; each constant-o- circle intersects 
the axis at the t wo points a and l/a. 

The circles of the orthogonal family are commonly marked in terms of 
distance along the line, either in fractions of a wavelength, or in degrees 
with the convention that 360 degrees equals 1 wavelength. Both of these 
scales are given in Fig. 12-10. Mathematically, these are more properly 
circles of constant angle of p, as the first set of circles were for constant 
values of magnitude of p. However, angle of p increases in direct pro¬ 
portion to distance along the transmission line (see Eq. 12-66), and it is 
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permissible to calibrate the curves in Fig. 12-10 in terms of x, which may 
be measured in any way that is practically convenient. 18 

The line marked x/X = 0 does not correspond, in fact, to the actual 
end of the line (as was seen in the second example above) unless the load 
is purely resistive and less than Z 0 in magnitude. However, some scale is 
needed and this is the usual arbitrary choice of zero. In using the chart, 
distance along the line is measured from the starting point, as was illus¬ 
trated in the example, and the figures given on the circles are relative 
distance. 

The derivation of this chart is from Eq. 12-73: 


P = 


f +1 


(12-77) 


Curves giving values of magnitude of p, and curves giving values of angle 
of p, are plotted on Cartesian coordinates that give the real and imaginary 
components of f. These curves turn out to be orthogonal families of 
circles. 14 


13 Note that the angular values given in Fig. 12-10, and commonly given in all 
such charts, are a measure of distance along the transmission line, and are half the 
corresponding value of the angle of p. That is, for f wavelength fix = 180 degrees; 
whereas the angle of p is increased by 360 degrees along a half-wavelength line. 
This accounts for the anomaly that one revolution around a circle in Fig. 12-10 is 
marked 180 degrees; this is the value of fix, not the angle of p. 

14 A mathematical development of Fig. 12-10 follows: 


Let 

and 

Then 


from which 


^ f ~ 1 

f + 1 


« — mJ* 

p = re 


r = x + iv 


r = 


g + jy — 1 
x + jy + 1 
\2 | 

i _ — i, 

~ / • -\2 | 2 


3 (g ~ i) a + y 1 
' “ (g + l) 2 + y a 




+ y 2 = 


4r 


2\5 


(1 - r a ) ! 


(12-77) 

(12-78) 

(12-79) 

(12-80) 

(12-81) 

(12-82) 


For constant r, r being the magnitude of p, this is the equation of a circle in the f 
plane. The center of the circle is at *• — (1 + r 2 )/( 1 — r a ), y = 0; the radius is 
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15. Other Impedance Charts. In considering impedance charts, it is 
natural to inquire why charts are not made from the familiar impedance 
Eq. 5-32, or Eq. 5-37, derived from it, which is repeated here: 

£ = jtm(Bx + D) (12-87) 

The answer is that the chart of Fig. 12-10 is indeed a graphic presentation 
of this Eq. 12-87 if rightly interpreted. 

The most obvious way to chart Eq. 12-87 would be to plot Z/Z 0 in a 
plane in which the coordinates are the real and imaginary components of 
(Bx + D). This is essentially a plot of the complex tangent function, 
which may be found in appropriate references. 16 The disadvantage of 
such a chart is that one follows straight lines (instead of circles) in tracing 
the values of impedance along a lossless transmission line and, if the line 
is long, one runs off the chart. 

An alternative chart can be obtained from Eq. 12-87 by plotting curves 
of Bx in the f plane; this is the inverse of the chart just proposed which 
plots f in the Bx plane. When this is done, Fig. 12-10 again results. 16 

The use of the chart is, of course, the same whether it is considered to 
be derived from Eq. 12-87 or from Eq. 12-77. 


2r/(l — r 2 ). Plotting for various values of r gives the family of circles enclosing the 
point x = 1, y = 0. 


3—1 + jy 
x + 1 + jy 


(12-83) 


Let 


8 = tan” 1 —- 


— tan 


V 

3+1 


(12-84) 


m = tan 


from which 


V _ V 

x — 1 3+1 _ 2 y 

i i —i _ y — “ ** + y 2 - 1 

T i-lx+l 



(12-85) 


( 12 - 86 ) 


For constant m, m being the tangent of the angle of p, this is the equation of a circle 
in the plane. The center of each circle is at x = 0, y = 1/m; and the radius is 
VI + 1/m 2 - Plotting for various values of m gives the family of circles passing 
through the point x = 1, y = 0. 

16 For instance, Jahnke and Emde, “Tables of Functions with Formulae and 
Curves” (Ref. 11). 

w See J. C. Slater, “Microwave Transmission,” p. 30 (Ref. 32). 
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16. The Smith Chart. The impedance chart that probably finds most 
frequent use in practice is shown in Fig. 12-11. It is commonly known as 
the Smith chart, and is closely related to the rectangular chart of Fig. 12-10. 

The chart of Fig. 12-10 is basically a plot of p in the f plane, using Eq. 
12-77. The same equation may take the form 

f = (12-88) 

1 “ P 

and we may plot f in the p plane. 17 

More specifically, the real and imaginary components of impedance, R/Z 0 
and X/Zq , are plotted on a system of coordinates representing p. (The 
p plane was discussed in connection with Fig. 2-9b.) 

In Fig. 12-11, the origin of coordinates is at the center of the chart. It 


17 The mathematical derivation of the Smith chart follows. (In the phraseology 
of complex variable theory, it is a conformal circle-preserving transformation of 
Fig. 12-10.) 


Let 


from which 


r = 


i + p 
i — p 


f = r + jx p = u + jv 


, . 1 -f- ?/ + jv 1 — u 2 — v 2 + j2v 

1 — ll — JV (1 ■— U) + V 

_ 1 — u — v 2 __2 v__ 

T (1 — u ) 2 + V 2 X (1 — u) z + v 2 


(“ - tt;) + •’ ~ (T+ r 5* 

(„ -!)* + (»- ;) - J. 


( 12 - 88 ) 

(12-89) 

(12-90) 

(12-91) 

(12-92) 

(12-93) 


For constant r, Eq. 12-92 is the equation of a circle in the p plane; r is the real 
(resistance) component of f. The center of each circle is at u = r/(l + r), v = 0, 
and u is between 0 and 1 for positive values of r. Since u and v are the coordinates 
of the chart, and since only positive values of r are physically possible, the centers 
of circles are on the horizontal axis between the origin and the point +1. The 
radius of each circle is 1/(1 + r). 

For constant x, Eq. 12-93 is the equation of a circle in the p plane; x is the imagi¬ 
nary (reactance) component of f. The center of each circle is at u = 1, v = 1/x. 
The centers of this family of circles fall on a vertical line one unit to the right of the 
origin; above the horizontal axis if x is positive (inductive) and below if negative 
(capacitive). The radius of each circle is 1/x. 
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is customary in preparing the Smith chart 18 to omit the cross-sectional 
lines that would indicate p, leaving it to the user to draw in whatever 
such lines may be needed. Since p is commonly used as a magnitude and 
an angle (rather than being expressed as the sum of real and imaginary 
components), polar coordinates for p are convenient. One circle and three 



Fig. 12-11. The Smith chart. (From F . E . Ter man, “Radio Engineering” McGraw- 
Hill Book Company , Inc., New York , 1947.) 


radial lines have been drawn in Fig. 12-11 to illustrate the appearance of 
circles of constant magnitude of p and the radial lines of constant angle of p. 

The following comments on the Smith chart are similar to those that 
were made relative to Fig. 12-10. Radial lines are lines of constant angle 

18 The Smith chart is published on printed forms of various sizes. These may be 
purchased cheaply, much like cross-section paper. A circular slide rule in Smith 
chart form may also be obtained. See P. H. Smith, Transmission Line Calculator, 
Electronics, January, 1939, and January, 1944. 
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of p, or of constant px, but most usefully they are lines of constant x/\ 
and are so labeled on the chart. The outermost circular scale is cali¬ 
brated in distance along the transmission line, measured in fractions of a 
wavelength. The line OA, for example, is the radial line for which x is 
0.15 wavelength. This distance must be measured from some specified 
reference point, and in the Smith chart the distance scale begins at zero 
at the extreme left; this results in distance being measured (as it was in 
Fig. 12-10) from a point of voltage minimum on the transmission line. 

A circle about the center of the Smith chart is a circle of constant | p |, 
but more usefully it may be interpreted as a circle of constant standing- 
wave ratio. The circle drawn in Fig. 12-11 is for a standing-wave ratio 
of 2. No scale of standing-wave ratio is given on the Smith chart, so the 
circle is identified by noting the point at which it crosses the horizontal 
axis. The standing-wave ratio is equal to the impedance ratio R/Z 0 at 
the point of intersection with the right-hand half of the horizontal axis. 
The standing-wave-ratio circles cross the right-hand half of the axis at 
R/Z 0 = a and the left-hand half at R/Z 0 = 1/<r. (See the explanation 
following Eq. 12-76.) 

The locus of points along a lossless transmission line is a circle of constant 
<r on the Smith chart, as it is in Fig. 12-10. The locus of points along a line 
with loss is a spiral closing in on the center of the chart. The chart is 
mainly used for work with practically lossless lines, and a few examples 
will illustrate its application. 

What is the impedance at a point of voltage minimum if the standing-wave 



Fig. 12-12. Impedance at a voltage Fig. 12-13. To find input impedance. 

minimum, 


ratio is 2? This may be read from the chart at P' where the circle for 
<r — 2 crosses the left-hand half of the horizontal axis. It is R/Z 0 = 0.5, 
X/Z 0 — 0. (This answer was already known, but provides an elementary 
illustration of the use of the chart.) See Fig. 12-12. 
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What is the impedance at a point that is 0.15 of a wavelength toward the 
generator from a point of voltage minimum if the standing-wave ratio is 2? 
Enter the chart at P' where the circle a = 2 crosses the left-hand Half 
of the horizontal axis; this is the point of voltage minimum. Move around 
that circle in a clockwise direction (toward the generator) through an 
angle that may be measured on the outermost circular scale as 0.15 wave¬ 
length (to the radial line 0.4), reaching the point P. Reading impedance 
at this point, Z = Z o (0.98 + jO.70) (see Fig. 12-13). 

A line is terminated in a load such that Z r /Z 0 = 0.98 + jfO.70. The line 
is 0.05 wavelength long. What is the input impedancel Enter the chart 
with the given load impedance, which locates the point P. Draw a circle 
through this point, with center at the origin, and measure an angle equiva¬ 
lent to 0.05 wavelength in a clockwise direction, using the outermost scale. 
At Q, so determined, read the input impedance Z = Z 0 (1.57 + j0.7). 

The standing-wave ratio on a line is 2.0, and there is a voltage minimum 
0.08 wavelength from the load (see Fig. 12-14). What is the load impedancel 
Enter the chart at the point at which the circle for u = 2.0 crosses the 
left-hand half of the horizontal axis; this point P' corresponds to the ob- 



Fio. 12-14. Line with unknown load. Fig. 12-15. To find load 

impedance. 


served point of minimum voltage. Measure along this circle an angle of 
0.08 wavelength, using the outermost scale. Measure this angle in a 
counterclockwise direction, corresponding to distance from the generator, 
for the distance that is being measured is from the minimum-voltage point 
to the load. At Q' read the load impedance, Z = Z 0 ( 0.6 — j‘0.38) (see 
also Fig. 12-15). 

What is the reflection factor at such a load ? The magnitude, by Eq. 12-65, 
is (a* — l)/(<x + 1) = 0.33. The angle is read from the next outermost 
scale of the Smith chart as —122 degrees (or, from Eq. 12-72, it is —122.4 
degrees). 

Using the same data, except that the minimum-voltage point is 0.58 wave¬ 
length from the load , what is the load impedancel The same. Impedance 
repeats each half-wavelength. If the transmission line is longer than \ 
wavelength, the point is carried around the Smith chart the appropriate 
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number of complete revolutions. This makes no difference in the answer 
unless there is loss along the line. 

As a typical measurements problem, see Fig. 12-16. An antenna is fed 
through a slotted line . The line is first short-circuited at the antenna and a 
voltage minimum is observed in the slotted line . The short circuit is then 
removed , and energy goes to the antenna ; the point of minimum voltage in the 
slotted line moves 0.08 wavelength toward the generator and the standing-wave 
ratio becomes 2.0. Find the antenna impedance. During short circuit 

there was necessarily a voltage mini¬ 
mum at the receiving end of the line. 
With the short-circuit removed, it is 
known that a voltage minimum must 
occur 0.08 wavelength from the re¬ 
ceiving end (although this particular 
minimum cannot be observed), which 
means that the antenna is 0.08 wave¬ 
length beyond a voltage minimum. 
On the Smith chart, the voltage min¬ 
imum is at point P'; the antenna 
impedance is read at point Q', 0.08 
wavelength farther from the generator. P' and Q f are both on the circle 
for a standing-wave ratio of 2.0. The impedance at Qf is the antenna 
impedance and is read from the chart as Z o (0.6 — jO.SS). See Fig. 12-15 
for this problem also. 

To Include Loss. If a transmission line has significant loss, the value 
of ax as well as the value of fix must be used in the chart. Radial distance 
on the Smith chart is the magnitude of p, and the magnitude of p depends 
on attenuation as follows: 19 



Fig. 12-16. A typical impedance-meas¬ 
urement problem. 


| p 1 at point p 
| p | at point q 


(12-94) 


where p and q are any two points on the line, the latter being closer to the 
generator end by the distance x. 


19 The distance from point p to point q is x. Hence, if the voltage of the incident 
wave at point p is Fi P , the voltage of the incident wave at point q is V\ Q — V\ v e iBx . 
Similarly, the voltage of the reflected wave at point q in terms of the voltage at 
point p is V 2a = V 2p e~ lBx . Therefore, if 


Pa = 


r 2 q 

V u 


r 2P*> 

V 1P e’ Bx 



e -2> B * 


= P P e 


-2 iBx 


(12-95) 


Pa 


Pp I e 


Angle of p a = angle of p„ — 2 fix 


(12-96) 

(12-97) 


it follows that 
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To use this relation in the Smith chart, it is necessary to consider that 
the locus of impedance values along a line with loss is not a circle (as for 
a lossless line) but a spiral. As fix increases, at points along the line more 
distant from the load, one moves around a circle on the chart, and as ax 
simultaneously increases, one moves inward toward the center of the chart. 
In actual computation, e~ 2ax is determined from a table (or chart) of 
exponentials; a preliminary point on the Smith chart is then found for the 
correct value of fix but neglecting attenuation, and finally a revised 
point is found on the chart at a radius less than that of the preliminary 
point by the factor e~ 2ax . An example will show the method more clearly 
than further explanation. 

A line is 3.70 wavelengths long , and the loss in this length is 1.14 db. The 
line is terminated in a pure resistance load , giving a voltage minimum at the 
load. The standing-wave ratio on the line is 2.0. What is the sending-end 
impedance ? Enter the chart at P', the receiving-end point. Travel in a 
clockwise direction seven times around the circle (this takes care of 3.50 
wavelengths) plus 0.20 wavelength as measured on the outer scale. This 
locates the line OB. If the transmission line were without loss, the sending- 
end point would be at Q, for fix has been taken into account by going around 
the circle. Since loss is to be considered, ax must now be taken into 
account by a change of radius. The attenuation, given in decibels, is 
changed to nepers: 

ax = i!i6 = 0 - 131nepers 

From a table, e~ 2ax = 0.77; this is the factor by which the radius on the 
Smith chart is to be decreased. Locate 20 point Q" on the line OB at a 
radius that is 0.77 times the radius OQ 1 and read impedance at Q". It is 
Z/Z 0 = 1.48 + jO.53. 

17. The Smith Chart as an Admittance Diagram. As seen in these 
examples, the Smith chart can often be useful for computing impedance. 
It is perhaps even more often used for computing admittance, as many 
problems that involve parallel connection of circuits are more easily solved 
that way. 

It is remarkable that the Smith chart can be used without any altera¬ 
tions as an admittance chart, although it was constructed as an impedance 
chart. The manipulation for all problems involving admittance is identi¬ 
cally the same as for impedances. The families of circles on the chart 
give values of conductance (instead of resistance) and susceptance (instead 
of reactance). Distance toward the generator is read the same, and so is 
standing-wave ratio. Magnitude of the reflection factor is unchanged. 

80 A circular slide rule embodying the Smith chart is produced with a rotating 
radial arm having scales to take attenuation into account (see Refs. 22 and 33). 
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The input admittance, or the admittance at any point, is of course 
the reciprocal of the impedance at that point, and the characteristic ad¬ 
mittance is the reciprocal of the characteristic impedance. 21 The point 
at the center of the chart, Y/Y 0 = 1, represents a line terminated in its 
characteristic admittance. Points on the left half of the horizontal axis 
represent low conductive admittance, and the extreme left-hand point is 
zero admittance or open circuit. (This contrasts with its correspondence 
to short circuit when the chart is used for impedances.) Similarly, the 
right-hand point on the admittance chart is infinite admittance or short 
circuit. 

Susceptances in the upper half of the chart are capacitive. 22 Thus an 
open-circuited line that is less than a quarter-wavelength long will be seen 
to have capacitive susceptance, as we know it must. Susceptances in the 


21 Thus 



and at points p and q 



From Eqs. 12-73 and 12-95, p Q may be written equal to 




e 


-2 )Bx 


Substitution of Eqs. 12-98 and 12-99 gives 




e~ 2iBx 


(12-98) 

(12-99) 


( 12 - 100 ) 


( 12 - 101 ) 


Since this equation in admittance is identical in form with Eq. 12-100 in impedance, 
and since either equation represents the process of entering a chart with the imped¬ 
ance (or admittance) at point p to locate p at p, then moving on the chart through 
Bx to locate point g, and there reading the impedance (or admittance) at point g, 
it is apparent that the use of the chart in one case is the same as the use of the chart 
in the other. 

However, the fractions of Eq. 12-100 express p v and p Q , whereas those of Eq. 
12-101 express — p v and — p Q . Hence angles of reflection coefficient printed in Fig. 
12-11 must be changed by 180 degrees if this scale is used for admittance. Very 
few uses of the chart involve reading this scale. 

22 Authors are not in agreement as to whether capacitive susceptance is to be 
called positive or negative. Best practice appears to favor the former. Inductive 
susceptance is then negative. 
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lower half of the chart are inductive. Use of the chart as an admittance 
diagram is illustrated in the next section. 

18. Impedance Matching by Stub Line. Impedance matching by means 
of reactive networks was discussed in Sec. 7, Chap. 9. Lines for centi¬ 
meter waves cannot be matched by using networks of inductance coils and 
condensers, but the same general principle can be applied by using ap¬ 
propriate lengths of short-circuited lines to serve as reactive elements. It 
will be remembered that the input impedance to a short-circuited lossless 
line can have any purely reactive value. Hence a short-circuited line can 
be, at its input terminals, equivalent to either an inductance or a capaci¬ 
tance of any desired size. 

A coaxial line is shown in Fig. 12-17a connected to a load; line and load 
impedances are not matched. If a short-circuited line of proper length, 
called a tuning stub, is connected to the main line at the right distance 
from the load, a correct match will be provided at the point of connection 
of the stub. There will be resonance on the line from load to stub, and 


(a) 

Fig. 12-17. Use of Smith chart for single-stub impedance matching. 

on the stub line (these take the place of the two reactive elements of 
Sec. 7, Chap. 9) but the main line will operate flat. 

The Smith chart gives the necessary information about the single-stub 
tuner, as it is called. An example will show the method, and will at the 
same time illustrate the use of the Smith chart as an admittance diagram. 

A load has admittance Y r such that Y r /Y 0 = 0.6 — j'0.38. Find the 
length and location for a short-circuited tuning stub . Referring to Fig. 
12-176, load admittance is represented at Y r . Admittances along the co¬ 
axial line correspond to points along the dash-line circle from Y r to Y x . 

Yi is the point of intersection with the constant-conductance circle for 
which G/Y 0 «= 1 . This is a unique circle, for all admittance points on this 
circle have conductance equal to 1, although the susceptance may be any¬ 
thing. At the point Y u for example, the conductance is 1 and the sus¬ 
ceptance is 0.70. The susceptance can be tuned out by connecting an 
equal and opposite susceptance at this point. There then remains an ad- 
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mittance of merely Y/Y 0 = 1, and this is exactly what is needed to pro¬ 
vide an impedance match. Manipulation of the chart is therefore as 
follows. 

From Y r , follow the dash circle clockwise to intersect the G/F 0 = 1 
circle at a point we may call Y x . Distance toward generator is read from 
the outermost scale; from Y r to Y x it is, in this example, 0.23 wavelength. 
This gives the location of the stub. At Y u susceptance is B^/Yq = 0.70; 
this must be tuned out by a stub line with susceptance B 2 /Y 0 = —0.70. 
This locates the point B 2 on the outer circle, which must be the input 
impedance to a short-circuited stub line. The length of the stub line is 
the distance from B 2 to the point Sh> the point on the chart corresponding 
to short circuit, and in this example it is 0.153 wavelength. Location and 
length of the stub have thus been determined. 

Note that the circle Y r Y l intersects the circle G/Y 0 = 1 in two points, 
Fj and A . An impedance match can be achieved by attaching a stub at 
either of these points. A short-circuited stub connected at A , however, 
would have to be more than a quarter-wavelength long; it would have to 
have capacitive input susceptance to compensate for the inductive sus¬ 
ceptance of the main line at this point. It is advantageous to use the 
shortest possible stub line, to keep losses small. Also, the resonant section 
of the main line should preferably be short. Hence it is usually not de¬ 
sirable to connect the tuning stub at A. 

Yet another alternative is to connect an open-circuited tuning stub at 
A; an open-circuited stub would be less than j wavelength long. Open 
stubs have two disadvantages: they radiate energy from the open end, and 
they are not easily adjusted as to length. Despite the most careful design, 
final tuning must always be done by observation of standing-wave ratio 
after physical assembly of the parts. The length of a short-circuited line 
is rather easily adjusted with a movable plunger (see Sec. 10), but the 
length of an open line can be changed only by means of rather complicated 
sliding joints. Short-circuited lines are ordinarily preferred for tuning. 

The disadvantage of the single-stub tuner is that the position of the 
stub, as well as its length, must be adjustable. This is inconvenient, and 
double-stub or triple-stub tuners are often preferable. 

19. The Double-stub Tuner. An impedance match can be obtained in 
many (although not all) cases by using two short-circuited stub lines of 
fixed position but variable length as shown in Fig. 12-18. The stub lines 
are shown \ wavelength apart; this is a practical design, although other 
spacings are sometimes preferable. The two stubs and the section of line 
between them will be called the tuning section. Admittance looking to¬ 
ward the load at the output of the tuning section is Y 3 , and this point is 
located on the Smith chart. It is a purely arbitrary value, depending on 
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the load (but we must exclude values of Y z that would fall within t the 
circle G/Y 0 = 1, which is marked Circle I in Fig. 12-18). 

The left-hand stub adds a susceptance in parallel with F 3 , and the 
amount of this susceptance must be enough to change the admittance Y a 
to Y 2 . The points for Y 2 and F 3 lie on the same constant-conductance 
circle of the chart (marked IV in the diagram) and hence the two admit- 



Fig. 12-18. Use of Smith chart, for double-stub impedance matching. 

tances differ by susceptance only; the length of the stub line is adjusted 
to supply this difference of susceptance. F 2 is the point at which Circle IV 
intersects Circle III. Circle III is similar to Circle I, but 180 degrees 
from it on the Smith chart for reasons that will shortly appear. 

The admittance Y 2 is the output admittance of the quarter-wavelength 
line between the two stubs. The input impedance F x to this quarter- 
wavelength line is found by following around Circle II a distance corre¬ 
sponding to a quarter-wavelength of line (180 degrees on Circle II). Be¬ 
cause of the construction specified for Circle III, Y x will necessarily fall 
on Circle I. 

The right-hand stub adds susceptance in parallel with Y ly By letting 
the input susceptance to this stub be equal and opposite to the susceptance 
component of F,, the admittance at the input to the tuning section is 
adjusted to a pure conductance equal to Y 0 , thereby properly terminating 
the main line. 

Practically, it is easier to adjust the length of two short-circuited stubs 
than the length and position of one. Although the double-stub tuner will 
not match any load to any line because of the restriction that F 3 must lie 
outside of Circle I, difficulty can usually be avoided by moderate care in 
selecting the length of the line between the tuning section and the load. 

A double-stub tuner with wider range of application has the two stub 
lines spaced f wavelength apart. In general, closer spacing makes the 
excluded matching range of a double-stub tuner smaller, but it also makes 
the resonances in the tuner more extreme. 

Triple-stub tuners can operate universally, to match any load to any 
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line. There are only two adjustments, for the short-circuiting plungers in 
the first and third stubs are mechanically connected to move together. 
The stubs may advantageously be spaced a quarter-wavelength apart. 

20. Other Impedance-matching Devices. A mere metallic pin or probe 
introduced into a coaxial line will alter the field configuration and make 
Z 0 discontinuous; it will therefore produce reflections and a pair of probes 
can be used for impedance matching. The penetration of the probes into 
the line must be adjustable. 

The eccentric line has already been mentioned. This provides a method 
of adjusting the characteristic impedance of a quarter-wavelength line. 

Another means of altering the characteristic impedance of a quarter- 
wavelength of line is to place a metal sleeve, \ wavelength long, on the 
inner conductor, thereby increasing its radius and changing the ratio of 
6/a. The same effect is obtained by using a metal sleeve that fits tightly 
within the outer conductor, reducing its inside diameter for a quarter- 
wavelength. 

Two sleeves, one following the other, can be used as an adjustable device 
to produce a reflected wave equal and opposite to an undesired reflected 
wave from a mismatched load. Spacing between the sleeves is changed 

to give the correct magnitude of re¬ 
flection, and the phase of the reflec¬ 
tion is adjusted by moving both 
sleeves together along the line. 

“Slugs” of dielectric material can 
be used instead of metal sleeves to 
change the characteristic impedance. 
The slugs fill the space between inner 
and outer conductors, and are effec¬ 
tive because the characteristic imped¬ 
ance is inversely proportional to the 
square root of dielectric constant. 
The length of each slug is one-fourth 
of the wavelength of the wave in the 
dielectric material, which is less than 
that in air by the square root of the 
dielectric constant. Slugs produce 
a reflected wave, as do metal sleeves. 

All these methods of impedance matching have the common disad¬ 
vantage of being frequency-sensitive. They operate correctly at one fre¬ 
quency only. The more different the impedances to be matched, the more 
frequency-sensitive the matching device may be expected to be. Conse¬ 
quently, an impedance transformation that is accomplished in a number 
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of small steps will operate satisfactorily for a broader band of frequencies, 
than will an impedance transformation accomplished in one large step. 

Thus, a match between lines of different characteristic impedance can 
be accomplished at one frequency by using one quarter-wave sleeve as in 
Fig. 12-19a, but a transformation accomplished with two quarter-wave 
sleeves correctly proportioned (Fig. 12-196) is less frequency-sensitive. 
This suggests the use of a tapered line, as in Fig. 12-19c. 


C. TAPERED AND DISCONTINUOUS LINES 


21. The Tapered Line. In considering a tapered line, it is necessary to 
retrace transmission-line analysis to the original formulation of the differ¬ 
ential equations. In Chap. 1 it was assumed that z and y were not func¬ 
tions of x , that is, that they did not vary along the line. For the tapered 
line, z and y are required to be functions of x. 

Hence, on differentiating the transmission-line equations, 




we obtain, for a tapered line, 


d 2 V _ dJ , T dz 
dx 2 Z dx dx 


( 12 - 102 ) 


(12-103) 


To find dz/dx y the type of taper of the line must be defined. 23 
Let us select a so-called exponential taper: 

z = ZyeT* 9 y = y x e* x (12-104) 

The steepness of the taper is given by 8; z x and y x are the impedance and 
admittance per unit length of line at the end of the tapered section where 
x = 0. Note that the product zy is independent of x ; this is practically 
true for any gradually tapered line, as it is for a uniform line, at the fre¬ 
quency of centimeter waves. Let us assume a lossless line, and write 

zy = (jo>Z)(j<oc) = -*> 2 k = —jS 2 (12-105) 

Differentiating Eqs. 12-104, 

£--* £-* (12 - 106 > 


23 An approximate solution may be given for a line with arbitrary taper, if the 
taper is sufficiently gradual. See, for instance, J. C. Slater, “Microwave Trans¬ 
mission,” Sec. 6 (Ref. 32). 
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Substitution of Eqs. 12-102 and 12-106 into 12-103 gives 


d 2 V 

dx 2 


,, 1 dV . 

ZyV ~z^ 8z 


, dV 2 _ 

dx 2 + 5 dx + V ~ ° 


(12-107) 

(12-108) 


A solution of this differential equation must be found. As a trial form, 
let us assume 

V = V l e Sx (12-109) 

in which Vi and S are unknown. Substitution into Eq. 12-108 gives 

S 2 + SS + p 2 = 0 (12-110) 

Equation 12-109 is therefore a correct solution, provided 


(Only the incident wave, with the positive sign before the radical, will be 
retained in the discussion; but a reflected wave may also exist.) Voltage 
of the incident wave is 

V = Vl e- W2)x e' V0 '- a/2) ‘ x (12-112) 

Vi is voltage at the end of the tapered section where x = 0. 

Similarly, writing a differential equation in /, we obtain 


7 = 7 ie (*/ 2 )x e ,V/>»-( t / 2 ,.x (12-113) 


These equations give voltage and current along the tapered line. It is 
seen that one is increasing and the other decreasing. The phase constant 
is of particular interest: 


Phase constant = 



(12-114) 


With a gradual taper, 8 is small and the phase constant is nearly equal to 
j8. With rapid taper, however, it is possible for 8/2 to become greater 
than 0; Eq. 12-114 then becomes imaginary. Waves cannot be propagated 
on a line with so sharp a taper, and if a section of line with such steep taper 
is used as a transition section for the purpose of matching impedance, it 
will behave as an abrupt discontinuity. Thus a tapered line acts as a high- 
pass filter, transmitting waves for which is greater than 8/2 and at¬ 
tenuating lower frequencies. 

The characteristic impedance of a tapered line may be defined as V/I; 
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it is found by differentiating Eq. 12-109 and substituting the result in 
Eq. 12-102: 

^ = SV = zl (12-115) 

*- 7 - 1 - <IM16) 


This, the characteristic impedance of the tapered line, reduces to the usual 
value for Z 0 if there is no taper, 8 being zero. For a tapered line, however, 
Zj 0 is a function of distance along the line. Also, p being proportional to 
frequency, Z 0 is a function of frequency. Moreover, Z 0 for a tapered line 
is not real, but complex, even for a transmitted frequency. 

If the characteristic impedance at the end of the tapered line, where 
x = 0, is Z ou we may combine Eqs. 12-116 and 12-104 to give 


Z<L 

Zoi 


= e 


— 8 * 


(13-117) 


If x is the total length of the taper, this gives the ratio of output to input 
impedance, and hence the impedance transformation of the tapered section. 

Conclusions . From the above development, it will be seen that a 
tapered line provides an impedance transformation that is nearly inde¬ 
pendent of frequency for frequencies well above the cutoff value at which 
P = 8/2. It is well to have the lowest frequency that must be transmitted 
ten times the cutoff frequency. The tapered section then produces little 
reflection of any transmitted frequency. 

Practically, this means that a 2 to 1 change of characteristic impedance 
may be accomplished by using a tapered section that is 1 wavelength long. 
A good impedance match results at this frequency and at all higher fre¬ 
quencies. 

Results are fairly good if the tapered section is as little as | wavelength 
long, particularly if the impedance ratio required is less than 2 to 1. It 
is not worth while to use a tapered section much shorter than \ wave¬ 
length, for a taper that is | wavelength or shorter will give nearly as much 
reflection as will the abrupt change of impedance at a mismatch. 

Those frequencies for which the length of the taper is a multiple of a 
half-wavelength are transmitted with the least reflection. This may be a 
guide in choosing the length of taper. 

Finally, it is found by measurement as well as by approximate compu¬ 
tation that a simple conical taper is nearly as good as the exponential 
taper. The above analysis applies almost equally well, provided the taper 
is as gradual as it must be in practice. Practically, therefore, a tapered 
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line is made to have the spacing between conductors vary linearly with 
distance, and the length of the taper is about one-half to one wavelength 
of the lowest frequency. 

22. Susceptance at Discontinuities. A short taper between two sections 
of line, short compared to a wavelength, must be distinguished from the 
relatively long taper discussed in the previous section. A short taper is 
merely a convenient form of discontinuity. It is convenient because it 
can be designed to introduce little if any excess susceptance into the line. 

A discontinuity in a line introduces distortion of the electric and mag¬ 
netic fields that may be interpreted as the addition of a lumped susceptance 
shunted across the line. If one coaxial line feeds into another coaxial 
line of larger size, as in Fig. 12-20a, even though diameters are adjusted 
to give both lines the same characteristic impedance, there is a combina¬ 
tion of electric and magnetic fields at the junction that is different from 
the pattern elsewhere along the line; the relation between the energy stored 
in the magnetic field and the energy stored in the electric field is different 
in the neighborhood of the junction. If there is an excess of magnetic 
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Fig. 12-20. Spacing to minimize shunt susceptance. 


energy storage, the distortion of the field at the junction is equivalent to 
shunt inductive susceptance; if there is an excess of electric energy storage, 
to shunt capacitive susceptance. 

The susceptance introduced at such a junction is usually negligible 
except at ultra-high frequencies; even for high radio frequencies the effect 
can be disregarded. But for centimeter waves, irregularities that distort 
the field pattern must be given consideration. The ends of the line are 
discontinuities that must always exist, and many lines have bends and 
comers. Probes, supports, or other objects projecting into the fields of 
the line also introduce excess susceptance, usually capacitive (see Secs. 13 
and 14, Chap. 13). 

To avoid susceptance at a discontinuity, it is necessary to keep the 
stored energy of electric and magnetic fields in the same proportion in the 
vicinity of the discontinuity as elsewhere along the line. Thus, if a co¬ 
axial line is joined to another line of larger size, as in Fig. 12-20a, there is 
distortion of the electromagnetic field around the edges m and n, causing 
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partial reflection of an incident wave at the junction even though both 
lines have the same Z 0 . If, however, the junction of the inner conductor 
is displaced slightly from the junction of the outer conductor, as in Fig. 
12-20 b, such reflection can be minimized. The figure gives approximately 
the best relation of dimensions. 24 Alternatively, a short taper could be 
used to connect one line to the other, the length of the taper preferably 
not exceeding ^ wavelength. 

Shunt susceptance in the junction of Fig. 12-20a results from strength¬ 
ening the electric field between the comers m and n. In 6, these comers 
are farther apart, and magnetic field in the additional space s increases 



A decimeter-wave filter (cutoff frequency 1,200 megacycles) for coaxial-line attachment. 
The filter employs transmission-line sections, including a stub at each end, and discon¬ 
tinuity capacitances, as reactive elements. {Courtesy of Hewlett-Packard Company .) 


the inductive effect, thus maintaining the proper balance of electric and 
magnetic energy storage. 

If shunt susceptance cannot be avoided at a discontinuity, its effects can 
be eliminated by introducing an equal susceptance at a distance of £ 
wavelength. A tuning stub, a screw projecting into the line, or other 

24 From “Non-reflecting Step Sections between Lines of Equal Characteristic 
Impedance,” by H. H. Meinke. This relation is said to be satisfactory in practical 
application for “all usual frequencies/' for lines with Z 0 below 80 ohms, and for 
ratios of DJD 2 less than 4. 
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convenient means of introducing susceptance can be used. Both sus- 
ceptances then produce reflections; the reflected waves, being equal in 
magnitude and opposite in phase, add to zero. Adjustment is best done 
experimentally, tuning to eliminate standing waves. 

The refinement of tuning out the susceptance of junctions between two 
coaxial lines of equal Z 0 is not necessary if the diameters of the lines are 
much smaller than the transmitted wavelength. With hollow wave guides, 
however, the diameter of the guide is necessarily of the same order of 
magnitude as the wavelength, and the susceptance of discontinuities is 
always a problem. This subject will be discussed in the next chapter. 

PROBLEMS 

12-1. A coaxial line consists of a copper tube 20 millimeters in diameter and an 
inner conductor one-fourth as large. What (approximately) is the highest fre¬ 
quency for which this line can well be used? 

^12-2. How large a coaxial line is suitable for transmitting signals at a 3,000- 
megacycle frequency? 

12-3. Derive the expressions of Fig. 12-1 for Z 0 of a four-wire line, and for Z 0 of a 
coaxial line including the effect of dielectric spacers. 

12-4. Derive Z 0 of a double coaxial line (see Fig. 12-1) including the effect of 
dielectric spacers. 

12-5. What is the “effective depth of penetration” in copper of current at 4,000- 
megacycle frequency? At this frequency, what is the resistance per thousand feet 
of No. 18 AWG copper wire? What is the ratio of this high-frequency resistance to 
the d-c resistance of the wire? 

12-6. What is the “effective depth of penetration” in silver of current at 3,000- 
megacycle frequency? Compare this (if possible) with the thickness of ordinary 
silver plating. 

12-7. Find decibels attenuation in 10 meters of copper coaxial line at 4,500 mega¬ 
cycles. The tube inside diameter is 8.0 millimeters, the wire diameter 2.2 milli¬ 
meters, and the dielectric is air. Find the attenuation in a line of similar dimen¬ 
sions with polystyrene dielectric (relative dielectric constant 2.55; power factor 
0.0006). 

12-8. Find decibels attenuation in 50 meters of copper coaxial line at 1,000 mega¬ 
cycles. The tube inside diameter is 1.00 centimeter and the wire diameter is 0.278 
centimeter; the dielectric material is air. Find the attenuation in a line of similar 
dimensions with rubber insulation (relative dielectric constant 2.80; power factor 
0.005). 

12-9. It is stated that attenuation in a coaxial line is within 10 per cent of mini¬ 
mum if b/a is between 2.3 and 6. Find Z 0 for h/a = 2.3 and b/a = 6. 

12-10. Plot attenuation in an air-dielectric coaxial line as a function of b/a (with 
b constant), and note the value for minimum attenuation. 

12 - 11 . Plot input impedance to a quarter-wavelength short-circuited coaxial 
line with air dielectric as a function of b/a (with b constant). What value gives 
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maximum impedance, and what is the value of Z 0 that corresponds to maximum 
impedance? 

12-12. Show that Q = c d/r for a line with no dielectric loss. 1 

12-13. It is stated that Q — 1,000 is reasonable for a solid-dielectric line of 
ordinary size at frequencies near 3,000 megacycles. Assuming a dielectric material 
of good quality (see table, page 309), is this statement correct? 

12-14. It is stated that Q = 10,000 can be attained at microwave frequencies for 
a coaxial air-dielectric line. Is this possible with a wavelength of 10 centimeters and 
a line small enough to prevent the propagation of detrimental modes? 

12-15. An air-filled coaxial line is made of a 10.0-millimeter inside-diameter tube 
and a 3.6-millimeter-diameter wire, both copper. The receiving end of the line is 
short-circuited and, operating at 1,000 megacycles, the line is adjusted to quarter- 
wavelength resonance. Find the theoretical input impedance. Give both Z and 

ZIZo. 

12-16. Repeat Prob. 12-15 for a line with the same size outer conductor and an 
inner conductor of 1.0-millimeter diameter. 

12-17. Find the admittance to the line of Prob. 12-15 if it is % wavelength long 
and short-circuited at the far end (both Y and Y/Y 0 ). 

12-18. Find the admittance to the line of Prob. 12-16 if it is \ wavelength long 
and short-circuited at the far end (both Y and F/F 0 ). 

12-19. Tabulate the impedance properties (as infinite, high, medium, low, zero; 
resistance, inductance, capacitance) of quarter-wavelength, half-wavelength, and 
three-quarter-wavelength lines, both open and short-circuited at the far end, for 
fundamental frequency, second and third harmonics, subharmonics of one-half and 
one-third fundamental frequency, and for direct current. 

12-20. It is stated that “Eqs. 12-43 and 12-44 apply also to an open-circuited 
line that is \ wavelength long.” Verify this statement. 

12-21. What is the optimum value of b/a to give high admittance to an open- 
circuited quarter-wavelength line? to a short-circuited half-wavelength line? 

12-22. Design a supporting stub for a 2,800-megacycle radar transmission line. 
The line is proportioned for maximum power transmission. (Do not attempt 
broadbanding.) 

12-23. Repeat Prob. 12-22 for a 1,500-megacycle radar transmission line. 

12-24. A wave in a coaxial line (frequency, 1,000 megacycles) passes from a 
region of air dielectric to a region of polyethylene dielectric (as when a dielectric slug 
is encountered). Find the reflection coefficient at the polyethylene face. 

12-25. Repeat Prob. 12-24 for a wave passing from polystyrene into air (as when 
leaving a dielectric slug). 

12-26. Considering the space between plunger and tube, from b to c in Fig. 12-6, 
to be a coaxial transmission line of small clearance, find its characteristic impedance. 
Diameter of the tube is 0.75 inch; clearance to plunger is 5 mils (0.005 inch). 

12-27. Repeat Prob. 12-26 to find Z 0 for the “transmission line” between the 
plunger and the inner conductor. Diameter of conductor is 0.25 inch; clearance to 
plunger is 5 mils. 

12-28. Derive Eqs. 12-50, 12-52, and 12-53 for impedance of an open-circuited 
line. 
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12-29. Estimate a rough value of radiation resistance for a line composed of two 
copper conductors, each 0.50-inch diameter and 2.50-inch spacing (center to center), 
12 feet long, at 300 megacycles frequency. Compare with the characteristic im¬ 
pedance of the line. Why is the comparison with characteristic impedance inter¬ 
esting? 

12-30. Find the standing-wave ratio resulting from partial reflection at the poly¬ 
ethylene face in Prob. 12-24. Find both cr (VSWR) and rj (PSWR). 

12-31. Find the standing-wave ratio resulting from partial reflection at the poly- 
styrene-air surface in Prob. 12-25. 

12-32. If Probs. 2-9 and 2-10 have not previously been solved, they may now be 
done. Use the method of Sec. 5, Chap. 2. 

12-33. If Z r = 2Z 0 , ax = 0.33, and j&r = 2.15, compute input impedance by the 
method of Sec. 5, Chap. 2. 

12-34. An antenna (Fig. 12-16) produces on a transmission line a standing-wave 
ratio of 2.0, with a voltage minimum 0.08 wavelength from the antenna. By 
computation (without the use of charts), find (a) the antenna impedance and 
(6) the reflection factor at the antenna terminals. 

12-35. A lossless line is terminated in a load such that Z r /Z 0 = 0.98 + j0.70. 
The line is 0.55 wavelength long. Using the method of Sec. 5, Chap. 2, compute the 
input impedance. 

12-36. A lossless line that is wavelength long is terminated in a load such that 
Z r /Z 0 — 0.6 + j0.8. Find the input impedance, computing by the method of Sec. 5, 
Chap. 2. 

12-37. Repeat Prob. 2-9 using the Smith chart. (For this and the following 
problems, printed copies of the Smith chart should be obtained.) 

12-38. Repeat Prob. 12-36 using the Smith chart. 

12-39. What is the input impedance to a line 0.35 wavelength long if the load is 
purely resistive and the standing-wave ratio is 2.5? The load is at a voltage 
maximum. 

12-40. What is the input impedance to a line 0.70 wavelength long if the load is 
purely resistive and the standing-wave ratio is 1.75? The load is at a voltage mini¬ 
mum. 

12-41. The standing-wave ratio on a line is 1.25, and there is a voltage minimum 
0.75 wavelength from the load. What is the load impedance? 

12-42. The standing-wave ratio on a line is 1.68, and there is a voltage minimum 
0.38 wavelength from the load. What is the load impedance? 

12-43. A line, being terminated in its characteristic admittance, is flat for a dis¬ 
tance of 0.25 wavelength from the load to a junction point at which an additional 
admittance, equal to 0.75 Y 0 , is shunted across the line. The line extends for 0.375 
wavelength beyond the junction point to its input terminals. What is the input 
admittance? 

12-44. Repeat Prob. 12-43, taking the load at the extreme end of the line to be 
2F 0 instead of Y 0 . 

12-45. In Prob. 12-44, what admittance at the junction point would make the 
standing-wave ratio from the junction point to the input equal 1.00? 

12 - 46 . In Prob. 12-44, where could a purely reactive admittance be connected, 
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and what would be its value, to make the standing-wave ratio from the point of 
connection to the input equal LOO? 

12-47. A coaxial line has solid dielectric material with a relative dielectric con¬ 
stant of 2.1 and a power factor of 0.0022. The line is 150 centimeters long; fre¬ 
quency is 4,550 megacycles. Z 0 = 50 ohms and Z r = 150 ohms (resistance). What 
is the input impedance to the line? 

12-48. Repeat Prob. 12-47 with Z r = 40 ohms (resistance). 

12-49. A load has admittance F r = (1.50 + j0.25)Y Q . Find the length and 
location for a single short-circuited tuning stub. 

12-50. A load has admittance Y r = (0.75 + j0.48)F o . Find the length and 
location for a single short-circuited tuning stub. 

12-51. Design a double-stub tuner for the line of Prob. 12-49. Make the distance 
between stubs \ wavelength, and specify distance from load to tuner as well as the 
length of each stub. 

12-52. Design a double-stub tuner for the line of Prob. 12-50. Make the distance 
between stubs i wavelength, and specify distance from load to tuner as well as the 
length of each stub. 

12-53. For what range of admittances (F 3 in Fig. 12-18) can the double-stub 
tuner with quarter-wavelength distance between stubs not be used? If the distance 
from the load to the tuning section can be determined as part of the design, to what 
extent is this limitation removed? 

12-54. Explain the statement: “In general, closer spacing makes the excluded 
matching range of a double-stub tuner smaller, but it also makes the resonances in 
the tuner more extreme/ 1 For what range of admittances (at F 3 ) can the double¬ 
stub tuner with eighth-wavelength spacing not be used? 

12-55. A tuning slug of polyethylene is placed in a coaxial line that would other¬ 
wise be flat. The slug, which completely fills the space between conductors, is 1.00 
centimeter long; the wavelength in air is 10.0 centimeters. What is the standing- 
wave ratio after insertion of the slug? 

12-56. A tuning sleeve of copper is placed in a coaxial line that would otherwise 
be flat. For the line, b = 4.0 millimeters, a = 1.0 millimeter. The sleeve fits 
tightly about the inner conductor, and its outer radius is 2.0 millimeters. If the 
sleeve is 1.50 centimeters long and the wavelength is 10.0 centimeters, what is the 
standing-wave ratio after insertion of the sleeve? 

12-57. Show that an exponentially tapered line that gives a 2 to 1 change of 
characteristic impedance in one wavelength satisfies the condition that “the trans¬ 
mitted frequency should be more than ten times the cutoff frequency.” 

12-58. If the frequency applied to an exponentially tapered line is 10 times the 
cutoff frequency, how does the wavelength X on the tapered line compare with the 
wavelength X 0 of the same frequency on a uniform line? 

12-59. A uniform coaxial line leads into a tapered line (assume exponential 
taper). At the point of junction, the conductors of the tapered line are the same 
size as the conductors of the uniform line. Frequency is ten times the cutoff fre¬ 
quency of the tapered line. Find the reflection factor at the junction. 

12-60. What is the standing-wave ratio on the uniform line of Prob. 12-59 if the 
only reflected wave is that from the junction in question? At what distance from 
the junction is there a voltage maximum (what fraction of a wavelength)? 
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INTRODUCTION TO WAVE GUIDES 


1. Hollow Wave Guides* All transmission lines are truly wave guides, t 
for their purpose is to guide the energy of electromagnetic waves from place 
to place, but in common usage the term wave guide is applied to a hollow 
tube. Such a tube may be of circular cross section, but is more commonly 
rectangular, and electromagnetic waves that enter one end of the tube are 
transmitted to the other where their energy is utilized. 

It is easy to see the relation of a wave guide to a coaxial line. Figure 



(b) 


Fig. 13-1. Electric field in a coaxial line and in a hollow wave guide. 

13-la shows the electric field that exists at a particular instant in a coaxial 
line; a traveling wave is passing from left to right, and a little more than one 
full wavelength is shown. Lines of the electric field are radial and terminate 
on the inner and outer conductors. Magnetic flux lines are circles surround¬ 
ing the inner conductor; the magnetic lines are not shown in the diagram, 
but points at which they penetrate a vertical plane through the axis are 
indicated. 

In Fig. 13-16, it is assumed that a large number of small condensers have 
been placed in the inner conductor of the coaxial line. This may be thought 
of as a capacitance-loaded coaxial line. Electric field between the inner and 
outer conductors is still primarily radial but now there is also, between the 
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plates of the condensers, an axial field. Much as in the coaxial line of Fig. 
13-la, current flows in the sections of inner conductor that connect con¬ 
denser to condenser, but there is no conduction current through the space 
between the plates of the condensers. Through the space between the 
plates of the condensers there is displacement current. Displacement current 
produces magnetic field just as does conduction current, 1 and the magnetic 
field of Fig. 13-16 is much like the magnetic field of Fig. 13-la. 

If the number of condensers in the inner conductor is now considered to 
be increased, and still further increased, the limiting condition will be a 
series of condensers with no inner conductor remaining. This does not 
differ in any essential way from a hollow tube, as in Fig. 13-lc. Such a 
hollow tube has no conduction current along the axis, but the axial compo¬ 
nent of electric field (through what may be looked upon as the distributed 
capacitance down the center of the tube) provides displacement current 
that is entirely equivalent to conduction current. Thus the electric and 
magnetic field patterns in the hollow guide of Fig. 13-lc are not essentially 
different from those in the coaxial line of Fig. 13-16. 

2. High-pass Filter Characteristics of Wave Guide. We have seen in 
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Fig. 13-2. T networks 
equivalent to a short sec¬ 
tion of circular wave guide 
(TM 0 ,i mode). 



Fig. 13-3. Showing cutoff fre¬ 
quency of a wave guide. 


previous chapters that a transmission line loaded with lumps of inductance 
will not pass high frequencies. Similarly, a line loaded with capacitance, 
or a hollow wave guide, will not pass low frequencies. 

1 This was first stipulated by Maxwell and constitutes one of Maxwell's equations. 
Displacement current is not an actual current but is a quantity proportional to the 
rate of change (with time) of the electric field. See “Fundamentals of Electric 
Waves,” Chap. VIII (Ref. 29). Those interested in the history, but not the 
mathematics, may also see “Exploring Electricity” (Ref. 28). 
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A T network equivalent to a short length of the capacitance-loaded wave 
guide of Fig. 13-16 is shown in Fig. 13-2a or 6. Remembering the filter 
criterion of Chap. 10: “In the pass band, X t and X 2 must be of opposite 
sign, and 4X 2 must be numerically greater than X lt ” we plot X x and — 4X 2 
of Fig. 13-2 in Fig. 13-3. The curve for X x has the familiar form of react¬ 
ance of a series resonant circuit, and that for —4X 2 is hyperbolic. The 
low-frequency band is a stop band; the signs are such that there must be 
attenuation, not transmission. Above the cutoff frequency the network 
transmits. 2 

3. The Parallel-strip Transmission Line. Although circular wave 
guides are sometimes useful, particularly when ultra-high-frequency energy 
is*to be carried through a rotating joint (as, for example, to a rotating 
antenna), wave guides of rectangular cross section are more common. A 
rectangular wave guide is related to a parallel-strip transmission line. 

Consider a transmission line of two conductors, the conductors being 


(«) (b) (c) 

Fig. 13-4. Current distribution and fields in a parallel-strip line and in a rectangular 
wave guide. 

parallel strips or ribbons of metal instead of wires. Figure 13-4a shows a 
pair of such strips, and indicates the electric and magnetic fields between 
them. The magnetic field, of course, does not cease at the edge of the 
strips, but the flux lines lying beyond and above the strips are omitted to 
avoid confusion. Arrows indicate current in the upper strip; current in 
the lower strip, directly below, is equal and opposite. 

Now consider that a number of inductive connections are made between 

2 At a sufficiently high frequency, out of the range of Fig. 13-3, Xi becomes 
numerically greater than 4X 2 , indicating that the lumped network of Fig. 13-2 has 
another stop band. This has no meaning for a wave guide, however, for the T 
network of Fig. 13-2 is truly equivalent to the wave guide only in the limit as the 
size of each lump becomes vanishingly small and the number of T sections becomes 
infinite. Figure 13-3 is modified as the limit is approached in such a way that, 
although f e is not changed, X 1 becomes lower and X 2 greater at high frequencies, 
and in the limit the curves do not cross. Thus the wave guide is a high-pass, not a 
band-pass, filter. 
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the upper and lower strips, as in 6 of the same figure. These connections 
are suggested in the drawing as pieces of wire with a twist to indicate the 
inductance, although as a matter of fact straight pieces of wire would 
similarly have inductance. 

These inductive connections between the top and bottom conductors of 
the transmission line will carry current. Except for their inductance they 
would short-circuit the line, but at sufficiently high frequency the inductance 
prevents a short-circuiting effect. Current in these inductive connections 
produces a component of magnetic field parallel to the axis of the trans¬ 
mission line—an axial component. This axial component of field, combined 
with the transverse component produced by current in the upper and lower 
strips, causes magnetic flux to appear in loops between the conducting 
strips, as indicated in the diagram. The magnetic flux pattern is simplified 
in this diagram, and parts of the magnetic field that are not essential in the 
present discussion are omitted. 

Lines of electric field are not shown in Fig. 13-46, as they are substantially 
the same as in Fig. 13-4o and would tend to confuse the diagram. Lines of 
current flow are shown in the upper strip of the parallel-strip line; note that 
some of the current that formerly flowed back and forth in the upper strip 
is now carried by the inductive connections between the upper strip and the 
lower strip. 

Finally, consider that the number of inductive connections along the 
edges of the parallel-strip line is increased (straight connecting wires are 
now assumed, the kink being unnecessary) until, in the limit, the rows of 
connecting wires become indistinguishable from vertical walls of metal; the 
result is a rectangular wave guide as in Fig. 13-4c. The wave guide has no 
external field, for the magnetic flux lines are closed loops within the guide as 
a result of the axial magnetic field produced by current in the vertical side 
walls of the guide. 

4. Differential Equations for the Rectangular Guide. As Fig. 13-2 shows 
an equivalent T network for the circular wave 
guide, so Fig. 13-5 shows an equivalent network 
for a short section of the rectangular guide. 

(Both equivalent circuits apply for only the speci¬ 
fied patterns of electromagnetic field in the 
guides.) Inductance of the side walls is repre¬ 
sented by V , which shunts the capacitance of the 
line from one conductor to the other, as is most 
clearly seen in Fig. 13-46. It could be shown, 
using the method of Fig. 13-3, that this network 
attenuates low frequencies and transmits high frequencies—the rectangular 
wave guide, like the circular wave guide, is a high-pass filter—but more use- 



Fig. 13-5. T network 
equivalent to a short sec¬ 
tion of rectangular wave 
guide (TEi.o mode). 
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ful quantitative results can be obtained by computing operation from the 
differential equations. 

Differential equations as for a transmission line are used, with a term 
added to represent the shunt inductance of the side walls. Starting with 
the transmission-line equations 1-6 and 1-16, let us (for the present) neglect 
all losses and set r and g equal to zero. Then, introducing V as a shunt 
inductance in parallel with the shunt capacitance, as in Fig. 13-5, we have 


(13-D 

U3 - 2) 


The first step in solving these equations is to differentiate again, obtaining 

-{A-j)r (1M) 

It will be recalled (and may easily be proved by substitution) that a 
solution of this differential equation is 

V = V r e 7X (13-4) 

where 

7 = ^(co 2 fc - f) = j^h - j (13-5) 


Under conditions that make y purely imaginary, this is recognized as 
describing a traveling wave. 

If, as before, we let y = a + j/3, the phase constant 0 may be written 


fi = 



(13-6) 


This is for the incident traveling wave; there is also a solution using the 
negative sign for the radical of y and 0 that accounts for the reflected wave. 
It is sufficient to consider only the incident wave at present. 

To have f3 real, permitting wave propagation, it is necessary that 

ulc-j> 0 (13-7) 

or 

O ?Vc > 1 (13-8) 

This condition is satisfied by a sufficiently high value of frequency. It is 
also satisfied at any given frequency if the product Vc is large enough. 
Referring to Fig. 13-4, the capacitance c between the upper and lower 
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strips can be increased by making the height b less, or the width a greater. 
Since V represents the inductance encountered by current flowing vertically 
in the side walls, the value of V is increased by increasing the height b and 
also by increasing the width a; the latter because it allows more space within 
the guide for the axial magnetic field. It works out that an increase of 
height b has no net effect on the product Z'c, but an increase of width a 
increases both V and c. Hence the condition of Eq. 13-8 for wave propaga¬ 
tion can be satisfied at any frequency by making the width a of the wave 
guide sufficiently great. 

Thus, a guide of any width has a cutoff frequency below which it will not 
transmit waves. The cutoff frequency is not affected by the height b of 
the guide, but is inversely proportional to the width a. 

5. Cutoff Frequency. The cutoff frequency is the lowest frequency for 
which p is real. By Eq. 13-6, 



and the cutoff frequency/,, is the frequency that makes this expression zero: 


/. = 


_ 1 _ 

2w y/ l'c 


(13-10) 


To compute the cutoff frequency, V and c are needed. These are equiva¬ 
lent inductance and capacitance, introduced in the equivalent circuit of 
Fig. 13-5. They cannot be evaluated from the dimensions of the guide 
without knowing the distribution of electric and magnetic fields within the 
guide. This distribution of fields is obtained from electromagnetic field 
theory and we can best proceed by accepting, from field theory, without 
attempting a derivation in this book, 3 that 

P = — p (13-11) 


Since (as in Eq. 6-75) = lc, comparison of Eq. 13-11 with 13-9 gives 


(13-12) 


We can now compute cutoff frequency. Equation 13-12 is used to 
eliminate V from Eq. 13-10, giving 


/. = 


1 __ 
2 ay/h 


(13-13) 


* See, for instance, “Fundamentals of Electric Waves,” Chap. XIII (Ref. 29). 
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Remembering that l and c refer to the transmission line of Fig. 13-4a on 
which waves are transmitted with the velocity 1/ y/lc, we may write 

/.-£ < 13 - 14 > 

where v 0 is the velocity of transmission of a wave on a transmission line. 

If \ c is the wavelength that a wave of frequency/,, would have on a trans¬ 
mission line, or traveling as a simple plane wave, A c = v Q /f c and Eq. 13-14 
becomes 

X c = 2 a (13-15) 

This may be stated in words: For a signal to be transmitted through a hollow 

rectangular guide , the width of the guide must be greater than half the free-space 
wavelength of the signal. 

6. The Guide Factor. For a lossless transmission line, p is u\/lc. If 
this transmission-line value of p is designated p 0 , we write 

fio = o)\/lc (13-16) 

For a rectangular waveguide, p is (by Eq. 13-9) 

P = « y/le Jl - 4r (13-17) 

\ CO l C 

Comparing these two, it is convenient to write 

p = PoG (13-18) 

with 

e - V 1 "?k (I3 - I9) 

This constant G appears repeatedly in the discussion of wave-guide 
operation, and it will be helpful to examine it before going further. It may 
be written in various forms. Using Eq. 13-12 to eliminate V from G, and 
using v 0 = 1/ y/lc, as in Eq. 13-14, 

0 = V 1 ~ (13 - 20) 

An alternative form is given by Eq. 13-14: 

G = yji- (jj (13-21) 

Equation 13-21, here derived for a rectangular wave guide, is generally 
applicable to guides of any form and to any mode of wave transmission. 
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Numerical values for G are plotted in Fig. 13-6. To use this diagram, 
values of fjf must be known. For a rectangular guide, using Eq. 13-14, 


fe 

f 


Vo 

2 af 


(13-22) 


If X 0 designates the wavelength that a 
signal of frequency / would have on a 
transmission line, X 0 = v 0 /f, and for a 
rectangular guide of width a (the elec¬ 
tromagnetic field pattern or mode being 
as in Fig. 13-4c); 


L 

f 


Xo 
2 a 


(13-23) 
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For 


This gives an easy means of computing 
fjf, and hence of computing G. 

7. Phase Velocity and Wavelength. 

The velocity of a wave in a hollow guide 
may be quite different from the velocity 

of a wave on a transmission line. 4 Since the velocity of a wave is w/p, we 
have, from Eq. 13-18, 


Fig. 13-6. The guide factor G. 
values of f c /f, see Table 13-2. 


= 


0) 

PoG 


Vo 

G 


(13-24) 


4 Assuming air- or gas-filled wave guides, frce-space wavelength is equivalent to 
wavelength on a transmission line. Strictly, v 0 is velocity of wave propagation on a 
lossless transmission line that has the same dielectric material as the wave guide un¬ 
der consideration. If this dielectric is air or other gas, as is usual in wave guides, 
v 0 is the velocity of propagation of plane waves in air, or practically in free space, 
and is 3 X 10* meters per second. Symbols used in this discussion may be tabu¬ 
lated : 

/ is operating frequency 
f e is cutoff frequency 

Vq is velocity of wave propagation on a lossless transmission line 
v 9 is phase velocity in the wave guide 
v 0 is group velocity in the wave guide 
X is the wavelength of frequency / in the guide 

X 0 is the wavelength of frequency / on a transmission line (or in free space), 
equal to v 0 /f 

X„ is the wavelength on a transmission line (or in free space) of the cutoff 
frequency /«.; it is v 0 /f c 

P is phase constant at frequency / in the wave guide 
po is phase constant at frequency f on a transmission line 
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Velocity is written v v to indicate that it is phase velocity: phase velocity is 
the velocity at which waves would appear to travel along a guide if the 
electric field were visible. (The velocity that has been considered for waves 
on transmission lines in previous chapters has in all cases been phase 
velocity, but until now there has been no necessity to distinguish it by a 
special subscript.) 

Phase velocity in a guide is always greater than transmission-line 
velocity v 0 , for G is always less than one. At high frequencies, far above 
cutoff, is nearly equal to the transmission-line velocity, but if the operat¬ 
ing frequency approaches the cutoff frequency the phase velocity increases 
without limit. 

The wavelength of a signal within the guide is found by dividing velocity 
by frequency: 

X = = % = 0 (13-25) 

Thus wavelength in the guide is greater than free-space wavelength in 
inverse proportion to G; the difference is negligible at frequencies far 
beyond cutoff, for which G is nearly 1, but near cutoff frequency the wave¬ 
length in the guide is quite great. 

At cutoff frequency (and below), the wavelength is infinite. This means 
that the signal has the same phase at all points along the guide; it does not 
travel as a wave, but merely produces a pulsating field that cannot travel 
(see Sec. 9). 

We have seen that several of the more important parameters of wave- 

TABLE 13-1 

WAVE-GUIDE FORMULAS 


Air-filled 

Air-filled 

Coaxial Line 

Wave Guide 

3 X 10 8 meters per second 

Vo 

G 

3 X 10 8 

. An 

- 7 -meters 

\ = ~ 

f 

G 

u 2rf 

e = /Jo g 

»0~ 3 X 10® 


/ is frequency in cycles per second. 

/« is cutoff frequency (see Table 13-2). 
G =Vl — ifc/f) 1 (see Fi g- 13-6). 


Vg = V 0 G 
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guide operation differ from those of a coaxial line by the factor (?. Equa¬ 
tions for these are collected in Table 13-1. Also, various convenient formu¬ 
las are given in Table 13-2. 

8. Group Velocity. One of the formulas given in Table 13-1 is for 
v gy the group velocity of a signal in a guide. Phase velocity is the velocity 


TABLE 13-2 

PARAMETERS OF WAVE GUIDES 
(Air-filled) 



Cutoff 

Cutoff 


Guide 


frequency, 

free-space 

fc 

factor 


fc 

wavelength, 

f 

G 



K 


(see Fig. 13-6) 

Rectangular Guide: 





Dominant mode (TE lt0 ) 

1 .5 X 10 8 

2 a 

Xo 


a 

2 a 

\ 2a 

Next higher modes if 
a = 2b (TE 0 i and 


3 X 10 s 

a 

Xp 

J 

TE 2 .o) 

a 


a 

\ a 

Circular Guide: 





Dominant mode (TE ltl ) 

1.76 X 10 s 

1.71 d 

0.586 ^ 
o 

yfl - 0.586 ^ 

d 

Symmetrical mode 

2.30 X 10 s 

1.305c? 

0.77 

a 

V'-°' 77 7 

(TM 0t i) 

d 

Next higher mode 

2.92 X 10 8 

1.030c? 

0.97 ^ 
a 


(TE 2>1 ) 

d 

Coaxial Line: 





Usual mode (TEM)... 

0 

00 

i 

0 

l 




Xo 

[7 x 0 

Next higher mode (TE) 

Approximately wfa + r 2 )| 

ir(r, + r 2 ) 

y r (r. + r 2 ) 


o is width of rectangular guide (normal to E field), in meters. 
b is height of rectangular guide (parallel to E field), in meters. 
d is diameter of circular guide, in meters. 
ri is outer radius of inner conductor, coaxial line, in meters. 

7*2 is inner radiil^f outer conductor, coaxial line, in meters. 


X 0 is free-space wavelength at operating frequency 


3 X 10 8 
/ 


meters. 
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that waves would appear to have if the electromagnetic field were visible. 
Group velocity is the velocity at which a pulse of energy, or a modulation 
envelope, is propagated. It appears strange, on first thought, that waves 
can appear to go faster than does the energy they convey, but this phenome¬ 
non can be observed by dropping a stone into any pond; the disturbance 
spreads as a ring or group of waves, and the velocity of the waves is faster 
than the velocity of the group. Waves on the water are continually origi¬ 
nating at the inside of the ring; the individual waves travel faster than the 
group, and thus travel through the ring and vanish at its leading edge. 

Mathematically, phase velocity is 


Group velocity is 



dec 



(13-26) 


(13-27) 


On a lossless transmission line, phase and group velocity are equal. They 
are different, however, for any kind of wave propagation for which the 
velocity varies with frequency. 

In a wave guide, velocity varies with frequency, and group velocity is 
computed as follows, using the formulas of Table 13-1: 

P = PoG = Jl - f /r = f (13-28) 

Vq 1 J <'() 



fi 2 v 2 = a; 2 — o) e 2 (13-29) 
Differentiating, 

20v o 2 d/3 = 2w dco (13-30) 

from which 

do: j3v () 2 


d$ 


= v 0 G (13-31) 


Fig. 13-7. 
guide. 


Velocities in a wave 


as in Table 13-1. Note that group velocity 
is slower than the speed of an unguided wave 
in free space, or a wave on a coaxial line, in 
the same proportion that phase velocity is 
faster (see Fig. 13-7). As cutoff is approached, the phase velocity (and the 
wavelength in the guide) become great without limit, while the group 
velocity diminishes toward zero. This means that a pulse of energy or a 
signal is propagated slowly. 
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If a steady, unmodulated wave of a single frequency is transmitted, only 
phase velocity can be observed. Group velocity has no meaning. No 
signal can be conveyed by such transmission. Energy enters one end of the 
guide and leaves the other end, but no velocity can be assigned to it. 8 

Phase velocity is, in a sense, an illusion. Nothing actually travels at 
phase velocity; certainly nothing material, and, indeed, not even energy. 
Thus there is no conflict with the theory of relativity. Yet the phase veloc¬ 
ity of a wave in a guide is a physical reality. It is as real as the speed of a 
water wave on lake or ocean. 

9. Reactive Attenuation. At any frequency higher than the cutoff 
frequency, y in Eq. 13-5 is imaginary for a lossless guide. Since y = a + jP> 
a is zero at any frequency that makes y imaginary, and /3 (as in Eq. 13-28) 
has the value 



For a frequency lower than the cutoff frequency, y is real; P then is zero, 
and a is 

“ = ? V(/) 2 ~ 1 = x7 V 1 ~ (/) (13_33) 

Equation 13-4 gives the distribution of voltage (or, more properly, the 
distribution of electric field strength) along the guide as 

V = V x e ax (13-34) 

for frequencies below cutoff, a being a real number as in Eq. 13-33. Because 
a is real, there is no wave propagation of such frequencies. If a signal below 
cutoff frequency is introduced into a guide, there will be no wave. Electric 
and magnetic fields will penetrate only a limited distance into the guide. 
The electric and magnetic fields will die away, exponentially, with distance 

5 Further discussion of group velocity, of Eq. 13-27, and of the application to 
water waves and other physical examples, is given in “Fundamentals of Electric 
Waves,” Chap. XIV (Ref. 29). In this reference, phase velocity is compared to the 
speed of little waves that ripple along the back of a hurrying caterpillar, while the 
caterpillar himself travels at group velocity. 

H. G. Booker (Ref. 3) compares waves to a series of railroad trains following one 
another along a main-line track; cars are being detached one by one from the tail of 
each train, to be attached on the front of the following train when it arrives. This 
peculiar process (analogous to the temporary storage of energy in the longitudinal 
field of the guide) makes each individual train appear to the uncritical observer to 
be traveling faster than any individual car is actually moving, and yet a shipment 
of goods on the line would unquestionably be delayed. The analogy is excellent. 
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along the guide. The fields will not even resemble an attenuated wave, for 
they will not have the progressive phase variation that is characteristic of 
wave propagation; the entire field inside the wave guide, as far as it pene¬ 
trates, will be in phase, and will grow strong and weak, each half cycle, at 
all points simultaneously. 

The decrease of field strength with distance along the guide, for fre¬ 
quencies below cutoff, is called attenuation, but it is not the result of energy 
being lost in resistance of the guide walls. It would occur in an ideally loss¬ 
less guide. It is owing to rejection of energy by the guide, not to waste of 
energy being propagated. It is another example of the reactive attenuation 
that was found in loaded lines and filter networks. The wave guide, as 
previously mentioned, is a high-pass filter. 

Figure 13-6 may be interpreted as a plot of reactive attenuation as a 
function of frequency. The value of the radical in Eq. 13-33 can be read 
as an ordinate of the figure, instead of G, if f/f c is used for the abscissa, 
instead of f c /f. Since a is proportional to the radical, the curve is then a 
plot of attenuation below cutoff. It shows that reactive attenuation is high 
at frequencies substantially below cutoff, and approaches zero as cutoff 
frequency is approached. 

A convenient and practical attenuator for high-frequency signals is made 
by passing the signals through a length of guide too small for wave propa¬ 
gation. The length of the attenuating section of guide is arranged to be 
variable (usually by making the pickup element or outlet of the guide 
movable) and thus the attenuation of the signal can be adjusted. Such a 
wave-guide attenuator provides a simple and reliable way of controlling 
output signal strength. It gives an amount of attenuation that varies 
exponentially with the adjustment of length, and that is substantially 
independent of frequency if the frequencies being attenuated are well below 
cutoff. 

10. Resistive Attenuation. Only an ideally lossless wave guide would 
be able to transmit waves, even at frequencies in the transmission band, 
with no attenuation whatever. When a wave travels through the guide, 
current flows in the metal of the guide walls. Some power is necessarily 
wasted by this current. If the dielectric material within the guide is im¬ 
perfect, there is also dielectric loss; this is important with solid or liquid 
dielectrics, but in air- or gas-filled guides it may be entirely neglected. The 
resistance loss, however, is always present, and in practical installations of 
long wave guides, as much as 20 per cent of the input power is sometimes 
wasted. 

Information about the attenuation resulting from resistance in a rec¬ 
tangular guide can be obtained by including resistance in differential equa¬ 
tions 13-1 and 13-2. If it is assumed that the inductance l of the top and 
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bottom of the guide of Fig. 13-4 is accompanied by resistance r, and the 
inductance V of the side walls is accompanied by the resistance r', these 
equations become 


g-fr+M/ 

(13-35) 


(13-36) 

On differentiation, these yield 


- < r+ *4“ + r' + j*r) r 

(13-37) 


The propagation constant y is the square root of the coefficient of V, and 
we may write 

7 = a + jP = yj( r 4 - jwl)(juc + (13-38) 


The quantity under the radical is complex, the sum of a real term and an 
imaginary term. The square root of this sum is expanded by the binomial 
theorem, giving an infinite series. The real terms of the series are collected 
as an expression for a (the imaginary terms are j&). Assuming that co is 
large, corresponding to high frequency, and that both r and r f are much 
smaller than either ul or ul', it is a good approximation to neglect all terms 
for a except the following: 

* " -d/Wc [h + (fr - ‘Xs - ff )] ««« 

G has the same meaning as in Eqs. 13-19, 13-20, or 13-21. 

This expression for attenuation we have obtained from the equations of a 
transmission line with inductive shunt loading. Since (as in Fig. 13-46) 
such a line is similar to a rectangular wave guide, it is to be expected that a 
similar expression will give attenuation in a wave guide. This is, indeed, 
true; wave-guide attenuation 6 is given by an expression of identical form, 
but written in terms of wave-guide dimensions, as 

a = ^rlb + 2 i(b-°)] 

Attenuation is high near cutoff frequency, and also at very high fre- 


6 The derivation of Eq. 13-40, requiring use of electromagnetic theory, is not given 
here. See, for instance, “Fundamentals of Electric Waves,” p. 223 (Ref. 29); or 
Ramo and Whinnery, “Fields and Waves in Modern Radio,” Art. 9,04 (Ref. 23). 
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quency. G is zero at cutoff frequency, making attenuation infinite (this 
corresponds to the frequency that gives resonance in the shunt admittance 
of Fig. 13-5). At frequencies slightly above cutoff, attenuation drops 
rapidly (getting away from resonance in the shunt admittance). At high 
frequency, as G approaches 1, the bracket in Eq. 13-40 (or 13-39) approaches 
1, and attenuation becomes proportional to resistance. Since high-fre¬ 
quency resistance is proportional to the square root of frequency, attenua¬ 
tion at frequencies several times cutoff is also proportional to the square 
root of frequency. These relations are shown in Fig. 13-8. 

For computing from Eq. 13-40, a and b are dimensions in meters, and G 
is obtained from Table 13-2; n and e refer to the dielectric substance within 
the guide, and for air the value of Vm/c is 377 ohms. R, is the “surface 
resistance” of the metal of the wave guide. 



Fig. 13-8. Attenuation in a rectangular guide of copper, width a = 5 centimeters. 
(The dominant TEi t0 mode is assumed.) 

R, is a resistance applicable under conditions of extreme skin effect. It is 
independent of the thickness of the metal, for substantially all the current 
is in a “skin” of very shallow depth at the metal surface. The skin-effect 
resistance of a metal surface one unit square is given by Eq. 7-43 as 
R t j= y/irfup. Introducing numerical values for copper, R $ is 2.61 
V7 10" 7 ; for silver, R, is 2.53 y/f 10~ 7 . R a is often called the surface 
resistance per square , for it is the resistance between two opposite edges of a 
square piece of the metal, and the value of this resistance is independent 
of the size of the square. 

Figure 13-8 shows curves of attenuation for a rectangular copper guide 
5 centimeters wide. As a guide of this width is usually about 2.5 centimeters 
in the other dimension, the middle curve of the three shown may be con- 
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sidered typical. These curves are computed from Eq. 13-40; to obtain 
attenuation in decibels per meter, rather than nepers, values from Eq. 13-40 
are multiplied by 8.686. 

11. Modes of Transmission. The electromagnetic pattern shown in 
Fig. 13-4c is only one of many that can be propagated in a rectangular wave 
guide, but it is much the most important because of having the lowest cutoff 
frequency. It is known as the dominant mode. Its electric field is purely 
transverse, and its magnetic field has an axial component. 

The wave shown in Fig. 13-lc in a circular guide is not the dominant cir- 


a c 



c a TE, ,Wave _ 

Sections » Sections 

Through c~d Through a-b 

-Electric Field 

-Magnetic Field 

•Out °in 

Fig. 13-9. Two higher rectangular modes. (After Ramo and Whinnery .) 

cular mode; the dominant circular mode is rather similar to the dominant 
rectangular mode. The mode shown is important because it has radial 
symmetry. Note that the mode in Fig. 13-lc has an axial component of 
electric field and a purely transverse magnetic field. 

All modes are divided into three classes: those having purely transverse 
electric fields (TE modes), those having purely transverse magnetic fields 
(TM modes), and those having electric and magnetic fields that are both 
purely transverse (TEM modes). TE and TM modes may exist together 
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in a guide, producing complex patterns. TEM modes do not exist in hollow 
guides, but the ordinary transmisson-line mode is of this type. 

Two rectangular modes other than the dominant mode of Fig. 13-4c are 
shown in Fig. 13-9. These three are the basic modes, and other rectangular 
modes are patterns in which one of these three basic modes is repeated in 
the space within the guide. Numerical subscripts (as for the TE 2fl mode) 
indicate how many times the field pattern is repeated along each dimension 
of the cross section. 

Similarly, many other circular modes are possible . 7 These have less 
practical importance than the dominant rectangular mode or the sym¬ 
metrical circular mode. 

It is interesting to discover that a coaxial line can propagate modes other 
than the usual TEM or transmission-line mode. Both TE and TM modes 
are possible in a coaxial line. They can exist, however, only at frequencies 
so high that the circumference of the coaxial line is of the same order of 
magnitude as the wavelength of the signal. These higher order modes, 
undesirable because they waste energy, are usually suppressed by designing 
the line to be too small to propagate them (see Sec. 1 , Chap. 12 ). 

The Single-wire Line. It is interesting that a single wire can be used as a 
wave guide, with a field pattern existing in the space about the one wire. 
The electric field does not extend to any other conductor, but returns to the 
same wire from which it issued; it is not unlike the pattern of Fig. 13-lc 
turned inside out. This mode is possible only if the phase velocity on the 
wire is less than the speed of light. Among the ways in which a wave can be 
slowed to meet this requirement are by the use of a conductor with a grooved 
surface (grooves increase the inductive effect) or the use of a metal con¬ 
ductor enclosed within a layer of dielectric material. Enameled wire has 
been used for the purpose. 

The cost of a wave guide consisting of a single wire is, of course, low. 
Attenuation and radiation need not be excessive. An outstanding disad¬ 
vantage is that there must be a large clear space about the wire to avoid 
interference with the fields of the wave. 

12. Guide Impedance. Impedance is an important concept for wave 
guides, as it is for transmission lines. It enters into computations regarding 
termination of guides, and the effect of discontinuities. Traveling waves in 
guides are reflected at the guide terminals and at intermediate discontinui¬ 
ties. Incident and reflected waves combine to give standing waves. Reflec¬ 
tion factor and standing-wave ratio relate to impedance in guides as they do 
in lines, and the same impedance charts are used. 

The normalized impedance f of a transmission line was defined as Z/Z 0 , 
the actual impedance divided by the characteristic impedance of the line. 


7 For diagrams, see Refs. 6, 20, 23. 29, 33, etc. 
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For hollow guides, the normalized impedance f is used, also. Thus, if a 
guide is so terminated that there is no reflection, f = 1 . If the guide' is 
short-circuited, giving a reflected wave equal in magnitude to the incident 
wave, f = 0. In general, £ is related to the reflection factor p, as in Eq. 
12 - 88 , by 

r = (13-41) 

I — p 

and f can have any complex value. 

To determine an actual impedance in ohms is, for a hollow guide, more 
difficult. The impedance of a two-conductor line is the ratio of voltage to 
current, but for a hollow guide there is no general agreement on how to 
assign meaning to either voltage or current . 8 However, impedance of a 
transmission line may be conceived as the ratio of the electric field of the 
line to the magnetic field, as well as the ratio of voltage to current; voltage 
is the integral of electric field and current is the integral of magnetic field 
(Eqs. 6-71 and 6 - 1 ). This concept can be extended to hollow guides. It 
leads to the wave impedance or field impedance of a line or guide. 

Wave impedance or field impedance is, by definition, the ratio of the 
transverse component of electric field to the transverse component of 
magnetic field. The characteristic wave impedance is the special value of 
the wave impedance that exists when the guide is carrying a single pure 
traveling wave with no reflected wave. 

For a transmission line, having only transverse components of field, the 
characteristic wave impedance is equal to y/ p/e, p and e being the perme¬ 
ability and dielectric constant of the insulation. (This is also called the 
intrinsic impedance of the medium.) The numerical value of the charac¬ 
teristic wave impedance of any air-insulated transmission line is 376.7 ohms. 

For a hollow guide having an axial component of magnetic field (any TE 
mode), as in Fig. 13-4, the characteristic wave impedance is y/n/e/G. For 
a hollow guide having an axial component of electric field (any TM mode), 
as in Fig. 13-1, the characteristic wave impedance is y/ti/eG. These rela¬ 
tions can be derived from the foregoing equations of this chapter, but the 
derivation will not be given as we shall make only passing reference to the 
wave impedance of lines and guides . 9 

8 Various possible definitions of impedance in hollow guides are nicely summar¬ 
ized in “Microwave Transmission Circuits/’ p. 52 (Ref. 22). 

9 The concept of impedance in the theory of wave propagation was suggested by 
Schelkunoff in the Bell By stem Technical Journal in 1938, and is expanded in his 
book (Ref. 27). 

An excellent development of many aspects of wave propagation theory from sim¬ 
ple transmission-line theory is given by Booker in his article in the Journal of the 
Institute of Electrical Engineers , 1947 (Ref. 3). Booker’s article is particularly 
recommended to supplement this chapter. 
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For lines and guides, the field impedance divided by the characteristic 
field impedance is the normalized impedance f. 

13. Termination of Wave Guides. Short Circuit . A coaxial line or a 
wave guide is short-circuited if the space through which the wave passes is 
completely closed by a sheet of metal. Thus, in Fig. 13-10a, a disc is shown 
short-circuiting a line. If such a disc is perfectly conducting (or, for prac¬ 
tical purposes, if it is made of metal of good conductivity), it provides a 
perfect short circuit, and f at the disc is zero. No energy can be trans¬ 
mitted past such a short circuit. 

The short-circuiting wire or strap shown between conductors in Fig. 
13-106, on the contrary, does not act as a complete barrier to electromag¬ 
netic waves of high frequency. Unless the diameter of the guide is very 
much smaller than the transmitted wavelength, there will be a significant 
amount of field strength in the region beyond the short-circuiting wire. 
Energy will pass beyond the wire. Indeed, the short-circuiting wire may be 
thought of as a small antenna that radiates energy. The impedance f at 



(c) W) 

Fig. 13-10. Line and guide terminations. 


such a wire is low, but it is not zero. Transmission of energy beyond the 
wire gives f a resistive component, and temporary storage of energy in local 
electromagnetic fields gives f a reactive component. 

Open Circuit . At very high frequency, the open coaxial line of Fig. 
13-10c and the open guide of Fig. 13-10d do not provide open circuits in the 
sense that f = °°. Although a low-frequency wave must stop when it 
comes to the end of the line, a high-frequency wave is only partially stopped; 
some of its energy radiates into space. Radiation from an open line is quite 
negligible if the wavelength is much greater than the line dimensions, but 
at sufficiently high frequency it is not negligible, and it is never negligible 
from an open hollow guide. The value of f at the open end of a line or 
guide is high, but not infinite. 

Resistive Termination. It is not usually satisfactory, at microwave 
frequencies, to terminate a line with a lumped resistor. If the connection 
from the inner to the outer conductor of Fig. 13-106 is a resistor, it will 



Chap. IS] 


INTRODUCTION TO WAVE GUIDES 


381 


receive a certain amount of energy from an incident wave, but it will so 
distort the wave that some energy will pass beyond it, and some will be 
stored reactively in a local electromagnetic field. Although the connection 
is purely resistive, its effect on the field makes it equivalent to an admit¬ 
tance shunted across the line with properties of both conductance and 
susceptance, a complex admittance. 

The ideal resistive load on a coaxial line is a disc of uniformly resistive 
material. If the disc closing the line of Fig. 13-10a is resistive, it will absorb 
energy without distorting the field. The amount of energy absorbed is 
dependent on the resistance of the disc. 

The resistance of conducting sheet material is measured per square . By 
resistance per square is meant the resistance between opposite edges of a 
square piece of the sheet material, a value that is independent of the size of 
the square. 

If the resistance of the material is 377 ohms per square, a disc of the 
material will terminate any air-insulated coaxial transmission line in its 
characteristic impedance. It is rather remarkable that such a disc will have 
the correct resistance regardless of the dimensions of the line. In Fig. 
13-10a, for instance, the line is terminated in a resistor consisting of a round 
piece of material with a hole in the middle. If the resistance per square of 
the piece is 377 ohms, the resistance of the disc from the inner conductor to 
the outer conductor can be shown (by integration) to be equal to the charac¬ 
teristic impedance of the line. This is related, of course, to the fact that 
377 ohms is the wave impedance of the coaxial line (see Sec. 12), and is the 
intrinsic impedance of air. 

Material with 377 ohms resistance per square will also terminate a two- 
wire line in its characteristic impedance, if the dielectric medium is air, but 
since the fields about a two-wire line are unbounded, the terminating sheet 
would theoretically have to be of infinite extent. 

The analogous type of resistive termination for a wave guide is a sheet of 
material that completely closes the guide. A rectangular section, for in¬ 
stance, is needed to cover the end of the guide of Fig. 13-10d. The correct 
resistance of the material for an air-filled guide is 377/(7 ohms for the usual 
mode in a rectangular guide (the wave of Fig. 13-4c) or for any other TE 
mode. It is 377 G ohms for the wave of Fig. 13-lc, or for any other TM 
mode. (G is as in Table 13-2 or Fig. 13-6.) These are the values of wave 
impedance of the guides. 

Now, however, it is necessary to take into account an aspect of centi¬ 
meter-wave transmission that does not need to be considered at lower 
frequencies. A resistive curtain across a line or wave guide will not totally 
block the flow of energy. Current in the curtain itself will produce electro¬ 
magnetic field in the space beyond the curtain. 
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Let us think first of a low-frequency line. A two-wire line is shown in 
Fig. 13-11 for convenience. Resistance may be connected at the end, as in 
Fig. 13-lla, or at a mid-point, as in Fig. 13-116. In Fig. 13-lla, the line is 
terminated in its characteristic impedance, and all the energy of an incident 
wave is absorbed in the resistance. In Fig. 13-116, energy is not all ab¬ 
sorbed, for the first section of line is terminated by the combination of the 

resistance Z 0 in parallel with the input im¬ 
pedance to the continuing section of line. 

If it is desired to have the energy of an inci¬ 
dent wave completely absorbed in the resist¬ 
ance Z 0 even though the line continues on, 

. » 2 0 | —► tlnis may be done by short-circuiting the line 

(y _j[_ at a distance of A/4 beyond the point of at¬ 

tachment of the resistance (see Fig. 13-1 lc). 

- The impedance of the short-circuited section 

of line, looking toward the short circuit from 

_ the point of connection of the load, is infinite. 

_ ^ Thus the first section of line is provided with 

Fig. 13-11. Termination for a terminating impedance of Z 0 in parallel 
complete energy absorption. with an infinite impedance, the total imped¬ 

ance being, of course, Z 0 , as desired. 

This principle is used for a line or guide carrying high-frequency waves, 
of wavelength comparable to the cross-sectional dimensions of the line or 
guide. At low frequency, a termination of this kind is necessary only if the 
line continues on beyond the point of attachment of the load. At suffi¬ 
ciently high frequency, however, energy passes on beyond the load even if 
the line does not continue, for if the line does not continue, energy radiates 
into space. Transmission of energy past the load resistor is then prevented 
by extending the line an additional quarter-wavelength, and there short- 
circuiting it. 

Since a hollow guide can operate only at frequencies for which the wave¬ 
length is comparable to the guide dimensions, it never acts like the line of 
Fig. 13-lla, but always like that of Fig. 13-116. A hollow guide must 
always be terminated with a quarter-wavelength short-circuited section, 
as in Fig. 13-1 lc, if the energy is to be kept under control. 

Irregularities . Wherever the regularity of field pattern in a line or guide 
is deformed, as at loads, bends, junctions, supports, or probes, there is a 
disturbance of the relation that normally exists between energy stored in 
the electric field and energy stored in the magnetic field. This effect, which 
was mentioned in Sec. 22, Chap. 12, is equivalent to the addition of a sus¬ 
ceptive shunt. 



If the electric field is strengthened relative to the magnetic field, the 
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irregularity is equivalent to a capacitive shunt. If the magnetic fi^ld is 
relatively more strengthened, it is equivalent to an inductive shunt. 

Such equivalent shunt capacitances and inductances, being of the order of 
micro-microfarads or micro-microhenrys, are quite negligible at low fre¬ 
quencies. The energy stored in the distorted field is significant only if the 
dimensions of the irregularity producing the distortion are an appreciable 
fraction of a wavelength. 

14. Reactive Obstacles. Since an irregularity in a wave guide has the 
effect of a susceptance shunted across the guide, a simple means of obtaining 
a desired susceptance is suggested. Among the common forms of obstacle 
used to introduce intentional susceptance are diaphragms or irises that 
partly close the guide, and rods, probes, or screws that project into the 
guide. 

Figure 13-12 a shows a rectangular diaphragm with inductive properties; 



(c) Resonant (d) Capacitive 

Fig. 13-12. Wave-guide susceptances. 


the “window” is a vertical slot with edges parallel to the electric field. If the 
slot in the diaphragm is horizontal, as in Fig. 13-126, the effective suscept¬ 
ance is capacitive. 10 The window of Fig. 13-12c can introduce either 
inductive or capacitive susceptance depending on the frequency; it acts 
like a parallel-resonant circuit and changes from inductive to capacitive 
susceptance at the resonant frequency. At the resonant frequency, the 
equivalent shunting susceptance is zero, and for that particular frequency 
the “window” is completely transparent although it may reflect a substan¬ 
tial part of the incident wave at higher and lower frequencies. To be highly 
frequency-selective, such a window should be narrow and about one-half 
wavelength long. 

10 Design formulas are available in various books. See, for instance, Refs. 6, 20, 
22, 24, and 25. 
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The most convenient susceptance results from permitting a screw, as in 
Fig. 13-12d, to project into the guide. Such a screw, or other metal probe, 
if shorter than £ wavelength, introduces capacitive susceptance. A 
quarter-wavelength probe has the effect of a series-resonant shunt and 
produces almost complete reflection of an incident wave. If the probe is 
longer (or the frequency higher), its effect is inductive. (Note that a long, 
narrow piece of metal parallel to the E field has properties that are in gen¬ 
eral inverse to those of a long, narrow slot normal to the E field.) 

A short screw, as in Fig. 13-12d, can be used for tuning. It serves the 
same purpose as a short-circuited stub on a transmission line, but more 
simply. If it is desired to eliminate a reflected wave that exists in a guide 
because of imperfect matching of impedance at a load, or because of some 
irregularity in the guide itself, a tuning screw can be introduced into the 
guide to produce an equal and opposite reflection. The reflected wave can 
thus be eliminated, and the guide operated flat, without standing waves. 

The effective length of a tuning screw is easily adjustable, as it can be 
screwed in or out of the guide. If only one tuning screw were used, it would 
have to be located at the correct position along the guide, as well as being 
adjustable at that point. It is more practical to use two or even three tuning 
screws in fixed positions. The problem is strictly analogous to that of 
eliminating reflections on a transmission line by use of one, two, or three 
stub lines (see Secs. 18 to 20, Chap. 12). 

16. Coupling to Guides. We have not yet discussed how energy is to be 
fed into a wave guide, or how the guide can deliver useful energy to a load. 
Any means used to insert energy can, by the reciprocity theorem, equally 
well be used to extract it; thus it will only be necessary to consider means of 
coupling to guides without specifying whether the coupling is to be used for 
transmitting or receiving energy. 

A wave guide can be coupled to free space, or to a cavity. Energy will 
come out of a guide, as previously mentioned, if the end is merely left open. 
Similarly, energy will go into a guide if the open end is in a region (as in a 
cavity resonator) where an electromagnetic field of sufficiently high fre¬ 
quency exists. Radiation from the open end of a guide can be increased and 
directed by flaring the guide into a horn, and practical antennas are so 
constructed. [See Terman’s “Radio Engineering,” Chap. 14 (Ref. 33).] 
A slot in the wall of a wave guide will also radiate energy. 

It is often necessary to couple a wave guide to a coaxial line. The obvious 
connection, if a rectangular guide is considered to be related to a parallel- 
strip line, is to attach one conductor of the coaxial line to the bottom of the 
guide and one to the top. This may be done as in Fig. 13-13a. The left- 
hand end of the wave guide is closed by a short-circuiting plate placed £ 
wavelength from the point of connection, to prevent transmission or radia- 
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tion in the wrong direction, and energy from the line flows along the guide 
toward the right. 

This type of coupling has the disadvantage of being unadjustable. It is 
easier to eliminate reflected waves in the line and guide if the inner conduc¬ 
tor of the coaxial line is terminated in a probe that projects into the guide 
but does not make contact with the guide wall. Figure 13-13a may be used 
to illustrate this device if it is understood that the inner line conductor does 
not touch the top wall of the guide. Adjustment is obtained by varying the 
depth of penetration of the probe into the guide. If the position of the 
probe can also be adjusted, across and along the guide, there are three 
degrees of freedom available to assist in tuning. 

The coupling probe may be looked upon as a small antenna, radiating 
into the wave guide or receiving energy from the guide. It may be given a 




Fia. 13-13. Coupling between coaxial line and wave guide. 


cross piece, equivalent to a “flat-top” antenna, to increase the coupling, as 
in Fig. 13-136. (The short-circuiting end plate which is required for effi¬ 
cient operation is omitted in this figure.) 

The equivalent of a loop antenna may be obtained by bending the inner 
conductor of the coaxial line into a loop that is attached to the outer con¬ 
ductor of the coaxial line. The loop is then inserted into the wave guide. 
This connection is simple and rugged, but unadjustable. 

Whatever the method of coupling used, the electric and magnetic fields 
about the end of the coaxial line must have the same general form and 
orientation as the fields it is desired to excite in the wave guide. The 
greater the similarity, the greater will be the energy transfer. It would, of 
course, be desirable to provide a coupling device that would terminate the 
coaxial line in its characteristic impedance with no reactive component 
(f = 1 for the line) and that would at the same time terminate the wave 
guide in such a way that no standing waves result (f = 1 for the guide, 
also), and this condition can be approached by careful design. Ordinarily, 
however, it is necessary to complete the tuning by means of adjustments 
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that can be made after assembly of the apparatus. Thus, tuning screws can 
be used to eliminate standing waves in the guide, the standing-ware ratio 
being measured experimentally while the tuning is being done. 

Evanescent Field Forms. At the point of coupling to a wave guide, or at 
any irregularity or discontinuity, the electric and magnetic fields do not 
have the simple form of a single mode shown in Figs. 13-lc, 13-4c, or 13-9. 
The fields in the guides of Fig. 13-13, for instance, are formed largely by the 
coupling stubs and near the coupling they have only a remote resemblance 
to the desired mode. Fields in the guides of Fig. 13-12 are likewise shaped 
to conform to the obstacles in the guides. 

However, any possible field pattern can be analyzed into modes of the 
kind already considered. The analysis is analogous to Fourier analysis of 
waves into sinusoidal components. The total complicated field pattern 
about a coupling probe, for instance, results from the superposition of a 
fundamental mode and higher order modes of appropriate phase and mag¬ 
nitude. 

The fundamental mode is propagated along the wave guide. Modes of 
high order are not propagated; the cutoff frequency of a high-order mode is 
too great, and it cannot travel as a wave. It dies away in a short distance 
along the guide. The complicated field that exists about the coupling or 
other irregularity is therefore localized. Only component modes of suffi¬ 
ciently low order can propagate. The high-order components which cannot 
propagate along the guide are called evanescent forms. 

It is usually desirable so to design a guide that only the fundamental or 
dominant mode will propagate, and the higher order modes will all be 
evanescent or local. This is done by proper selection of the guide dimen¬ 
sions, as explained in the next section. 

16. Practical Considerations. In actual practice, the most common 
wave guide is rectangular, with the greater dimension of the cross section 
twice the lesser dimension. The electromagnetic field pattern of Fig. 13-4c 
(the TE lt0 mode) is used. The size of the guide is selected to make the 
operating frequency about 1.5 times the cutoff frequency; that is, the width 
of the guide is about 1.5 times the free-space half-wavelength of the signal. 

The operating frequency must be great enough to avoid the high attenua¬ 
tion that occurs at frequencies near cutoff (Fig. 13-8); yet the frequency 
must not be so great that undesired modes can propagate in the guide. If 
the width of the guide is twice its height, the cutoff frequency of undesired 
modes is two or more times the cutoff frequency of the desired mode (Table 
13-2), and if the operating frequency is 1.5 times cutoff for the dominant 
mode, it is still well below cutoff for other modes. 11 

11 For such a guide, there are two higher modes with the same cutoff frequency. 
One fthe TEn.,1 is identical with the desired mode, but with its electric field parallel 
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The ratio of two to one in transverse dimensions gives definite control of 
the polarization of the transmitted wave. That is, the electric field can 
only be parallel to the lesser dimension of the cross section. If the lesser 
dimension were much increased, this control would be lost. If, on the other 
hand, the dimension were much decreased, attenuation would be consider¬ 
ably greater. It is these considerations that dictate the optimum propor¬ 
tions. 

Cylindrical guides are occasionally used. There is no control of polariza¬ 
tion in a round guide, and this is a disadvantage in most applications. Also, 
there is less difference between the cutoff frequencies of various modes, and 
no operating frequency will give reasonably low attenuation of the dominant 
mode and, at the same time, high attenuation of all higher modes. Circular 
guides, however, permit the use of rotating mechanical joints, and this is 
sometimes necessary; a moving antenna, for example, may be fed through a 
circular guide. By using a mode with radial symmetry (the TM 0 ,i mode), 
problems of polarization are avoided. 

The practical choice between use of a hollow guide or a coaxial line is largely 
determined by frequency. If the free-space wavelength of the signal is 
greater than 20 or 30 centimeters, a hollow guide must be 15 or 20 centi¬ 
meters broad, and this is inconveniently bulky. At the other extreme, 
construction of a coaxial line is troublesome if the free-space wavelength is 
less than 2 or 3 centimeters. To prevent modes other than the ordinary 
transmission-line mode from being propagated on a coaxial line, the free- 
space wavelength of the signal must exceed the average of the circumferences 
of the inner and outer conductors, and this means that if the wavelength is 
3 centimeters the inside diameter of the outer conductor must be less than 1 
centimeter. 

Attenuation is less in a hollow guide than in a coaxial line of similar 
over-all dimensions. Power loss in the coaxial line, including the effect of 
supports, is roughly three times that in a hollow guide. 

The maximum power that can be transmitted by line or guide is limited 
by sparking, for dielectric breakdown results if the electric field becomes too 
great. The capacity of a hollow guide is several times that of a comparable 
coaxial line. 

For these various reasons, hollow guides are commonly used for signals 
with free-space wavelengths less than about 10 centimeters, and transmis¬ 
sion lines are usually used for greater wavelengths. 

to the longer dimension of the guide instead of parallel to the shorter dimension. 
The other (the TE 2 , 0 ) may be described as consisting of two identical waves, each 
of the dominant mode pattern, traveling along the guide side by side. Both of 
these modes can exist if the operating frequency is more than twice the cutoff fre¬ 
quency of the dominant mode. 
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PROBLEMS 

13-1. Show that the network of Fig. 13-5 is a band-pass filter if its elements are 
of finite size and that it becomes a high-pass filter if its series reactance and shunt 
admittance both become small without limit. (An infinite series of such infinitesi¬ 
mal sections thus represents a wave guide.) 

13-2. Figure 13-46 is a diagram of a transmission line loaded with inductive 
shunts. Show that a shunt-loaded transmisson line acts as a high-pass filter 
provided the distance between loads is less than approximately one-half wavelength. 
(Thus a wave guide, in which loading is continuous, will pass all high frequencies.) 

13-3. Compute the factor G for hollow rectangular wave guides (transmitting 
the dominant mode) as follows: 


Frequency, 

megacycles 

Width a, 
centimeters 

Height 6, 
centimeters 


6.0 

3.0 


6.0 



5.0 

2.5 


5.0 

2.5 


13-4. Compute the factor G for hollow rectangular wave guides (transmitting 
the dominant mode) as follows: 


Frequency, 

megacycles 

Width o, 
centimeters 

Height 6, 
centimeters 


5.0 

2.5 


5.0 



3.5 

1.5 


7.5 

4.0 


13-5. Find phase velocity, group velocity, and wavelength in the guide for each 
of the four guides of Prob. 13-3. 

13-6. Find phase velocity, group velocity, and wavelength in the guide for each 
of the four guides of Prob. 13-4. 

13-7. Show that reactive attenuation is given in decibels per unit length by 
(54.6/Xc) \/l — (Xc/A) 2 . Also write an expression for resistive attenuation, similar 
to Eq. 13-40, but giving decibels per unit length specifically for a hollow copper 
guide. Put the expression in the simplest possible form for easy use. 

13-8. A hollow copper wave guide is 5 by 2.5 centimeters. Compute and plot 
attenuation in decibels per meter at the following frequencies: 

а. 10 per cent below cutoff. 

б. 1 per cent below cutoff. 
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c. 1 per cent above cutoff. , 

d. 10 per cent above cutoff. 

13-9. A high-frequency coaxial line is terminated by a resistive disc that occupies 
the annular space between the inner and outer conductors (Fig. 13-10a). Show (by 
integration) that the resistance from one conductor to the other is equal to Z 0 if the 
disc has a resistance of 377 ohms per square. 

13-10. Each of the guides of Prob. 13-3 is to be terminated by a sheet of resistive 
material (followed by a short-circuited quarter-wavelength section of guide). Find 
the correct resistance per square of resistive sheet for each guide. 

13-11. Find the correct resistance per square of resistive sheet to terminate (as in 
Prob. 13-10) each of the guides of Prob. 13-4. 

13-12. Each of the guides of Prob. 13-3 is closed by a sheet of material with 
resistance of 377 ohms per square (followed by a short, circuited quarter-wavelength 
section of guide). What standing-wave ratio results in each guide from the incorrect 
termination? 

13-13. Repeat Prob. 13-12 for each of the guides of Prob. 134, 
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TRAVELING WAVES 


1. Transient Phenomena. Previous chapters of this book have been 
concerned with the behavior of transmission lines when the voltages and 
currents are of a single alternating frequency, steadily applied. We now 
turn our attention to transient effects. The simplest transient response is 
obtained by the sudden application of a constant voltage, as when a bat¬ 
tery is connected to a transmission line by closing a switch. 

2. An Approximate Network. Let us consider that the inductance and 
capacitance of a transmission line, instead of being truly distributed, are 
gathered into small but finite lumps as in Fig. 14-la. Resistance will, for 
the present, be neglected. A battery voltage E is suddenly applied to the 
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Fig. 14-1. A traveling wave. 

sending end of the line by closing the switch. Current immediately begins 
to flow through inductance L x into condenser C x . As C x becomes charged, 
so that there will be voltage across it, current starts to flow through L 2 into 
C 2 . C 2 becomes charged, and current then flows through L 3 into C 3 , and 
this action continues on down the line. First C x is charged to voltage Z?, 
then C 2 is charged to voltage E, then C 3 is charged to voltage E , and so on. 
There is a voltage wave traveling along the line; it starts at the sending end 
and travels at a certain velocity, and all of the line that it has reached is 
charged to voltage E , while the line beyond the front of the wave is yet 
uncharged. This is shown graphically in Fig. 14-16, in which voltage is 
plotted as a function of distance along the line. The wave has traveled to 
the point x lf so that the line to the left of x x is charged to voltage E } and the 
front of the wave is continuing toward the right as indicated by the arrow. 
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The voltage wave is accompanied by a current wave. While C\ is being 
charged, current flows through L x . When C x becomes charged, current 
starts to flow through L 2 , and the current to h 2 is supplied through L x . 
Then current is extended into L 3 and continues to flow through L x and L 2 . 
A current wave progresses along the line in this way, coincident with the 
voltage wave. Each is necessary to the other. In fact, the current and 
voltage are not separate waves; they are merely different aspects of the 
same wave of energy. 

For easier visualization of the action of distributed parameters, this dis¬ 
cussion has been based on a mental picture of a line in which inductance and 
capacitance are collected into small but finite lumps. But the discussion 
has been simplified by neglecting certain effects that are inseparable from 
lumped parameters. When voltage is applied to the artificial line of Fig. 
14-la, current will begin to flow in L u but gradually and not instantane¬ 
ously. C x will charge gradually, and current will begin in L 2 as soon as 
there is any voltage across C l9 not waiting for G x to reach voltage E. More¬ 
over, the voltage of C x will not rise abruptly to E and then continue at that 
value thereafter; instead, it will rise in a finite time and will increase to a 
value greater than E , finally approaching E as a limit. But all these differ¬ 
ences from ideal behavior are due to “lumpiness” of the line, and become of 
less magnitude as the number of lumps is increased and the size of the indi¬ 
vidual lumps is decreased; and in the limiting case of the actual transmission 
line with truly distributed parameters, the differences disappear. 

3. The Differential Equations. Although a mathematical solution can 
progress some distance by consideration of the “lumpy” line, 1 it is simpler 
to make use of the differential equations of the transmission line. When it 
is not assumed that voltage and current are sinusoidal, the differential 
equations are written in terms of instantaneous voltage and current. 

Such equations were given in Chap. 1 (Eqs. 1-7 and 1-17). However, in 
traveling waves it is natural to measure distance x from the transmitting 
end of the line. Transient disturbances are studied as they travel from their 
source, as in Fig. 14-1. For steady-state phenomena, on the other hand, 
we found it necessary to begin investigations at the load. For convenience 
in this chapter, let us measure distance from the sending end of the line; 
this changes the sign of x, and with this change the differential equations 
from Chap. 1 are 

S--("•+'!') (14.1, 

_ I --(•' + * s) (I4 - 2> 

1 As is done in “Transient Electric Currents,” Chap. IX (Ref. 30). Much of the 
present chapter is there treated in greater detail. 
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These are partial differential equations, as they contain the two independent 
variables distance x and time t. 

Simultaneous solution of these equations is possible, but not easy. How¬ 
ever, if energy loss along the line is neglected, so that r and g are both zero, 
the solution is perfectly simple. Then 



dv _ 
dx 

-i* 

dt 


(14-3) 


di _ 
dx ~ 

dv 
c dt 


(14-4) 

By differentiating Eq. 14-3, 





1 

II 

(!)- 

- -l^(^ 
dt \d 

>i\ . d\ 

-x)- k 3? 

(14-5) 


Thus, by substitution of Eq. 14-4 to eliminate i, we have obtained an 
equation entirely in v. 

In a similar manner, v can be eliminated from Eq. 14-4 to give an equation 
in i only: 


d 2 i 7 d 2 i 

d? = k j? 


(14-6) 


The solutions of these Eqs. 14-5 and 14-6, the so-called wave equations, 
must now be considered. In functional notation, the solutions are 


v = tMs - 




(14-7) 

(14-8) 


Equation 14-7 can be expressed in words as follows: The voltage on a trans¬ 
mission line is the sum of two functions, v, and v 2 , the first of which is a 
wave traveling in the positive x direction, and the second a wave traveling 
in the opposite or negative x direction. The speed of travel of both waves 
is the same: 

Speed = -^= (14-9) 


It will be recognized that this is very nearly the speed of light. 

In describing voltage as a function r, of x — (1/ \/lc)t, Eq. 14-7 does not 
tell what function v, must be; it may be a function of any form: sinusoidal, 
exponential, algebraic, or other. It says that any function will satisfy the 
differential equation 14-5_ if the variables x and t appear in it only in the 
combination x — (1/ y/lc)t. 
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To show that this is correct, consider a voltage v t of the general func¬ 
tional form 



(14-10) 


Differentiation (according to the rules for partial differentiation of com¬ 
posite functions) shows that 


dvi 

dx 




and another differentiation gives 

d 2 t)i 

dx 2 



(14-11) 


(14-12) 


Since any function such as 14-10 gives this result, any such function satisfies 
Eq. 14-5. 

It remains to be seen that a function of x — (1/ \/lc)t is a traveling wave. 
If voltage on a line is described by the function v x [x — (1/ \/k)t], and a 
constant value is assigned to t , the function becomes an expression of voltage 
distribution at a particular instant as a function of x . If, instead, a constant 
value is assigned to x, it describes voltage at a given point as a function of 
time. By assigning specific values to both x and t, the particular voltage at 
a fixed time and a fixed place results. 

Finally, the voltage at a moving point may be investigated by properly 
relating x and t. Let us specify that a point is to move with velocity equal 
to l/y/lc. Then, if x is the position of the point and t is time, 

Velocity(14-13) 

from which 

x - L= i — constant (14-14) 

V fc 

The traveling wave of voltage is described by a function of x — (1/ y/lc)t> 
and such a function, by Eq. 14-14, reduces to a constant value at the moving 
point. 

Physically, this means that if we observe voltage on a transmission line 
and keep our point of observation moving along the line at a speed of 
1/ y/Tc, the voltage we observe remains unchanging. It is merely putting 
this idea into other words to say that the voltage on the line appears to be 
traveling with unchanging amplitude and form, the speed being 1/y/k. 

Thus the first term of Eq. 14-7 describes a voltage wave traveling in the 
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positive x direction; similarly the second term describes a wave traveling 
in the negative x direction. Current, by Eq. 14-8, has similar components. 
These traveling waves are not attenuated or distorted as they travel because 
we are assuming a line without losses. In Chap. 1, steady-state phenomena 
were interpreted as traveling waves; the present discussion is a generaliza¬ 
tion to apply to waves of any form. 

There has been nothing in this section to define the form of a traveling 
wave. Mathematically, it may be any shape. Physically, the shape of the 
wave depends on the voltage applied to the line. If the applied voltage is 
sinusoidal (as a function of time), the traveling wave is sinusoidal (as a 
function of distance); if the applied voltage is a square wave, the traveling 
wave is a square wave. 

4. Characteristic Impedance. We know that voltage and current waves 
are not independent of each other. To study the relation, let us integrate 
both sides of Eq. 14-4: 

/£■* = -'/!* <>« 5 > 

In the right-hand member, takej^ to be the traveling wave moving in the 
positive direction v x [x — (1 / \/lc)t]; then 

fte dx =~ c Jjt dx (14 * 16) 

The left-hand member integrates to give i u and applying the rules of 
partial differentiation to the right-hand member, from Eq. 14-11, 


c f dv , , lc 

Vfci = Vi* 

(14-17) 

II 

II 

(14-18) 


From this we learn that the relation of current to voltage on a lossless line 
is the same for a wave of any general form that it is for a steady-state sinus¬ 
oidal wave: the ratio of voltage to current is the characteristic impedance. 
Z 0 is sometimes called surge impedance when speaking of transient waves. 

The above discussion referred to a wave traveling in the positive x direc¬ 
tion. The similar relation for a wave traveling in the negative x direction is 

I - -4 -- z - 

These, relations are strictly exact for a lossless line only, but are approximate 
for any ordinary line. 
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6. Reflection of Waves at Open End of Line. At the speed of light, it 
will not take long for a wave to reach the distant end of any actual line. 
Nearly 200 miles is traversed in 0.001 second. When a wave arrives at the 
end of the line its orderly progress is interrupted. 

Figure 14-2 shows the action of a wave on arriving at the open-circuited 
end of a line—a smooth line, if the inductances and capacitances shown are 
considered to be infinitesimal. Figure 14-26 shows the flat-topped wave 
approaching the end of the line. The two parts of the energy wave, voltage 
and current, are progressing together; L v is carrying current but L z is not, 
and C v is charged to voltage 2? but C z is not. There is voltage, however, 
across C v , so current will immediately begin to flow through L„ and since L a 
will carry as much current as L v , the charge on C v will increase no further. 
The voltage of C v will therefore become and remain E. Current entering 
L t will flow into the capacitance C z , charging it to voltage E . 


Lv L w L x Ly L z 



(c> 

Fig. 14-2. A reflected wave. 


The energy wave, at this instant, has reached the end of the line, as shown 
in Fig. 14-2c. All capacitance is now charged to voltage 2?, and all induc¬ 
tance is now carrying current /. But the procedure by which the wave has 
progressed along the line cannot be continued here: L z is carrying current 
to C z , and there is no inductance beyond C z to act as an outlet for current 
as C, becomes charged. The result is that C z becomes overcharged, for L u 
cannot stop carrying current until its magnetic energy is exhausted. L, 
will continue to drive current into C t} and, because of its magnetic energy, 
the current cannot be stopped until the voltage of C M has been raised to 
double its normal value, or 22?. When the voltage across the last element 
of capacitance is 22?, current will stop flowing in the last element of induct¬ 
ance. This condition is illustrated in Fig. 14-2d; the voltage of C t is now 
22?, and current in L t has dropped to zero. 

When L m has ceased to carry current, all current carried by L y is driven 
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into C v . This doubles the voltage of C„, and current in L y is forced to stop. 
At the same time, voltage is equalized at the two ends of L„ and the over¬ 
charge on C, cannot escape. When this has happened conditions are as 
shown in Fig. 14-2e: voltage is 2 E across C y and C S) and current is zero in 
L y and L s . This procedure continues progressively along the line; from right 
to left the voltage becomes doubled and the current drops to zero. 

It appears that when the original traveling wave reached the open end of 
the line, something of the nature of reflection took place. A traveling wave 
was reflected from the end and started to progress in the opposite direction. 
The reflected wave is shown by dash lines in Fig. 14-2e. It is a wave of 
voltage traveling toward the left, of magnitude E, which adds to the previ¬ 
ously existing voltage. It makes the total voltage, as far as the reflected 
wave has progressed, 2 E. It is accompanied by a reflected wave of current 
that travels in the same direction at the same speed, but the reflected cur¬ 
rent wave is a negative wave, —I, and where it is added to the current of 
the original wave the total current becomes zero. 

The front of the current wave as shown in Fig. 14-2e is progressing toward 
the left. It should be specially emphasized that this does not imply any 
reversal of flow of current. The current was originally flowing from the 
battery toward the open end of the line, and it still does so, after reflection, 
in that part of the line which continues to carry current. It is only the 
propagation of the wave front, and not the actual total current, that re¬ 
verses direction when the wave is reflected. Current flows from left to 
right as the wave travels outward to charge the capacitance of the line to 
voltage E } and it continues to flow from left to right as the reflected wave 
returns, doubling the charge on the line as the voltage is raised to 2 E. 

The physical meaning of a negative current is a current flowing from 
right to left, whereas a positive current flows from left to right by definition. 
If positive voltage is being built up by positive charge on a transmission¬ 
line wire, and it is being supplied by current flowing from the left, that will 
be a positive current. If the same charge is supplied by current from the 
right, the current will be negative. That is why a positive voltage wave 
traveling from the left is accompanied by a positive current, whereas the 
same wave traveling from the right requires a negative current. 

When the wave of Fig. 14-2 reached the open end of its line, the boundary 
condition that determined the nature of the reflection was that, at the open 
end, there could be no current. At that point it must always be true that 
i = 0. From this fact we may find the reflected wave. 

Equation 14-8 describes the current at all points on the line, including a 
point just at the open end where the current is zero. If the length of the 
line is D, and voltage and current are given the subscript r at the open end 
of the line (the receiving end), the current 
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i r - tip tj + i»(p + ^ tj (14-20) 

Equation 14-20 is a function of time alone, for it describes the current at 
only one point: that is, at the receiving end of the line. It is made up of 
two parts; the first is due to the incident wave and the second to the reflected 
wave. Since the two terms must always add to zero, 

i 2 (D + vt) = — h(D — vt) (14-21) 

The two waves, in other words, must be equal and opposite at the terminat¬ 
ing point of the line. The function i 2 must therefore describe the same 
shape of wave as the function i u but it must be of negative polarity, it must 
travel in the opposite direction, and it must leave the receiving end of the 
line at the instant of arrival of the incident wave. 

The voltage of the reflected wave is related to the current of the reflected 
wave by Eq. 14-19; since the current of the reflected wave is opposite to the 
current of the incident wave, the voltage of the reflected wave is equal to the 
voltage of the incident wave. Total line voltage is the sum of the two waves, 
as in Eq. 14-7. 

So, by mathematical reasoning, the results of Fig. 14-2 are substantiated 



Voltage and current 



i-v L x L y L z 



(c) 


Fig. 14-3. Reflection at open- Fig. 14-4. Reflection at short-cir- 

circuited end. cuited end. 


and are generalized to apply to waves of any shape. Figure 14-3 shows the 
result of reflection of a wave that is not flat. A wave is approaching the end 
of the line in Fig. 14-3a. A short time later, as shown in Fig. 14-36, the 
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front part of the wave has been reflected. The voltage wave is reflected 
as if it had been folded back on itself, and total voltage is the sum of the 
two waves; voltage at the end is always twice the voltage of either wave 
alone. 2 The current wave is reflected with reversal of sign, and the current 
at the end is always (as it must be) zero. 

6. Reflection at Short Circuit. If the end of the line had been short- 
circuited instead of open, the action would have been entirely different. 
Figure 14-4a is a diagrammatic representation of a short-circuited line. 
As a traveling wave approaches the end, C x becomes charged through L x , 
and then L y begins to carry current to C v is charged to a voltage E, and 
L g begins to carry current. But C z can take no charge; it is short-circuited. 
Current will flow freely from L z through the short circuit and into the re¬ 
turn wire, like water from the open end of a pipe. So more and more current 
flows through L t until the charge on C y becomes exhausted. The current 
through L z and through the short circuit becomes 21 or twice as great as its 
normal value, and the voltage across C v falls to zero. Current and voltage 
at this instant are plotted in Fig. 14-46. A reflected wave reduces the 
voltage from E to zero, and increases current from I to 27, as the wave 
travels from right to left. 

The short circuit allows unlimited current at the end of the line, but it 
does not allow any voltage; the boundary condition is 

v r = 0 (14-22) 

Hence, from Eqs. 14-7 and 14-22, 

v 2 (D + vt) = —Vi (D — vt) (14-23) 

This means that at the terminal point the reflected voltage wave will be at 
all times equal and opposite to the incident voltage wave. It will travel 
from the terminal point toward the sending end of the line as a wave with 
the same shape as the incident wave. The negative reflected voltage wave 
will be accompanied by a positive reflected current wave, in accordance 
with Eq. 14-19. 

The total result of reflection at the short-circuited end of the line will be 
elimination of voltage at the end, and doubling of current. This effect is 
shown for a flat-topped wave in Fig. 14-46, and for a rounded wave in Fig. 
14-4c. This type of reflection is, in a sense, the inverse of that which occurs 
at the open end of a line, and the voltage waves in one case are exactly like 
the current waves in the other. 

7. Reflection from Terminal Resistance. If the transmission line is 
neither open nor short-circuited, but has resistance connected between the 

2 It is convenient, if inelegant, to say that the wave turns about and crawls over 
its own back. 
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receiving-end terminals, the boundary condition at the receiving end will 
determine the magnitude of the reflected wave*. The voltage across.the 
terminating resistance is v r and the current through the resistance is i r ; so if 
R is the amount of resistance it must always be true that 

V -f = R (14-24) 

The amount of the terminating resistance is the factor that determines, 
physically, the size of the reflected wave, and must therefore do so mathe¬ 
matically. We know that current and voltage are related in the incident 
wave by 

v l = ZoH (14-25) 

and in the reflected wave by 

v 2 = —Z 0 i 2 (14-26) 

We know further that the total voltage and current are the sums of the 
incident and reflected waves: 


v = v t +v 2 (14-27) 

and 

i = h + i 2 (14-28) 

At the receiving end of the line, these total values of voltage and current 
are v r and i r of Eq. 14-24, and by substituting in that equation we obtain 

V .' j~ V . 2 = R (14-29) 

'b “i ^2 

Current is eliminated from this expression by means of Eqs. 14-25 and 
14-26: 

-* 1 + V2 = R (14-30) 

Vi_ _ V2_ 

Zq Zq 

and this equation can be solved for the reflected voltage as a function of the 
incident voltage: 

= * Iri (14 ^ 1} 

Equation 14-31 relates the voltage of the two waves, at the receiving end, 
at each instant of time. Since it is true at every instant, it is true of the 
functions as a whole, and it tells us that, in general, the reflected wave from 
a terminal resistance will be a function of time of the same form pa the 
incident wave, but smaller by the factor of proportionality of Eq. 14-31. 
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It tells us, further, that if the terminating resistance is greater than the 
characteristic impedance Z Q , the reflected voltage will be of the same sign 
as the incident voltage. The limiting case is an open-ended line, for which 
R = 00 , making v 2 = v lt If, on the other hand, the terminating resistance 
is less than the characteristic impedance, the reflected voltage wave will be 
negative, subtracting from the incident wave. A short circuit is the extreme 
case, with R = 0, which makes v 2 = —v x . 

The wave of voltage reflected from a resistance load will of course be 
accompanied by a reflected wave of current. Since the reflected current is 
related to the reflected voltage by Eq. 14-26 it will be related to the 
incident current by 

<IM2) 

8. Reflection from Terminal Inductance. If a transmission line is 
terminated at the receiving end with a circuit or network other than pure 
resistance, the differential equation of the terminating equipment must be 
taken into account in computing the reflected wave on the line. Consider, 

as a first simple example, a line with pure 
inductance across the receiving terminals. 

Figure 14-5a shows such a line. A travel¬ 
ing wave arrives at the end and is reflected. 
It is reflected exactly as if the line were 
open at the receiving end, for at the very 
first instant the inductance can carry no 
current. The terminal voltage is therefore 
twice the wave voltage, momentarily, and 
the terminal current is zero for an instant. 
This condition is shown in Fig. 14-56. 

But there is voltage across the terminal 
inductance from the instant of arrival of 
the wave, so the inductance will begin to 
carry current. It will carry current more 
and more freely, as time passes, until at 
last it is practically equivalent to a short 
circuit and carries steady current with no terminal voltage. When the volt¬ 
age across the inductance has become zero, the current through it has be¬ 
come twice the current of the incident wave, as in the case of the short-cir¬ 
cuited line. This condition and the transition period are shown in Fig. 14-5c. 

As the inductance changes from an element that carries no current (and 
so reflects voltage with a positive sign) to an element that supports no 
voltage (and so reflects voltage with a negative sign), it passes through all 
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Fig. 14-5. Reflection at terminal 
inductance. 






Chap. 14] 


TRAVELING WAVES 


401 


intermediate stages and the reflected voltage changes gradually. As the 
reflected voltage changes, the terminal voltage across the inductance is 
reduced, and the rate of change of voltage is reduced also. The short-circuit 
condition at the terminals is therefore approached asymptotically, but 
never quite reached; it is reasonable to suppose that the voltage decreases 
according to an exponential law, and such is indeed the case. 

The mathematical determination of the wave reflected from terminal 
inductance is quite similar to the determination when the line is ended in 
pure resistance. And in the more general case, with inductance and resist¬ 
ance in series across the end of the line, the method is still similar. In 
every case the reflected wave is found by simultaneous solution of the 
transmission-line equations 14-25 to 14-28 with the equation that expresses 
the boundary, or terminal, conditions. When the line is terminated in 
resistance, the boundary condition is expressed by Eq. 14-24; that is, 

v r = Ri r (14-33) 

When there is inductance in series with the resistance, the boundary con¬ 
dition becomes 

tv = Rir + L ^ (14-34) 

Operating characteristics of the transmission line are now brought into 
the computation by substituting in Eq. 14-34 the group of Eqs. 14-25 to 
14-28; this gives the following equation which applies at the receiving end 
of the line: 

Solution for v 2 in terms of v 1 gives 

(8 + Z 0 )v 2 + — (R — Z 0 ) Vl + L ^ (14-36) 

In this differential equation, v l as a function of time is presumably known, 
for Vi is the incident wave that is arriving from the sending end of the line. 
The right-hand member of Eq. 14-36 may therefore be treated as a known 
function of time, and the equation is a first-order linear differential equar 
tion with constant coefficients. Its general solution is treated in calculus 
books or may be found in “Transient Electric Currents,” Eq. 89, Chap. Ill 
(Ref. 30). 

To study a simple case, let us consider that the incident wave is a flat- 
topped wave of constant voltage E, as in Fig. 14-5c. Equation 14-36 
becomes, for such a wave, 

(R + Z Q )v 2 + = (R - Z 0 )E 


(1*37) 
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This equation can be solved by separation of the variables: 

_ L dv 2 _, 

(R - Z 0 )E ~(R + Z 0 )v 2 ~ aC 

— (i2 + Z ) ^ ^ “ (ft + Z 0 )v 2 ] = t + C 


(14-38) 

(14-39) 


C is a constant of integration in this equation. By changing from the 
logarithmic form to the exponential form, and at the same time writing as 
K the exponential factor that contains the constant of integration, Eq. 
14-39 becomes 

_ R + Zp j 

(R - Z 0 )E - (R + Z 0 )v 2 = Ke L (14-40) 

The coefficient K must next be evaluated by means of known boundary 
conditions that relate v 2 and t. Characteristics of the terminating circuit of 
inductance and resistance must be considered. At the instant of arrival of 
the oncoming wave, the terminal circuit cannot carry finite current because 
of its inductance; consequently, the wave is fully reflected, and the voltage 
of the reflected wave (at that instant) is equal to the voltage of the incident 
wave. Symbolically, when 

t = 0 i = 0 

and therefore (14-41) 

v 2 = E 


It should be particularly noted that in this discussion we have arbitrarily 
chosen the reference time, t = 0, as the time of arrival of the incident wave 
at the receiving end of the line. 

Having introduced Eq. 14-41 into 14-40, the latter becomes 


-2 Z 0 E = K 

This gives the value of K for Eq. 14-40, and finally, 


v 2 = E 


R — Z 0 -b 2 Z 0 e 
R + Z 0 


(14-42) 


(14-43) 


Equation 14-43 does not describe a traveling wave. It gives voltage, as 
a function of time, at the receiving end of the line. But this voltage gen¬ 
erates a travelingjwave, and Eq. 14-43 becomes the equation of the traveling 
wave if (t + y/lcx) is substituted for t. 

In general, Eq. 14-43 describes a wave with initial height E , for this value 
appears when t = 0. As in Fig. 14-5c, the reflected wave changes expo¬ 
nentially until, at very large values of time, it approaches a size determined 
by the load resistance alone. The effect of load inductance disappears after 
sufficient time. 
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If there were no resistance at the receiving end, but only inductance, the 
result would be found from Eq. 14-43 by letting tt = 0. The reflected Wave 
would vary from E, initially, to — E, finally, as in Fig. 14-5c. 

It is interesting to notice that the reflected waves from all terminations 
that have been discussed (open, short-circuit, resistance, and inductance) 
can be found as special cases of Eq. 14-43. 

9. Reflection from Terminal Capacitance. If there is a condenser con¬ 
nected to the terminals of the line, it acts as a short circuit at the moment 
of arrival of the incident wave. At this instant, the reflected voltage wave 
is negative, for the terminal voltage is momentarily zero, and the current 
of the incident wave is, momentarily, doubled. As the condenser becomes 
charged, the terminal voltage rises. Finally the condenser becomes fully 
charged; it then behaves as an open circuit, for the terminal current is 
zero and the voltage of the incident wave is doubled. The curves of Fig. 
14-56 and c illustrate this case if the “current” curves are taken to illustrate 
voltage and the “voltage” waves are taken to illustrate current. 

The mathematical solution for the capacitive termination is like the 
solution for the inductive case, and will not be given. It introduces no new 
ideas. 

There is more practical importance in the case of a line with terminal 
condenser than might appear at first sight, owing to the paradox that for 
lightning waves a transformer acts as a capacitance rather than as an 
inductance. Lightning voltage arrives at a transformer as a traveling wave, 
and the front of the wave is so steep, and rises so suddenly to a maximum, 
that there is practically no time for current to start to flow through the 
large inductance of the transformer winding. But there is some small 
capacitance in the transformer from turn to turn, and from winding to 
core, and it is largely this capacitance, rather 
than the inductance, that determines the 
transformer’s reaction to lightning. 

10. Transmission-line Junctions. There 
must be some reflection of energy whenever 
any irregularity interferes with the propaga¬ 
tion of a wave. The end of the line is an inev¬ 
itable irregularity, but many others may be 
encountered also. Where the dimensions of a 
transmission line are changed, for instance, or 
two dissimilar lines are joined, there will be 
reflections as waves pass the junction. 

Figure 14-6a represents the junction of a line with wide spacing and a line 
with narrow spacing; the former has parameters l and c, and the latter V 
and c'. Since these are different, their ratios Z 0 and Z 0 ' will also be differ¬ 
ent. Let us assume that a wave of energy comes from the left; it enters, 


Z 0 > Zq , i 


l,c 




(«> 






(b) 


I 


33 


■’2 (C) 

Fig. 14-6. Reflection at a 
change of Z 0 . 
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that is, on the widely spaced line. It has a certain ratio of voltage to cur¬ 
rent, equal to Z 0 . It cannot pass the junction smoothly, for a wave on the 
narrowly spaced line must have a different ratio of voltage to current. So 
when the incident wave arrives at the junction there are two new waves 
formed; part of the incident energy is propagated on toward the right, and 
part is reflected back toward the left. 

Solution for the magnitudes of the transmitted and reflected waves is 
possible in either of two ways. Voltage and current of the waves on one 
side of the junction point can be equated to voltage and current of the wave 
on the other side, and since ratios of voltage to current are known from the 
characteristic impedances it is not difficult to solve for the unknown 
currents and voltages. But use may be made of a previous solution by 
considering that, as far as the incident wave is concerned, the second section 
of line could be replaced by a resistance equal to Z 0 '. This is possible 
because the current that enters the second line will be proportional at every 
instant to the voltage at the junction, just as it would be in a resistance. 

So the magnitude of the reflected voltage 
wave can be found from Eq. 14-31, which was 
derived for a terminal resistance, with Z 0 ' re¬ 
placing R. Reflected current can be found in 
the same way from Eq. 14-32. Transmitted 
voltage is then equal to the sum of the inci¬ 
dent and reflected waves at the junction 
point, and transmitted current to the sum 
of the incident and reflected current waves. 
An example is shown in 6 and c of Fig. 14-6. 

When a line divides, as in Fig. 14-7a, the 
same methods of reasoning can be applied. 
The two parts of the divided line will affect 
the incident wave as if they were two resist¬ 
ances in parallel at the junction, thereby de¬ 
termining the reflected wave. There will be 
two transmitted waves, with the same volt¬ 
age, but different currents as required by the 
Fig. 14-7. Reflection at a junc- different characteristic impedances. An ex- 
tion. ample appears in Fig. 14-76 and c. 

Other combinations of apparatus can be 
handled in the same manner. Always, the requirements of all lines and 
circuits must be satisfied simultaneously. 

11. Repeated Reflections. Only one reflection of an incident wave has 
been considered in the discussion thus far, but that initial reflection is in 
reality only the first of an infinite series. The incident wave is reflected on 
arrival at the receiving end of the line, and the reflected wave is reflected 
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again at the sending end. Like a ray of light between two mirrors, the 
electric wave goes repeatedly from end to end of the line until its energy is 
exhausted. 

It will be well to trace one or two typical cases. 3 Let us first consider a 
transmission line, open at the receiving end, to which a constant battery 
voltage E is suddenly applied at the sending end. The line is shown in 
Fig. 14-8a, and the incident wave in Fig. 14-86. At the receiving end, the 
current must always be zero, so when the incident wave of current reaches 
the end of the line it must necessarily produce a reflected wave with nega¬ 
tive current. The wave of negative current, when traveling toward the left, 
must be accompanied by a wave of positive voltage. Distribution of volt¬ 
age and current shortly after reflection are shown in Fig. 14-8c; the solid 
line shows total voltage and current, and the dash line indicates the travel¬ 
ing wave. 

When the first reflected wave arrives at the sending end of the line, it 
produces an unstable condition: it charges the line, as it travels, to voltage 
2E } while the sending end of the line is connected to the battery and can 
have no voltage other than the battery voltage E. On arrival of the wave 
at the sending end, the line, charged to 2 E, immediately starts to discharge 
again into the battery, and a traveling wave of voltage — E is sent out onto 
the line. It must be accompanied by a current wave, and since it moves 
with positive velocity the current will be of the same sign as the voltage, or 
—7. Conditions shortly after reflection at the sending end are shown 
in Fig. 14-8d. For the first time, current on the line has become nega¬ 
tive, indicating that charge is now flowing toward the battery instead of 
from it. 

This second incident wave soon reaches the receiving end, and is again 
reflected. The second incident wave is a negative wave, producing nega¬ 
tive current as it passes. But, again, there can be no current at the receiving 
end; so on the arrival of the second incident wave with negative current a 
second reflected wave with positive current must start toward the sending 
end. The positive current of the second reflected wave must be accompan¬ 
ied by a negative voltage wave (because the direction of travel is negative), 
and Fig. 14-8e shows the components of the second reflected wave. As the 
second reflected wave travels, it makes both total voltage and total current 
zero all along the line. 

Just as the first reflected wave produced conditions at the sending end of 
the line incompatible with the boundary condition of the connected battery, 
so the second reflected wave leaves the line in a condition that cannot 
continue to exist. It leaves the sending-end voltage zero, but the sending- 

3 Traveling waves on lines without loss are thoroughly treated by L. V. Bewley, 
“Traveling Waves on Transmission Systems” (Ref. 2). 
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end voltage must be E , so an incident wave with positive voltage is sent 
along the line. This is the third incident wave. 

The behavior of the wave need be traced no further, for the third incident 
wave is identical with the first incident wave; a cycle of operation has been 
completed, and Fig. 14-86 can illustrate the third incident wave, or the 
fifth incident wave, or the seventh, and so on. If it were true, as has been 
assumed, that the wave could travel without loss of energy, it would never 
cease to surge up and down the line. 



(b) Incident Wave 

2E 



(e) Second Reflected Wave 

Fig. 14-8. Repeated reflections, 
open circuit. 



(fc>) Incident Wave 


E 



(c) First Reflected Wave 


E 



(d) Second Incident Wave 


E 



(e) Second Reflected Wave 

Fig. 14-9. Repeated reflections, 
short circuit. 


A line short-circuited at the receiving end reflects waves in a different 
manner. Its action, neglecting energy loss, is shown in Fig. 14-9. Reflected 
waves are made necessary by the following boundary conditions: sending 
end voltage is always E and receiving end voltage is always zero. 

The first reflected wave must have negative voltage and will therefore 
have positive current. On reaching the sending end it makes necessary a 
second incident wave of positive voltage, accompanied by a wave of positive 
current. The voltage of the line is cyclic in this simple manner: a positive 
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(a) Shorted Line With Resistance 
__v(x,t) 


(b) before 


i(x.t) 

Reflection 

v 


13 . 
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wave goes out from the battery, and a negative wave returns. The current, 
however, is not cyclic at all, but continues to increase without limit as each 
reflection adds to its magnitude. 

If there is resistance in the short-circuited transmission line the current 
will increase, but not without limit. It will approach a final value of E/rD, 
where r is resistance per unit length and D the length of the line. The 
quantity rD is merely the d-c resistance of the line, and so it obviously 
limits the current in the steady state. When a wave travels along a line 
with resistance, it becomes smaller as it 
travels. If it is a wave produced by the 
sudden application of battery voltage, 
as in Figs. 14-8 and 14-9, the front of 
the wave decreases with time according 
to an exponential law; the wave is there¬ 
fore not flat-topped, but sloping, and 
slightly curved, as in Fig. 14-106. Re¬ 
flections of such a wave must satisfy the 
same terminal conditions as before: at 
the short-circuited receiving end, v = 0; 
at the sending end, v = E. A general 
indication of the shape of the waves 
and the effect of multiple reflections is 
given in Fig. 14-10. 

It will be observed that Fig. 14-10 
differs from Fig. 14-9 (which was drawn 
for the nondissipative line) primarily in 
that the traveling wave diminishes, and 
after several traverses of the line it be¬ 
comes almost negligible. Each traverse 
of the line, moreover, brings the current 
and voltage distribution closer to the 
steady-state conditions, as shown in 
Fig. 14-10e. 

The manner in which the wave changes 
as it travels is, in general, quite complicated. But there is one special case— 
the so-called distortionless line —in which the attenuation of the traveling 
wave is simple. 

12. The Distortionless Line. If r, l, c, and g —the resistance, inductance, 
capacitance, and conductance per unit length, respectively—are so propor¬ 
tioned that 


(c) After First Reflection 


Egg; 


(cO After Second Reflection 


I 

rO 


(e) Steady State 

Fio. 14-10. Reflection on a dissipa¬ 
tive line. 


r _ £ 
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a special case of wave transmission results. On such a line, a traveling 
wave from a battery will proceed outward, as in Fig. 14-106, diminishing 
exponentially, and the voltage at a point will rise to a specific value and will 
remain at that value thereafter—or until the reflected wave returns. This 
would seem to be the natural behavior of a line when our study of the non- 
dissipative line is considered, but it must be remembered that the nondissi- 
pative line is itself a special case that satisfies Eq. 14-44. In general the 
contrary is true: the voltage and current at a point will rise suddenly as the 
head of a wave passes and will continue to change gradually thereafter as 
functions of time. 

When a wave travels out upon a distortionless line from a battery of 
voltage E , the voltage at any point on the line that has been reached by the 
wave, traveling with speed s , is 

r r 

v = Ee “ (14-45) 

It will be seen that this voltage is a function of x, but not of time, indicating 
that after the arrival of the wave the voltage does not change. If battery 
voltage is applied to the sending end of a line for 0.001 second and is then 
removed, a wave is started out along the line. The traveling wave is shown 
in Fig. 14-1 la after the front of it has progressed some 250 miles. In Fig. 
14-116, the applied voltage at the sending end, as a function of time, is 

plotted as the rectangle marked x = 0. 
If the line is (list ortionless, so that Eq. 14-45 
applies, the voltage at a point 100 miles 
along the line will also be rectangular, when 
plotted with respect to time, but less in 
magnitude. It appears in the figure as the 
curve x — 100. The same may be said of 
the voltage where x equals 200, or 300, 
or at any other point. At points more dis¬ 
tant along the line the voltage as a func¬ 
tion of time is smaller, but it is the same 
function. This statement is not limited to 
waves of battery voltage, but may be ap¬ 
plied to any sort of wave whatever; it is 
because of this distinctive property that 
the line is called distortionless. 

Another aspect of the absence of dis¬ 
tortion is seen in the fact that the traveling wave itself (as a function of x) 
remains the same shape as it travels. It is important to notice that a flat- 
topped wave as a function of time (in Fig. 14-116) is not produced by a 
flat-topped wave as a function of distance, but by a wave whose top is an 



(a) 



Time, t 
<b> 

Fig. 14-11. Propagation on a dis¬ 
tortionless line. 
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exponential curve (Fig. 14-1 la). As this exponential wave travels, it 
retains the same shape but becomes uniformly smaller with time. This, 
also, is true of all traveling waves on distortionless lines. 

An analytical expression for voltage along a line after connection of a 
battery to the sending end was given in Eq. 14-45. It is of course accom¬ 
panied by a current wave. 



Proof of the correctness of Eqs. 14-45 and 14-46 is found on introducing 
them into the fundamental transmission-line equations 14-1 and 14-2. 

13. The General Transmission Line. If the transmission line is not dis¬ 
tortionless, its transient behavior is quite intricate. Sometimes the dis¬ 
tortion can be neglected. In Fig. 14-10, curves were drawn for a line with 
resistance but no leakage—a line that is consequently not without dis¬ 
tortion. They were drawn as if the voltage at each point of the line changed 
only as the head of the wave passed that point—an assumption that is 
contrary to fact except on a distortionless line. But in many cases the dis¬ 
tortion is so small that the assumption does not lead to a large degree of 
error, and this is most likely to be true if r 
and g are small compared to l and c. 

When there is distortion of a traveling v 
wave, its shape, as a function of distance, is 
changed as it travels. A rectangular wave 
does not remain rectangular; a wave with 
exponential top, as in Fig. 14-1 la, does not Distance, x 

continue in quite the same form. The effect Fig. 1412. Distortion of atrav- 
of distortion is to take energy from the head eling wave, 
of the wave and spread it back along the 

line, adding to the rear part of the wave and giving it a “tail.” Figure 14-12 
shows how the wave of Fig. 14-11, sent out from a battery on a line that is 
not distortionless, will leave energy behind as it travels. 

The main wave loses energy, on a line with distortion, not only in the 
resistance and conductance of the line, but also because energy is sent back 
along the line. As spray is driven from the front of an ocean wave by an 
opposing wind, to fall behind the wave or be blown back across the water, 
so energy is driven back from an electric wave on a line with distortion. 
It is only the very front of the wave that is diminished in a simple expo¬ 
nential manner as it travels, for it is only the front that cannot gain energy 
at the expense of a preceding portion of the wave. The front of a wave will 
always (according to the differential equations of the transmission line) 
travel with exactly the velocity 1/ y/h, regardless of loss; it will be dimin- 
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ished in a simple exponential manner with time, and the voltage and current 
at the wave front will always be related by the ratio Z 0 = y/TJc. 

When the line is not distortionless, each point of the line, as the wave 
passes, reflects continuously a small amount of energy —every point of the 
line that the wave had reached is contributing to the reflection—and the 
effect is distortion of the main wave and the growth of a “tail.” 

Derivation of the equations of traveling waves on transmission lines that 
involve distortion is too specialized a procedure to be given here, and the 
resulting equations, whether as integrals, infinite series, or Bessel functions, 
are not very useful unless their derivations are understood. Many books 
treat the subject quite fully and may be used as reference. 4 

Skin effect has an interesting influence on transient traveling waves. 
Skin effect is usually considered to be important at high frequency. More 
basically, it is important when the time rate of change of current is high. 
At a steep wave front, the rate of change of current is extremely high. The 
front of a traveling square wave, therefore, may encounter markedly higher 
resistance and slightly lower inductance than does the rest of the same wave, 
owing to the fact that current just at the front of the wave does not pene¬ 
trate very deeply into the conductor. This variability of r and l contributes 
slightly to the distortion of a traveling wave, particularly in rounding the 
sharp comers of the wave front. 5 6 

14. Speed of Wave Travel. It has been stated in this chapter that 
traveling waves have a definite velocity, determined by the parameters 
of the line, equal to 1 / y/lc. This seems, at first, to be at variance with 
the well-known fact that, in the steady state, sinusoidal waves of low 
frequency appear to travel more slowly than sinusoidal waves of high 
frequency. But the lower speed in the steady state is merely apparent, 
not real, for it is the combined result of true velocity and distortion. If 
there is no distortion, r, g , l, and c being properly related, the velocity of 
all waves is 1/ y/k. 

When a sinusoidal wave of a steady-state wave-train is distorted as it 
travels, the distortion takes a very special and peculiar form. Energy is 
removed from the front of the wave, and added to the back of the wave, 
by the distortion, in such a way that the distorted wave is still sinusoidal 
but appears not to have progressed as far as a square wave, for example, 
would obviously have done. 

This type of distortion, which does not appear to be distortion but does 

4 For instance, V. Bush, “Operational Circuit Analysis” (Ref. 4); or L. F. 

Woodruff, “Principles of Electric Power Transmission” (Ref. 38). 

6 Another type of distortion not to be derived from the differential equations of 
the transmission line is treated by H. H. Skilling and P. de K. Dykes, Distortion of 
Traveling Waves by Corona, Trans . AIEE , 1937, p. 850. 
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appear to be a change of velocity, can take place only in the steady fetate. 
Moreover, it can take place only in a sinusoidal wave. If the steady-state 
wave is not sinusoidal, it will be distorted in such a way that each sinusoidal 
component will appear to have a different speed. A single traveling wave 
will never appear to have reduced velocity, for it is not subject to this 
type of distortion. 

15. Transition to Steady State. The traveling waves that run back and 
forth many times on a transmission line after the sudden application of 
voltage (or other sudden change) constitute a transient state of operation 
that merges gradually into the steady state. Every reflection of the 
transient traveling wave, since it must necessarily be such as to satisfy 
the terminal boundary conditions, brings the total distribution of voltage 
and current on the line closer to the steady-state distribution. In Fig. 
14-10, for example, each transient condition shown brings voltage and 
current distribution closer to the steady state, and the traveling waves 
grow continually smaller. Eventually the traveling waves disappear, and 
the steady state is established. 

In Fig. 14-10, a battery voltage is applied and the steady state is direct 
current. If the applied voltage were alternating, the situation would be 
only a little more complicated. 

Assume a line that is several wavelengths long, with small but appre¬ 
ciable losses, and terminal equipment at each end with some arbitrary 
amount of impedance. Alternating voltage is suddenly applied at the 
sending end; a traveling wave goes out onto the line. It has an abruptly 
rising front the height of which is equal to the instantaneous voltage at the 
instant of application, and thereafter a sinusoidal form. When the wave 
front reaches the receiving end of the line, there is partial reflection and 
a smaller wave returns. When the front of the reflected wave reaches the 
sending end, there is again partial reflection, and a still smaller wave starts 
toward the load. When this arrives at the receiving end, there is again 
partial reflection, and so on. Each wave grows smaller as it travels, and 
each reflection reduces the size of the wave. 

Each of the many traveling waves adds a small alternating component 
to the total voltage and current at every point on the line. At every point, 
therefore, the voltage and current approach their steady-state values by 
an infinite series of steps. (Only in a completely nondissipative system 
will the traveling waves go on forever.) 

Eventually, then, the steady state is reached. In the alternating steady 
state, as considered in Chap. 1, the net effect is one steady sinusoidal wave 
traveling from generator to load, and one reflected wave from load to 
generator. The steady-state incident wave is the sum of all the transient 
wavelets traveling from generator toward load—the initial transient wave 
and all the later partial reflections from the generator end. The steady- 
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state reflected wave is similarly made up of all the series of transient 
wavelets reflected from the load. 

Mathematically, consider that a sinusoidal voltage V, is suddenly applied 
to the sending end of a line (dissipative but distortionless) and a traveling 
wave starts out upon the line. The reflection factor at the receiving end 
is p, and p may have any complex value. Let us assume that the generator 
is without impedance, so that any wave arriving at the transmitting end 
of the line is totally reflected with reversal of voltage; the reflection factor 
at the sending end is thus —1. The traveling wave will follow a schedule 
such as this: 

Starts from generator: V, 

Arrives at receiver: V,e~ iBx 
Reflected from receiver: pV a e~ 1B * 

Arrives at generator: p7.e~ ,2Bx 
Reflected from generator: — pV a e~ i2B * 

Arrives at receiver: — pV a e~ lZBx 
Reflected from receiver: — p 2 V a e~ iZBm 
Arrives at generator: — p 2 V a e~ tABx 
Reflected from generator: p 2 V,e~ i4Bx 
Arrives at receiver: p 2 V a e~ l5Bx 
Etc. 

The total voltage of the steady-state incident wave at the receiver is found 
by adding the voltages of the many traveling wavelets that arrive at the 
receiving end: 

F, = V a e~* Bx - pV a e~ i3Bx + p 2 V a e' i5Bs 

= VjT iB \l - pe~ i2Bx + p 2 e~’ 4Bx - •••) (14-47) 

The steady state is found by allowing time for an unlimited number of 
reflections. The series in parentheses is then an infinite series, and this 
infinite series is recognized as the expansion of a simple function, making 

r - - r ^irr^) aM8 > 

from which 

V. = Vt(e iBx + pe~ iBx ) = V ie iB ‘ + V*r ,Bx (14-49) 

Thus Vi, the sum of all the transient wavelets that arrive at the receiving 
end of the line, is identified with the steady-state incident wave, and simi¬ 
larly the sum of all the transient wavelets that travel toward the generator 
can be identified with V„. 

If the generator has internal impedance, the behavior of the traveling 
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waves is much the same. An appropriate reflection factor then, appears 
when transient waves are reflected at the generator end of the line and, as 
in the above example, the sum of the transient waves converges on the 
steady state. 

Thus nature is ingeniously able to satisfy conditions that must exist at 
the generator, and at the same time to satisfy other conditions that must 
be met at the load, and all the while to satisfy the transmission-line re¬ 
quirements symbolized by the partial differential equations. Such is the 
response of the line to any arbitrary disturbance that one may choose to 
impose. The beauty of this phenomenon is worth contemplation. 


PROBLEMS 

14-1. A transmission line is uniformly charged, from end to end, to voltage E. 
Both ends are open. One end is then suddenly short-circuited. Plot current at the 
short-circuited end as a function of time. Plot both voltage and current at the 
mid-point of the line as functions of time. Neglect loss. 

14-2. A transmission line (uncharged) is open-circuited at both ends. A battery 
of constant voltage E is suddenly connected across the line at a point one-third of 
the length from one end. Plot battery current as a function of time. Plot voltage 
at one end of the line as a function of time. Neglect loss. 

14-3. A transmission line is terminated in resistance equal to 2Z 0 . The internal 
impedance of the battery (Fig. 14-8) is also 2Z 0 . Plot current and voltage along the 
line shortly after the first, second, third, and fourth reflections. 

14-4. A transmission line is terminated in resistance equal to \Z 0 . The internal 
impedance of the battery (Fig. 14-8) is 2Z 0 . Plot current and voltage along the 
line shortly after the first, second, third, and fourth reflections. 

14-5. A transmission line has neither charge nor current. A battery of constant 
voltage E is suddenly connected into one of the line conductors at the mid-point of 
the line (a series, not a shunt, connection). Sketch the waves that start along the 
line (shortly after the battery is inserted), and show that they satisfy Eqs. 14-18 and 
14-19 as well as give continuity of voltage and current. 

14-6. Plot battery current in Fig. 14-10 as a function of time. Do the same for 
an open-circuited line with moderate losses. 

14-7. Repeat Prob. 14-1, giving approximate curves for current and voltage if 
there is a moderate amount of line loss. Show how the steady state is approached. 

14-8. Repeat Prob. 14-2, giving approximate curves for current and voltage if 
there is a moderate amount of line loss. Show how the steady state is approached. 

14-9. A transmission line is terminated in a series-resonant circuit of inductance 
and capacitance with a natural period much less than the time required for a wave 
to travel the length of the line. Sketch current and voltage along the line at several 
instants after reflection. A qualitative solution is sufficient. 

14-10. Simulating the result of lightning, charge is placed on one section of a 
transmission line. That section (isolated by a disconnecting switch at each end) is 
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uniformly charged to voltage E, and the rest of the line is uncharged. Charge is 
suddenly allowed to flow from the charged section to the rest of the line (by simul¬ 
taneously closing the disconnecting switches). Plot voltage and current at several 
later instants to show the waves that travel in both directions. 

14-11. An isolated line is uniformly charged to voltage E . A resistance equal to 
Z Q is suddenly connected across one end of the line. Plot voltage across the resist¬ 
ance as a function of time. 

14-12. A pulse-forming circuit (as in radar) uses the principle of the line of 
Prob. 14-11, but employs an artificial line rather than a line with distributed con¬ 
stants. The circuit is similar to that of Fig. 14-1, with a resistance equal to Z Q sub¬ 
stituted for the battery. Design a line, with Z 0 = 50 ohms, to give a 1-microsecond 
pulse; use four sections of artificial line. 

14-13. Considering the artificial line of Prob. 14-12 as a filter, what is its cutoff 
frequency? How does this affect the shape of the pulses obtained? 

14-14. High-voltage traveling waves, notably those caused by lightning, are 
rapidly reduced in size as energy is dissipated in corona loss. Discuss the differ¬ 
ences between this effect and the type of loss included in Eqs. 14-1 and 14-2 [see 
Sec. 13, Chap. 9; also H. H. Skilling and P. de K. Dykes, Distortion of Traveling 
Waves by Corona, Trans . AIEE> 1937, p. 850, or Westinghouse “Reference Book,” 
p. 287 (Ref. 18)]. 
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SINES, COSINES, AND TANGENTS OF NUMBERS 


This is a condensed table, making use of the repetitive nature of the trigonometric 
functions. The three right-hand columns give sin x, cos x, and tan x; the first column 
on the left gives x if the value of x is between 0 and x/2. Since the trigonometric func¬ 
tions repeat, except for change of sign, as x increases from t/2 to ir, from ir to 3ir/2, and 
again from 3 tt/ 2 to 2ir, the values of the argument x for these various ranges can be 
tabulated in the second, third, and fourth columns from the left. The table is then 
useful for any value of x from 0 to 2t. However, the values of x in the second, third, 
and fourth columns are not rational numbers; they are given to five significant figures 
(the last two significant figures, being the same throughout each column, are omitted 
from four out of each group of five numbers) and a good degree of accuracy is possible 
by careful interpolation. If only three significant figures are used, and interpolation is 
not done, the accuracy is nearly that of ordinary slide-rule computation, and this is 
often as good as physical data warrant. 

The algebraic sign of the trigonometric functions alternates periodically, and the 
sign to be used is indicated at the head of each column: thus, t+ indicates that the 
tangent is positive for values of x in the column below. 

Since the functions are repetitive in both sign and magnitude, any multiple of 2ir 
may be subtracted from or added to any value of x , and by this means any argument 
may be brought within the range of this table. 

Summary of Instructions for Use of Table 

If x is between 0 and 1.5708, read x in column 1. 

If between 1.5708 and 3.1416, read x in column 2. 

If between 3.1416 and 4.7124, read x in column 3. 

If between 4.7124 and 6.2832, read x in column 4. 

For higher values of x, subtract even multiples of 6.2832. 

The sign to be attached to sin x, cos x, and tan x is indicated at the head of the appro¬ 
priate column for x. If x is negative, use the table as if for positive x but reverse the 
sign of sine and tangent. 

Example: 

tan 2.1516 - -1.5237 
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•+ 

c+ 

t+ 

8+ 

c— 

t- 

8 — 

c— 

t+ 

8 — 
c+ 
t- 

sin x 

COS X 

tan x 

0.00 

3.1416 

3.1416 

6.2832 

0.0000 

1.0000 

0.0000 

01 

13 

15 

27 

0100 

1.0000 

0100 

02 

12 

16 

26 

0200 

0.9998 

0200 

03 

11 

17 

25 

0300 

9996 

0300 

04 

10 

18 

24 

0400 

9992 

0400 

0.05 

3.0916 

3.1916 

6.2332 

0.0500 

0.9988 

0,0500 

06 

08 

20 

22 

0600 

9982 

0601 

07 

07 

21 

21 

0699 

9976 

0701 

08 

06 

22 

20 

0799 

9968 

0802 

09 

05 

23 

19 

0899 

9960 

0902 

0.10 

3.0416 

3.2416 

6.1832 

0.0998 

0.9950 

0.1003 

11 

03 

25 

17 

1098 

9940 

1105 

12 

02 

26 

16 

1197 

9928 

1206 

13 

01 

27 

15 

1296 

9916 

1307 

14 

3.0016 

28 

14 

1395 

9902 

1409 

0.15 

2.9916 

3.2916 

6.1332 

0.1494 

0.9888 

0.1511 

16 

98 

30 

12 

1593 

9872 

1614 

17 

97 

31 

11 

1692 

9856 

1717 

18 

96 

32 

10 

1790 

9838 

1820 

19 

95 

33 

09 

1889 

9820 

1923 

0.20 

2.9416 

3.3416 

6.0832 

0.1987 

0.9801 

0.2027 

21 

93 

35 

07 

2085 

9780 

2131 

22 

92 

36 

06 

2182 

9759 

2236 

23 

91 

37 

05 

2280 

9737 

2341 

24 

90 

38 

04 

2377 

9713 

2447 

0.25 

2.8916 

3.3916 

6.0332 

0.2474 

0.9689 

0.2553 

26 

88 

40 

02 

2571 

9664 

2660 

27 

87 

41 

01 

2667 

9638 

2768 

28 

86 

42 

6.0032 

2764 

9611 

2876 

29 

85 

43 

5.9932 

2860 

9582 

2984 

0.30 

2.8416 

3.4416 

5.9832 

0.2955 

0.9553 

0.3093 

31 

83 

45 

97 

3051 

9523 

3203 

32 

82 

46 

96 

3146 

9492 

3314 

33 

81 

47 

95 

3240 

9460 

3425 

34 

80 

48 

94 

3335 

9428 

3537 

0.35 

2.7916 

3.4916 

5.9332 

0.3429 

0.9394 

0.3650 

36 

78 

50 

92 

3523 

9359 

3764 

37 

77 

51 

91 

3616 

9323 

3879 

38 

76 

52 

90 

3709 

9287 

3994 

39 

75 

53 

89 

3802 

9249 

4111 




APPENDIX 


417 


2 


8+ 
c+ 
t + 

8+ 

C— 

t- 

a— 

c— 

*+ 

a— 

c+ 

t- 

sin x 

COS X 

tan x 

0.40 

2.7416 

3.5416 

5.8832 

0.3894 

0.9211 

0.4228 

41 

73 

55 

87 

3986 

9171 

4346 

42 

72 

56 

86 

4078 

9131 

4466 

43 

71 

57 

85 

4169 

9090 

4586 

44 

70 

58 

84 

4259 

9048 

4708 

0.45 

2.6916 

3.5916 

5.8332 

0.4350 

0.9004 

0.4831 

46 

68 

60 

82 

4439 

8961 

4955 

47 

67 

61 

81 

4529 

8916 

5080 

48 

66 

62 

80 

4618 

8870 

5206 

49 

65 

63 

79 

4706 

8823 

5334 

0.50 

2.6416 

3.6416 

5.7832 

0.4794 

0.8776 

0.5463 

51 

63 

65 

77 

4882 

8727 

5594 

52 

62 

66 

76 

4969 

8678 

5726 

53 

61 

67 

75 

5055 

8628 

5859 

54 

60 

68 

74 

5141 

8577 

5994 

0.55 

2.5916 

3.6916 

5.7332 

0.5227 

0.8525 

0.6131 

56 

58 

70 

72 

5312 

8473 

6270 

57 

57 

71 

71 

5396 

8419 

6410 

58 

56 

72 

70 

5480 

8365 

6552 

59 

55 

73 

69 

5564 

8309 

6696 

0.60 

2.5416 

3.7416 

5.6832 

0.5646 

0.8253 

0.6841 

61 

53 

75 

67 

5729 

8196 

6989 

62 

52 

76 

66 

5810 

8139 

7139 

63 

51 

77 

65 

5891 

8080 

7291 

64 

50 

78 

64 

5972 

8021 

7445 

0.65 

2.4916 

3.7916 

5.6332 

0.6052 

0.7961 

0.7602 

66 

48 

80 

62 

6131 

7900 

7761 

67 

47 

81 

61 

6210 

7838 

7922 

68 

46 

82 

60 

6288 

7776 

8087 

69 

45 

83 

59 

6365 

7712 

8253 

0.70 

2.4416 

3.8416 

5.5832 

0.6442 

0.7648 

0.8423 

71 

43 

85 

57 

6518 

7584 

8595 

72 

42 

86 

56 

6594 

7518 

8771 

73 

41 

87 

55 

6669 

7452 

8949 

74 

40 

88 

54 

6743 

7385 

9131 

0.75 

2.3916 

3.8916 

5.5332 

0.6816 

0.7317 

0.9316 

76 

38 

90 

52 

6889 

7248 

9504 

77 

37 

91 

51 

6961 

7179 

9697 

78 

36 

92 

50 

7033 

7109 

0.9893 

79 

35 

93 

49 

7104 

7038 

1.0092 
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x 


*+ 

C+ 

t+ 

«+ 

c— 

t- 

s — 

c— 

t+ 

$ — 
c+ 

t- 

sin x 

COS X 

tan x 

0.80 

2.3416 

3.9416 

5.4832 

0.7174 

0.6967 

1.0296 

81 

33 

95 

47 

7243 

6895 

0505 

82 

32 

96 

46 

7311 

6822 

0717 

83 

31 

97 

45 

7379 

6749 

0934 

84 

30 

98 

44 

7446 

6675 

1156 

0.85 

2.2916 

3.9916 

5.4332 

0.7513 

0.6600 

1.1383 

86 

28 

4.0016 

42 

7578 

6524 

1616 

87 

27 

01 

41 

7643 

6448 

1853 

88 

26 

02 

40 

7707 

6372 

2097 

89 

25 

03 

39 

7771 

6294 

2346 

0.90 

2.2416 

4.0416 

5.3832 

0.7833 

0.6216 

1.2602 

91 

23 

05 

37 

7895 

6137 

2864 

92 

22 

06 

36 

7956 

6058 

3133 

93 

21 

07 

35 

8016 

5978 

3409 

94 

20 

08 

34 

8076 

5898 

3692 

0.95 

2.1916 

4.0916 

5.3332 

0.8134 

0.5817 

1.3984 

96 

18 

10 

32 

8192 

5735 

4284 

97 

17 

11 

31 

8249 

5653 

4592 

98 

16 

12 

30 

8305 

5570 

4910 

0.99 

15 

13 

29 

8360 

5487 

5237 

1.00 

2.1416 

4.1416 

5.2832 

0.8415 

0.5403 

1.5574 

01 

13 

15 

27 

8468 

5319 

5922 

02 

12 

16 

26 

8521 

5234 

6281 

03 

11 

17 

25 

8573 

5148 

6652 

04 

10 

18 

24 

8624 

5062 

7036 

1.05 

2.0916 

4.1916 

5.2332 

0.8674 

0.4976 

1.7433 

06 

08 

20 

22 

8724 

4889 

7844 

07 

07 

21 

21 

8772 

4801 

8270 

08 

06 

22 

20 

8820 

4713 

8712 

09 

05 

23 

19 

8866 

4625 

9171 

1.10 

2.0416 

4.2416 

5.1832 

0.8912 

0.4536 

1.9648 

11 

03 

25 

17 

8957 

4447 

2.0143 

12 

02 

26 

16 

9001 

4357 

0660 

13 

01 

27 

15 

9044 

4267 

1198 

14 

2.00 

28 

14 

9086 

4176 

1759 

1.15 

1.9916 

4.2916 

5.1332 

0.9128 

0.4085 

2.2345 

16 

98 

30 

12 

9168 

3993 

2958 

17 

97 

31 

11 

9208 

3902 

3600 

18 

96 

32 

10 

9246 

3809 

4273 

19 

95 

33 

09 

9284 

3717 

4979 
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X 


$+ 

c+ 

<+ 

«+ 

c— 

t- 

8 — 

c— 

<+ 

8 — 

C+ 

t- 

sin x 

COS X 

tan x 

1.20 

1.9416 

4.3416 

5.0832 

0.9320 

0.3624 

2.5722 

21 

93 

35 

07 

9356 

3530 

6503 

22 

92 

36 

06 

9391 

3436 

7328 

23 

91 

37 

05 

9425 

3342 

8198 

24 

90 

38 

04 

9458 

3248 

2.9119 

1.25 

1.8916 

4.3916 

5.0332 

0.9490 

0.3153 

3.0096 

26 

88 

40 

02 

9521 

3058 

1133 

27 

87 

41 

01 

9551 

2963 

2236 

28 

86 

42 

5.0032 

9580 

2867 

3413 

29 

85 

43 

4.9932 

9608 

2771 

4672 

1.30 

1.8416 

4.4416 

4.9832 

0.9636 

0.2675 

3.6021 

31 

83 

45 

97 

9662 

2578 

3.7471 

32 

82 

46 

96 

9687 

2482 

3.9033 

33 

81 

47 

95 

9711 

2385 

4.0723 

34 

80 

48 

94 

9735 

2288 

4.2556 

1.35 

1.7916 

4.4916 

4.9332 

0.9757 

0.2190 

4.4552 

36 

78 

50 

92 

9779 

2092 

4.6734 

37 

77 

51 

91 

9799 

1994 

4.9131 

38 

76 

52 

90 

9818 

1896 

5.1774 

39 

75 

53 

89 

9837 

1798 

5.4707 

1.40 

1.7416 

4.5416 

4.8832 

0.9854 

0.1700 

5.7979 

41 

73 

55 

87 

9871 

1601 

6.1654 

42 

72 

56 

86 

9887 

1502 

6.5811 

43 

71 

57 

85 

9901 

1403 

7.0555 

44 

70 

58 

84 

9915 

1304 

7.6018 

1.45 

1.6916 

4.5916 

4.8332 

0.9927 

0.1205 

8.2381 

46 

68 

60 

82 

9939 

1106 

8.9886 

47 

67 

61 

81 

9949 

1006 

9.8874 

48 

66 

62 

80 

9959 

0907 

10.983 

49 

65 

63 

79 

9967 

0807 

12.350 

1.50 

1.6416 

4.6416 

4.7832 

0.9975 

0.0707 

14.101 

51 

63 

65 

77 

9982 

0608 

16.428 

52 

62 

66 

76 

9987 

0508 

19.670 

53 

61 

67 

75 

9992 

0408 

24.498 

54 

60 

68 

74 

9995 

0308 

32.461 

1.55 

1.5916 

4.6916 

4.7332 

0.9998 

0.0208 

48.078 

1.56 

1.5816 

4.7016 

4.7232 

0.9999 

0.0108 

92.621 

1.57 

1.5716 

4.7116 

4.7132 

1.0000 

0.0008 

1255.8 

1.5708 

4.7124 

1.0000 

0.0000 

Inf. 
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HYPERBOLIC AND EXPONENTIAL FUNCTIONS 


x sinh x cosh x 


0.00 

0.0000 

1.0000 

01 

0100 

0001 

02 

0200 

0002 

03 

0300 

0004 

04 

0400 

0008 

0.05 

0.0500 

1.0012 

06 

0600 

0018 

07 

0701 

0024 

08 

0801 

0032 

09 

0901 

0040 

0.10 

0.1002 

1.0050 

11 

1102 

0061 

12 

1203 

0072 

13 

1304 

0085 

14 

1405 

0098 

0.15 

0.1506 

1.0113 

16 

1607 

0128 

17 

1708 

0145 

18 

1810 

0162 

19 

1912 

0181 

0.20 

0.2013 

1.0201 

21 

2116 

0221 

22 

2218 

0243 

23 

2320 

0266 

24 

2423 

0289 

0.25 

0.2526 

1.0314 

26 

2629 

0340 

27 

2733 

0367 

28 

2837 

0395 

29 

2941 

0424 

0.30 

0.3045 

1.0453 

31 

3150 

0484 

32 

3255 

0516 

33 

3360 

0550 

34 

3466 

0584 


tanh x e* e“* 


0.0000 

1.0000 

1.0000 

0100 

0101 

0.9900 

0200 

0202 

9802 

0300 

0305 

9704 

0400 

0408 

9608 

0.0500 

1.0513 

0.9512 

0599 

0618 

9418 

0699 

0725 

9324 

0798 

0833 

9231 

0898 

0942 

9139 

0.0997 

1.1052 

0.9048 

1096 

1163 

8958 

1194 

1275 

8869 

1293 

1388 

8781 

1391 

1503 

8694 

0.1489 

1.1618 

0.8607 

1587 

1735 

8521 

1684 

1853 

8437 

1781 

1972 

8353 

1878 

2092 

8270 

0.1974 

1.2214 

0.8187 

2070 

2337 

8106 

2165 

2461 

8025 

2260 

2586 

7945 

2355 

2712 

7866 

0.2449 

1.2840 

0.7788 

2543 

2969 

7711 

2636 

3100 

7634 

2729 

3231 

7558 

2821 

3364 

7483 

0.2913 

1.3499 

0.7408 

3004 

3634 

7334 

3095 

3771 

7261 

3185 

3910 

7189 

3275 

4049 

7118 
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sinh x 

cosh x 

tanh x 

€P 

er ■* 

0.3572 

1.0619 

0.3364 

1.4191 

0.7047 

3678 

0655 

3452 

4333 

6977 

3785 

0692 

3540 

4477 

6907 

3892 

0731 

3627 

4623 

6839 

4000 

0770 

3714 

4770 

6771 

0.4108 

1.0811 

0.3800 

1.4918 

0.6703 

4216 

0852 

3885 

5068 

6637 

4325 

0895 

3969 

5220 

6570 

4434 

0939 

4053 

5373 

6505 

4543 

0984 

4136 

5527 

6440 

0.4653 

1.1030 

0.4219 

1.5683 

0.6376 

4764 

1077 

4301 

5841 

6313 

4875 

1125 

4382 

6000 

6250 

4986 

1174 

4462 

6161 

6188 

5098 

1225 

4542 

6323 

6126 

0.5211 

1.1276 

0.4621 

1.6487 

0.6065 

5324 

1329 

4700 

6653 

6005 

5438 

1383 

4777 

6820 

5945 

5552 

1438 

4854 

6989 

5886 

5666 

1494 

4930 

7160 

5827 

0.5782 

1.1551 

0.5005 

1.7333 

0.5770 

5897 

1609 

5080 

7507 

5712 

6014 

1669 

5154 

7683 

5655 

6131 

1730 

5227 

7860 

5599 

6248 

1792 

5299 

8040 

5543 

0.6366 

1.1855 

0.5370 

1.8221 

0.5488 

6485 

1919 

5441 

8404 

5434 

6605 

1984 

5511 

8589 

5379 

6725 

2051 

5580 

8776 

5326 

6846 

2119 

5649 

8965 

5273 

0.6968 

1.2188 

0.5717 

1.9155 

0.5220 

7090 

2258 

5784 

9348 

5169 

7213 

2330 

5850 

9542 

5117 

7336 

2402 

5915 

9739 

5066 

7461 

2476 

5980 

9937 

5016 

0.7586 

1.2552 

0.6044 

2.0138 

0.4966 

7712 

2628 

6107 

0340 

4916 

7838 

2706 

6169 

0544 

4868 

7966 

2785 

6231 

0751 

4819 

8094 

2865 

6292 

0959 

4771 

0.8223 

1.2947 

0.6352 

2.1170 

0.4724 

8353 

3030 

6411 

1383 

4677 

8484 

3114 

6469 

1598 

4630 

8615 

3199 

6527 

1815 

4584 

8748 

3286 

6584 

2034 

4538 
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X 

sinh x 

cosh x 

tanh x 

e* 

e“* 

0.80 

0.8881 

1.3374 

0.6640 

2.2255 

0.4493 

81 

9015 

3464 

6696 

2479 

4449 

82 

9150 

3555 

6751 

2705 

4404 

83 

9286 

3647 

6805 

2933 

4360 

84 

9423 

3740 

6858 

3164 

4317 

0.85 

0.9561 

1.3835 

0.6911 

2.3396 

0.4274 

86 

9700 

3932 

6963 

3632 

4232 

87 

9840 

4029 

7014 

3869 

4190 

88 

9981 

4128 

7064 

4109 

4148 

89 

1.0122 

4229 

7114 

4351 

4107 

0.90 

1.0265 

1.4331 

0.7163 

2.4596 

0.4066 

91 

0409 

4434 

7211 

4843 

4025 

92 

0554 

4539 

7259 

5093 

3985 

93 

0700 

4645 

7306 

5345 

3946 

94 

0847 

4753 

7352 

5600 

3906 

0.95 

1.0995 

1.4862 

0.7398 

2.5857 

0.3867 

96 

1144 

4973 

7443 

6117 

3829 

97 

1294 

5085 

7487 

6379 

3791 

98 

1446 

5199 

7531 

6645 

3753 

99 

1598 

5314 

7574 

6912 

3716 

1.00 

1.1752 

1.5431 

0.7616 

2.7183 

0.3679 

1.10 

3356 

6685 

8005 

3 0042 

3329 

1.20 

5095 

8107 

8336 

3.3201 

3012 

1.30 

6984 

9709 

8617 

3.6693 

2725 

1.40 

9043 

2.1509 

8854 

4.0552 

2466 

1.50 

2.1293 

2.3524 

0.9052 

4.4817 

0.2231 

1.60 

3756 

5775 

9217 

4.9530 

2019 

1.70 

6456 

8283 

9354 

5.4739 

1827 

1.80 

9422 

3.1075 

9468 

6.0496 

1653 

1.90 

3.2682 

4177 

9562 

6.6859 

1496 

2.00 

3.6269 

3.7622 

0.9640 

7.3891 

0.1353 

2.10 

4.0219 

4.0219 

9704 

8.1662 

1225 

2.20 

4.4571 

4.4571 

9757 

9.0250 

1108 

2.30 

4.9370 

4.9370 

9801 

9.9742 

1003 

2.40 

5.4662 

5.4662 

9837 

11.023 

0907 

2.50 

6.0502 

6.1323 

0.9866 

12.182 

0.0821 

2.60 

6.6947 

6.7690 

9890 

13.464 

0743 

2.70 

7.4063 

7.4735 

9910 

14.880 

0672 

2.80 

8.1919 

8.2527 

9926 

16.445 

0608 

2.90 

9.0596 

9.1146 

9940 

18.174 

0550 

3.00 

10.0179 

10.0677 

0.9950 

20.086 

0.0498 

3.50 

16.5426 

16.5728 

9982 

33.115 

0302 

4.00 

27.2899 

27.3082 

9993 

54.598 

0183 

4.50 

45.0030 

45.0141 

9998 

90.017 

0111 

5.00 

74.2032 

74.2099 

9999 

148.41 

0067 
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POWER-LINE REACTANCE TABLES 


Conductor component x a and spacing component Xd of 60-cycle reactance and con¬ 
ductor resistance are given in the following Tables A3-1, A3-2, A3-3, and A3-4. 

Conductor component xd and spacing component xj of 60-cycle shunt capacitive 
reactance are given in Tables A3-1, A3-2, A3-5, and A3-6. 

Three-phase Line. The ordinary impedance of a three-phase line is zi « r tt 4* 
j(x a + xa) ohms (to neutral) per mile of conductor (see Sec. 12, Chap. 6). 

The ordinary shunt capacitive reactance is xd = xd 4- xd, the reciprocal of which 
(if the line has negligible shunt conductance) is the shunt admittance y; xd is given in 
megohms to neutral per mile of conductor, yielding y in micromhos to neutral per mile 
of conductor (see Sec. 15, Chap. 6). 

These, zi and xd, are positive sequence quantities. For studies of unbalanced cur¬ 
rents, the negative-sequence quantities z 2 and xd, are used, and also the zero-sequence 
quantities z 0 and xd (see equations with Tables A3-3 and A3-5). 

Single-phase Line . Impedance of a single-phase circuit of two identical conductors is 
z = 2zi ohms per mile of two-wire line. The shunt capacitive reactance is x' — 2x\ 
megohms per mile of two-wire line. 

Impedance of a single-phase circuit of one conductor and earth return is r« + \r 9 + 
j(x a + \x 9 ). The shunt capacitive reactance of such an earth-return circuit is xd + i xd. 

The tables of this appendix are reproduced by courtesy of the Westinghouse Electric 
Company from the Westinghouse “Reference Book” (Ref. 18). More complete tables, 
and data for other types of conductors, will be found in that book. Tables showing the 
conductor component and the spacing component of reactance separately were first 
published by Wagner and Evans (Ref. 36), giving credit for the arrangement to W. A. 
Lewis (Ref. 16). 
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ELECTRIC TRANSMISSION LINES 


TABLE A3-1 


CHARACTERISTICS OF COPPER CONDUCTORS, 
HARD DRAWN, 97.3 PER CENT CONDUCTIVITY 


Size of 
conductor 

Number of strands 

Diam¬ 
eter of 
indi¬ 
vidual 
strands, 
inches 

Outside 

diam¬ 

eter, 

inches 

Ap¬ 

prox. 

current- 

carry¬ 

ing 

capac¬ 

ity* 

amp. 

ra, 

resistance 

ohms per conductor per mile 

ohms 

per 

mile 

Xa, 

meg¬ 

ohms 

per 

mile 

Circular 

mils 

GO 

•6 

W 

u 

o 

t 

25°C (77°F) 

50°C (122°F) 

D-c 

60 

cycles 

D-c 

60 

cycles 

60 

cycles 

60 

cycles 



m 

0 1644 

1 151 

1 300 

0 0585 

0 0634 

0 0640 

0 0685 

0 400 

0 0901 



37 

1560 

1 092 

1 220 

0650 

0695 

0711 

0752 

406 

0916 



37 

1470 

1 029 

1 130 

0731 

0772 

0800 

0837 

413 

0934 



37 

1424 

997 

1 090 

0780 

0818 

0853 

0888 

417 

0943 



37 

1375 

963 

1 040 

0836 

0871 

0914 

0947 

422 

0954 



37 

1273 

891 

940 

0975 

1006 

1066 

1095 

432 

0977 



37 

1162 

814 

840 

1170 

1196 

1280 

1303 

443 

1004 



19 

1622 

.811 

840 

1170 

1196 

1280 

1303 

445 

1005 

450 000 


19 

1539 

770 

780 

1300 

1323 

1422 

1443 

451 

1020 



19 

1451 

726 

730 

1462 

1484 

1600 

1619 

458 

1038 



19 

1357 

679 

670 

1671 

1690 

1828 

1845 

466 

1058 

350 000 


12 

1708 

710 

670 

1671 

1690 

1828 

1845 

460 

1044 



19 

1257 

629 

610 

1950 

1966 

213 

215 

476 

1080 



12 

1581 

657 

610 

1950 

1966 

213 

215 

470 

1068 

250 000 


19 

1147 

574 

540 

234 

235 

256 

257 

487 

1108 



12 

1443 

600 

540 

234 

235 

256 

257 

481 

1094 

211 600 

4/0 

19 

1055 

528 

480 

276 

278 

302 

303 

497 

1132 

211 600 

4/0 

12 

1328 

552 

490 

276 

278 

302 

303 

491 

1119 

211 600 


7 

1739 

522 

480 

276 

278 

302 

303 

503 

1136 

167 800 


12 

1183 

i 492 

420 

349 

350 

381 

382 

505 

1153 

167 800 

3/0 

7 

1548 

464 

420 

349 

350 

381 

382 

518 

1171 

133 100 

2/0 

7 

1379 

414 

360 

440 

440 

481 

481 

532 

1205 

105 500 

1/0 

7 

1228 

368 

310 

555 

555 

606 

607 

546 

1240 

83 690 

1 

7 

1093 

328 

270 

699 

699 

765 


560 

1274 

83 690 

1 

3 

1670 

360 

270 

692 

692 

757 


557 

1246 

66 370 

2 

7 

0974 

292 

230 

881 

882 

964 


574 

1308 

66 370 

2 

3 

1487 

320 

240 

873 


955 


571 

1281 

66 370 

2 

1 


258 

220 

864 


945 


581 

1345 

52 630 

3 

7 

0867 

260 

200 

1 112 


1 216 


588 

1343 

52 630 

3 

3 

1325 

285 

200 

1 101 


1 204 


585 

1315 

52 630 

3 

1 


229 

190 

1 090 

Y 

1 192 

X 

595 

1380 

41 740 

4 

3 

*1180 

254 

180 

1 388 

S 

1 518 

-d 

2 

599 

1349 

41 740 

4 

1 


204 

170 

1 374 

© 

1 503 

n 

2 

609 

1415 

33 100 

5 

3 

*1050 

226 

150 

1 750 

8 

1 914 

i 

613 

1384 

33 100 

5 

1 


1819 

140 

1 733 

02 

1 895 

03 

QQ 

623 

1449 

26 250 

6 

3 

0935 

201 

130 

2 21 


2 41 


628 

1419 

26 250 

6 

1 


1620 

120 

2 18 


2 39 


637 

1483 

20 820 

7 

1 


1443 

110 

2 75 


3 01 


651 

1517 

16 510 

8 

1 


1285 

90 

3 47 


3 80 


665 

1552 


♦For conductor at 75°C, air at 25°C, wind 1.4 miles per hour (2 feet per second); frequency « 60 cycles. 
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TABLE A3-2 

CHARACTERISTICS OF 
ALUMINUM CABLE STEEL REINFORCED* 


i 

Circular _ 

aluminum 

Steel 

Out- 

side- 

diam- 

eter, 

inches 

Approx. 

cur- 

rent- 

carry- 

ing 

capac- 

ityt 

amp. 

fa» 

resistance 

ohms per conductor per mile 

ohms 

mUe 

Vt 

meg¬ 

ohms 

per 

mile 

mils 

or 

AWG 
alu- \ 
minum i 

c 

if 

JS 

li 

£ 

Strand 
diam., inches 

25°C (77°F) 


D-c 

60 

cycles 

D-c 

60 

cycles 

60 

cycles 

60 

cyoles 

1 690 000 5 

4 3 

.1716 

19 


1 545 

1 380 

0 0587 

0.0591 

0 0646 

EXKH 

0.359 

0 0814 

1 610 600 6 

□E 

.1673 

19 

.1004 

■mms 

1 340 

.0618 

.0622 

.0680 

.0720 

.362 

.0821 

1 431 000 5 

4 3 

1628 

19 

0977 

1 465 

1 300 

0652 

0656 

.0718 

.0760 

.365 


1 351 000 S 

□E 

.1582 

19 

0949 

1.424 

1 250 

0691 

0695 

.0761 

.0803 

.369 

.0833 

1 272 000 5 

4 3 

.1535 

19 

\mm\ 

1 382 

1 200 

0734 

.0738 

.0808 

.0851 

.372 

.0847 

1 192 600 6 

at 

.1486 

19 

.0892 

1.338 

1 160 

.0783 

.0788 

.0862 

.0906 

.376 

.0857 

1 113 000 5 

4 3 

1436 

19 

0862 

1.293 

1 110 

0839 

.0844 

.0924 

.0969 

.380 

.0867 

1 033 500 5 

4 3 

1384 

7 

.1384 

1 246 

1 060 

.0903 

0909 

.0994 

.1035 

.385 

.0878 

954 000 5 

4 3 

.1329 

7 

1329 

1.196 

1 010 

0979 

0982 

.1078 

.1128 

.390 

.0890 

900 000 5 

4 3 

.1291 

7 

.1291 

1 162 

970 

104 

104 

.1145 

.1185 

.393 

.0898 

874 500 5 

4 3 

.1273 

7 

1273 

1 146 

950 

107 

.108 

.1178 

.1228 

.395 


795 000 5 

4 3 

.1214 

7 

.1214 

1.093 

900 

117 

.119 

.1288 

.1378 

.401 

.0917 

795 000 2 

6 2 

.1749 

7 

1360 

1.108 

900 

.117 

117 

.1288 

.1288 

.399 

.0912 

795 000 3 

0 3 

.1628 

19 

0977 

1 140 

910 

.117 

.117 

.1288 

.1288 

.393 

.0904 

715 500 5 

□KD 

.1151 

7 

1151 

BliMJ 

830 

.131 

132 

.1442 

.1482 

.407 

.0932 

715 500 2 

6 2 

.1659 

7 

1290 

1 051 

840 

.131 

.131 

.1442 

1442 

.405 

^niTivjTiV 

715 500 3 

mm 

.1544 

19 

0926 

1 081 

840 

131 

.131 

.1442 

1442 

.399 



m 

.1111 

7 

1111 


800 

.140 

.141 

.1541 

.1601 

.412 


HMjpH 1 

(I 


7 

E 


770 

.147 

.148 

.1618 

.1688 

.414 

.0950 


£ E 

.1564 

7 

1216 

1 .990 

780 

.147 

.147 

.1618 

.1618 

.412 

.0946 

BgjfiurSjj; 

SE 

.1456 

19 

.0874 

UilLl 

780 

147 

.147 

.1618 

.1618 

.406 

.0937 


r J1 

.1059 

7 

mum 

0 953 

750 

.154 

155 

.1695 1 

1775 

.417 

.0957 

k 

n E 

.1525 

7 

.1186 

966 

760 

.154 

154 

.1700 

.1720 

.415 

.0953 


| E 


7 

.1138 

.927 

730 

.168 

168 

.1849 

.1859 

.420 

.0965 


IP 

.1362 

7 

1362 

.953 

730 

.168 

.168 

.1849 

.1859 

.415 

.0957 

WJrjTrijj { 

8 E 

.1291 

7 

.1291 

.904 

690 

.187 

.187 

.206 


.421 

.0973 


fr e 

.1355 

7 

1054 

.858 

670 

.196 

.196 

.216 


.430 

.0988 

BjJJrril l 

5 e 

.1261 

7 

IFl 

.883 

670 

.196 

.196 

.216 


.424 

.0980 


u E 

.1236 

7 

Eli] 

.783 

590 

.235 


.259 

? 

.441 

.1015 

MIMi 

|E 

.1151 

7 

.1151 

.806 

600 

.235 

•S 

.259 

S 

.435 

.1006 


IP 

.1138 

7 

.0885 

.721 

530 

.278 

a 

.306 

m 

© 

.451 

.1039 


8 E 

.1059 

7 

1059 

.741 

530 

.278 

o 

.306 

I 

.445 

.1032 


a E 

Bmj 

7 

0835 

.680 

490 

.311 

q 

.342 

(D 

.458 

.1057 


5 E 

Hu: tin 

7 

lETTO] 

.700 

500 

.311 

m 

.342 


.452 

.1049 

KB 

IB 

.1013 

7 

.0788 

.642 

460 

.350 


.385 


.465 

.1074 


•Data courtesy of Aluminum Company of America. 

t For conductor at 75°C, air at 25°C, wind 1.4 miles per hour (2 feet per seoond); frequency - 60 cycles. 
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TABLE A3-3 

INDUCTIVE REACTANCE SPACING FACTOR (x d ) 

Ohms per Conductor per Mile 

Fundamental equations: 

Z\ - = r. + i(*« + %i) and z 0 = r a + r. + j(x a + x. - 2x d ) 

Table gives x d at 60 cycles; x d = 0.2794 logi 0 d; d = separation, feet 

Separation 


3015 

0097 

0891 

1366 

1707 

1973 

2191 

2376 

- 2174 
0187 
0938 
1399 
1732 
1993 
2207 
2390 

- 1682 
0271 
0984 
1430 
1756 
2012 
2224 
2404 

- 1333 
0349 
1028 
1461 
1779 
2031 
2240 
2418 

- 1062 
0423 
1071 
1491 
1802 
2050 
2256 
2431 

- 0841 - 0654 
0492 0558 

1112 1152 

1520 1549 

1825 1847 

2069 2087 

2271 2287 

2445 2458 

- 0492 
0620 
1190 
1577 
1869 
2105 
2302 
2472 

- 0349 
0679 
1227 
1604 
1891 
2123 
2317 
2485 

- 0221 
0735 
1264 
1631 
1912 
2140 
2332 
2498 

- 0106 
0789 
1299 
i657 
1933 
2157 
2347 
2511 












TABLE A3-4 

ZERO-SEQUENCE RESISTANCE AND INDUCTIVE 
REACTANCE FACTORS (r„ x.)* 

Ohms per Conductor per Mile 


*From formulas: r, - 0.004764/ x, - 0.006985/ login 4,665,600 J 
where/ » frequency andp » resistivity (meter-ohm). 


t This is an average which may be used in the absenoe of definite information. 
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TABLE A3-5 

SHUNT CAPACITIVE REACTANCE SPACING FACTOR (*/) 
Megohms per Conductor per Mile 

Fundamental equations: 

Xi = x 2 ' = Xa + xj and Xo' = xj + x,' — 2x d ' 

Table gives x/ at 60 cycles; x d = 0.06831 logi 0 d; d = separation, feet 

Separation 



frequency. 
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A 

ABCD constants, 274 
Active power, 266 
Admittance, 6, 8 
Aluminum cable, 425 
steel reinforced, 114 

“American Standard Definitions of Elec¬ 
trical Terms,” 229n, 257 n. 

American Standards Association, 428 
American Telephone and Telegraph Com¬ 
pany, 207n. 

Amplification, maximum per repeater, 221 
Amplitude distortion, 183n. 

Annealed copper, 136 
Approximations at high frequency, 302 
Artificial line, 168 
with distributed constants, 179 
justification of, 174 
Artificial-line formulas, 175 
Assumptions, basic, 9 
Attenuation, 83, 186 
in filter, 234 

frequency of infinite, 239 
large, 87 
minimum, 312 
radio-frequency, 305, 310 
reactive, 227, 373 
resistive, 374 

Attenuation band, 230, 260 
Attenuation constant, 12, 73, 80 
image, 229n. 

B 

B (parameter), 55, 73 
Babble, 213 

Balance of networks, 263 
Balanced lines, 93 
Band-pass filters, 248 
design of, 251, 252 

Bands, transmission and attenuation, 230, 
260 

Beads, supporting, 323 


Bel, 186 

Bessel, Friedrich Wilhelm, 151n. 

Bessel function, 151 

Bewley, L. V., 405n., 428 

Bingham, L. A., 429 

Bode, H. W., 262 

Booker, H. G., 373n., 379n., 428 

Bridged-T network, 210 

Bush, Vannevar, 410n., 428 

C 

Cable, coaxial, 182 
stranded, 114 
Cable circuit, 203 
typical, 78 

Calculating board, 270 
Capacitance, 7, 8, 126 
exact formula, 129 
to ground, 94 
mutual, 133 
to neutral, 132 
three-phase, 130 
Capacitive reactance, 427 
Capacity, current-carrying, 266 
Carrier-current transmission, 181 
Carrier-system, J, K, and L, 220 
Type i, 182, 219 
Carroll, J. S., 297n., 298n. 

Cascade, 230n. 

Characteristic impedance, 12, 79, 82, 
2297i., 394 
filter, 235 

of radio-frequency lines, 303 
termination, 23, 44, 185 
Chart, of complex functions, 61, 70 
of impedance, 337 
of power transmission, 266, 273, 291 
of skin-effect, 156 
Smith, 35 

Circle diagram, construction of, 284 
receiving-end, 282 
sending-end, 283 
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Circle diagrams and charts, 266, 296 
Circular mil, 137 
Coaxial line, 3, 182, 302 
double, 302 
Compandor, 222 

Complex functions, chart of, 61, 70, 337 
Complex impedance plane, 33 
Complex-quantity notation, 5n. 
Composite filters, 237, 241 
Conductance, 7, 8 
Conductivity, 138 
Conductor, copper, 267, 424 
Conductor component, 423 
Cone, D. I., 219 n. 

Conjugate relationship, 63 
Constant-/: filters, 233 
Constants, distributed, 1 
experimental determination of, 162 
general circuit, 266, 274 
of transmission lines, 279 
line, 96 

Copper, annealed, 136 
hard-drawn, 136 
Copper conductor, 115, 267 
segmental, 116, 424 
Copper wire, hardness of, 138 
Corona loss, 160, 297 
Correction factor, 173, 174 
Cosine, 50, 55 
chart of, 62, 65, 68 
hyperbolic, 57 
table of, 415 
Coupling to guides, 384 
Crosstalk, 94, 213 
Crude line, 169 

Current, density of, 98, 146, 152 
distribution of, 85 
division of, 107 
Cutoff, sharpness of, 240 
Cutoff frequency, of loaded line, 208 
of wave guide, 367 
Cylindrical guides, 387 

D 

Dahl, O. G. C., 295n., 428 
db, 187 
dbm, 187 

Decibels, 76n., 186 
power ratio in, 189 

“Definitions of Electrical Terms, Ameri¬ 
can Standard,” 229n., 257n. 


Degrees, 51 

Delay distortion, 183n., 212 
Density, current, 98 
Depth of penetration, effective, 306 
equivalent, 150 
Design, filter, 245 

band-pass, 251, 252 
example of, 254 
high-pass, 247 
lattice, 261 
low-pass, 246 

Diagrams and charts, circle, 266, 296 
Dicke, R. H., 428 
Dielectric, power factor of, 161 
Dielectric constant, complex, 161n. 

values of, 309n. 

Dielectric hysteresis, 160 
Dielectric loss, 309 
Differential equations, 3, 391 
validity of, 128 
Diffusion, 147n. 

Direct-current transmission, 82 
Directional coupler, 336 
one-hole, 337 

Discontinuities, susceptance at, 356 
Displacement current, 363 
Dissipation factor, 309n. 

Distance, to fault, 218 
between repeater stations, 213 
Distortion, amplitude, 183n. 
delay, 183n., 212 
frequency, 183 
nonlinear, 183n. 
of traveling wave, 409 
Distortionless line, 199, 407 
Distributed constants, 1 
Distribution, current, 85 
voltage, 85 

Division of current, 107 
Double conductor line, 135 
Double-stub tuner, 350 
Dykes, P. de K., 297n., 410n., 414 

E 

Echo, 184, 222 
Effective reactance, 109 
Effective resistance, 109, 148, 150 
Emde, F., 67n., 90n., 260n., 34 In., 428 
Envelopes of voltage and current distribu¬ 
tion, 86 

Equalizers, time-delay, 184 
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Equalising networks, 209 
Equations, differential, 3 
validity of, 128 
sending-end, 49 
trigonometric, 48 
Equivalent line, 90 
Equivalent n or T network, 270 
Equivalent spacing, 121, 126 
Euler’s formula, 13n. 

Evanescent field forms, 386 
Evans, R. D., 117n., 119n., 291n., 429 
Everitt, W. L., 428 

Expanded transmission-line equation, 59, 
60 

Expansion of trigonometric functions, 58 
Experimental determination of constants, 
162 

Exponential function, 51 
table of, 420 
Exponential solution, 10 
External inductance, 129 

F 

Fault, distance to, 218 
Federal Telephone and Radio Corporation, 
429 

Ferranti effect, 42 
Field, magnetic, 96 
Field impedance, 379 
Filter, 224 
as artificial line, 228 
attenuation in, 234 
band-pass, 248 
design of, 251, 252 
characteristic impedance of, 235 
composite, 237, 241 
constant-A;, 233 
design of (see Design, filter) 
graphic analysis of, 232 
Hewlett-Packard, 357 
high-pass, 247 
ideal, 224 

imperfect termination of, 256 
inverse-network, 231 
lattice, 258 
design of, 261 
loss in, 240, 258 
low-pass, 246 
matching section, 241 
Filter notation, 228 


Flat line, 45 > 

Flux linkages, magnetic, 99 
in multiconductor systems, 103 
partial, 99, 158 
Formulas, artificial line, 175 
Foster’s reactance theorem, 262 
Four-wire line, 106, 107 
Fowler, C. V., 219n. 

Franklin, W. S., 428 
Frequency, functions of, 48 
of infinite attenuation, 239 
ranges used for telephone, 181 
voice, 181 

Frequency distortion, 183 
Functions, evaluation of inverse, 176 
trigonometric, 50 

G 

General circuit constants, 266, 274 
of transmission lines, 279 
Generator impedance, 93 
Geometric mean distance (GMD), 110- 
112, 118 

Geometric mean radius (GMR), 1L2, 118 
Graphic analysis of filters, 232 
Graphical representation, 46 
Ground, 133 
capacitance to, 94 
Group velocity, 371 
Guide impedance, 378 
Guides, wave, 362 
Guillemin, E. A., 428 

H 

H network, 263 
Half sections, terminal, 241 
image impedance of, 243 
Half-wave trap, 325 
Hard-drawn copper, 136 
Hardness of copper wire, 138 
Hewlett-Packard filter, 357 
High frequency, approximations at, 502 
High-pass filters, design of, 247 
Hoover Dam power line, 267 
Hybrid coil, 214 

Hyperbolic functions, complex, 59 
real, 56 
table of, 420 
Hypothetical line, 91 
Hysteresis, dielectric, 160 



434 


INDEX 


I 

Image attenuation constant, 229n. 
Image impedance, 229n., 235 
of half sections, 243 
Image phase constant, 229n. 
Impedance, 4, 8, 49, 88 
characteristic, 12, 79, 82, 229n., 394 
of filter, 235 

of radio-frequency lines, 303 
field, 379 
generator, 93 
guide, 378 
image, 229n., 235 
of half sections, 243 
input, 32, 327 
maximum, 319 
intrinsic, 379 
measurement of, 334, 346 
to neutral, 76n. 
normalized, 378 
at resonance, 316 
surge, 394 
wave, 379 

Impedance charts, 337 
Impedance matching, 191w., 330 
by network, 194 
by stub line, 349 
by tapered line, 355 
by transformer, 193 
Impedance-matching devices, 352 
Impedance plane, complex, 33 
Imperfect termination of filter, 256 
Incident wave, 14, 18 
Inductance, 4, 8, 96, 99 
external, 129 
internal, 157 

of multi conductor systems, 112, 113 

mutual, 122, 133 

to neutral, 102 

tables, 124 

three-phase, 119 

Inductance ratio, skin-effect, 157 

Inductive interference, 123 

Inductive reactance, 426 

Infinite attenuation, frequency of, 239 

Infinite line, 87 

Infinite series, 51 

Input impedance, 32, 327 

Insertion loss, 257n. 

Instantaneous voltage, 14n. 


Insulation loss, 159 
Interference, inductive, 123 
Internal inductance, 157 
Internal reactance, 157 
Intrinsic impedance, 379 
Inverse elements, 211 
Inverse functions, evaluation of, 176 
notation of, I76n. 

Inverse-network filters, 231 
Inverse tangent, 163n. 

Ionization, 297n. 

Iron and steel wires, 159 
Irregularities, location of, 217 
wave guide, 382 

J 

Janke, E., 67n., 90n., 260n., 341n., 428 
Junctions, 92, 403 

K 

K 99 value of, 159 

Kennelly, A. E., 70w., 90n., 178n., 273, 428 
Kimbark, E. W., 428 
King, R. W. R, 428 

L 

Ladder network, 169 
Large attenuation, 87 
Lattice filters, 258 
design of, 261 
Lewis, W. A., 423, 428 
Light, velocity of, 38, 130 
Lightning, 297n. 

Line, artificial, 168 
coaxial, 302 
distortionless, 199, 407 
infinite, 87 

loaded {see Loaded lines) 
with loss, 54 
lossless, 38 
low-loss, 37, 52 
open-circuited, 17, 41 
open-wire, 203 
as reactive element, 326 
as resonant element, 313 
short-circuited, 22, 43 
short length of, 23 
single-wire, 378 
tapered (see Tapered line) 
telephone (see Telephone line) 
transmission, 2 
slotted, 335 
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Line parameters, 72 
Load, impedance, 30 
reactive, 29, 91 
resistive, 28 

Loaded lines, computation of, 205 
cutoff frequency of, 208 
Loading, continuous, 202 
Loading coils, 202 
Location of irregularities, 217 
Loci, voltage and current, 22, 29 
Loss, corona, 160, 297 
dielectric, 309 
in filter, 240, 258 
insertion, 257n. 
insulation, 159 
lines with, 54 
power-line, 295 
Loss factor, 16In. 

Loss tangent, 161n. 

Lossless line, 38 

Low-frequency approximation, 81 
Low-loss lines, 37, 52 
Low-pass filters, design of, 246 
Lumped elements, 7 
justification of, 174 

M 

m-derived section, 238 
Magnetic field, 96 
Magnetic flux linkages, 99 
Magnetomotive force, 97 
Matching, impedance, 191n., 193,194, 330 
Matching network, design equations, L, 
196 

T and n, 199 

Matching section, filter, 241 
Matrices, 274n., 278n. 

Maximum input impedance, 319 
Maximum power transfer, 190 
Maxwell, J. C., 11 In., 127n., 363n., 428 
Meinke, H. H., 357n. 

Metals, table of resistivity, 138 
Microwave radio-relay systems, 221 
Mimno, H. R., 428 
Minimum attenuation, 312 
Modes of transmission, 377 
Montgomery, C. G., 428 
Moreno, T., 309n., 325n., 429 
Mutual capacitance, 133 
Mutual inductance, 122, 133 


* N 

Nepers, 76n., 186 
Network, balance of, 263 
equalizing, 209 
equivalent n or T, 270 
impedance-matching, 194 
matching (see Matching network) 
Network analyzer, 270 
Neutral, capacitance to, 132 
inductance to, 102 
Nodal points, 52 
Noise, 213 

Nonlinear distortion, 183n. 

Normalized impedance, 378 
Norris, F. W., 429 
Notation, filter, 228 
inverse function, 176n. 

O 

Obstacles, reactive, 383 
Open-circuit impedance, 170 
Open-circuited line, 17, 41 
Open-wire line, characteristics of, 203 
photograph of, 219 
Optimum dimensions, 311 

P 

Pads, 212 

Parallel-strip transmission line, 364 
Parameters, line, 72 
Partial flux linkages, 99, 158 
Pass band, 231, 260 
Patch cord, 335 
Peek, F. W., 297 n. 

Penetration, effective depth of, 150, 306 
Permeability, 99 
Phantom circuit, 216 
Phase constant, 12, 73, 80 
image, 229n. 

Phase velocity, 370 
Plunger, sliding, 325 
Potential, 126 
Power, active, 266 
reactive, 266 
(See also Reactive power) 

Power factor of dielectric, 161 
values of, 162, 309n. 

Power-level diagram, 187 
Power levels, 221 
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Power line, 266 
Hoover Dam, 267 
typical, 75 

Power ratio in decibels, 189 
Power transfer, maximum, 190 
Power transmission line, 114 
Practice, American telephone, 219 
Propagation constant, 12, 73 
Prototype section, 238 
Proximity effect, 307 
Purcell, E. M., 428 

Q 

Quad, 217 

Quality factor, Q, 31 In., 314 
Quarter-wavelength line, 313, 326 

R 

Radar, 169, 179 
Radian, 51 
Radiation, 329 

Radiation Laboratory Series, 428, 429 
Radio-frequency lines, 302 
Radio links, 221 

Radio-relay systems, microwave, 221 
Radio Research Laboratory, 429 
Ragan, G. L., 429 
Ramo, S., 128n., 429 
Rathsman, B. G., 135 
Ratio, signal-to-noise, 213 
Ratioing, 291 

Rayleigh approximation, 150 
Reactance, 4 
capacitive, 427 
effective, 109 
Foster’s theorem of, 262 
inductive, 426 
internal, 157 
tables of, 125, 423 
Reactive attenuation, 227, 373 
Reactive elements, lines as, 326 
Reactive load, 91 
Reactive obstacles, 383 
Reactive power, 266, 268n., 270n., 282n., 
285n., 286n. 
circulation of, 269 
Receiving-end circle diagram, 282 
Rectangular conductor, 119 
Rectangular impedance chart, 337 
Rectangular wave guide, 365 
Reed, H. R., 429 
References, 428 


Reflected wave, 14, 18 
Reflection, 24 
at junction, 404 
repeated, 404 

from terminal capacitance, 403 
from terminal resistance, 398 
of waves, 395 

Reflection factor (or coefficient), 26, 333 
Reich, H. J., 309n., 429 
Repeated reflections, 404 
Repeater, telephone, 199n. 

Repeater stations, distance between, 213 
Repeating coil, 193 
Resistance, 4, 8, 136 
effective, 109, 148, 150 
tables of, 423 

Resistance ratio, skin-effect, 153, 155 
Resistive attenuation, 374 
Resistivity, 136, 306 
of metals, table, 138 
surface, 150 

Resonance, impedance at, 316 
Resonance curve, 315 
Resonant elements, lines as, 313 
Resonant voltage rise, 319 
Rockwell, M. M., 298n. 

Rusck, A., 135 
Ryan, H. J., 297n. 

Rybner, J., 178n., 429 

S 

Schelkunoff, S. A., 379n., 429 
Screw, tuning, 384 
Section, m-derived, 238 
Segmental copper conductor, 116 
Sels, H. K., 291n. 

Sending-end circle diagram, 283 
Sending-end equations, 49 
Series, infinite, 51 
Shielding, 213 
Short circuit, types of, 321 
Short-circuit impedance, 170 
Short-circuited line, 22, 43 
Short-circuiting devices, 324 
Short length of line, 23 
Signal-to-noise ratio, 213 
Sine, 50, 55 
chart of, 64, 65, 68 
hyperbolic, 57 
table of, 415 
Singing, 214 
Single-wire line, 378 
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Skilling, H. H., 5»., 97n., 297n., 363n., 
410»., 414, 429 
Skin depth, 150, 306 
Skin effect, 139, 376 
chart of, 156 
at plane surface, 143 
in round wire, 142 
Skin-effect inductance ratio, 157 
Skin-effect resistance ratio, 153, 155 
Slater, J. C., 341n., 353n., 429 
Sleeves, 352 
Sliding plunger, 325 
Slotted transmission line, 335 
Slugs, 352 
Smith, P. H., 343n. 

Smith chart, 35, 342, 347 
Spacing, equivalent, 121, 126 
Spacing component, 423 
Speed of wave travel, 410 
Sperry Gyroscope Company, 428 
Square network, 263 

Standards Association, American, 229n., 
257n., 428 

Standing wave, 39, 54 
Standing-wave ratio, 331 
Steady state, transition to, 411 
Steinmetz, C. P., 297n. 

Stop band, 231, 260 
Stranded cable, 114 
GMR of, 117 
Stub line, 331 

impedance matching by, 349 
Stub timing, 335 
supporting, 322 
Supporting beads, 323 
Supporting stub, 322 
Surface resistance, 376 
Surface resistivity, 150 
Surge impedance, 394 
Susceptance, 7, 132 
at discontinuities, 356 
sign of, 348n. 
wave-guide, 383 

Symmetrical components, 119, 133n. 

T 

Tables, artificial line formulas, 175 
characteristic impedance of lines, 303 
for complex sine and cosine chart, 69 
cosines, circular, 415 
hyperbolic, 420 
decibels, 189 


dielectric Constant and loss, 309 r 
dissipation factor, 309 
exponentials, 420 

filter-design formulas, 246,247,251, 252 
functions, trigonometric (inside back 
cover) 

general circuit constants, n and T net¬ 
works, 277 

transmission line, 270 
GMR, of stranded cable, 117 
of tubular conductor, 119 
hardness of copper wire, 138 
inductance, 125 
inverse elements, 211 
power factor, 309 
proximity factor, 308 
reactance, power-line, capacitive, 427 
inductive, 423 

reactive power produced or consumed, 
268 

references, 428 

resistivity of metals, 138, 306 
sines, circular, 415 
hyperbolic, 420 

of sines and cosines for radian argu¬ 
ments, 429 
skin effect, 154 
tangents, circular, 415 
hyperbolic, 420 

telephone circuits, characteristics of, 203 
frequencies used, 181 
transmission-line formulas (;inside front 
cover) 

wave-guide formulas, 370, 371 
Tangent, inverse, 163n. 

table of, 415 
Tapered line, 353 
impedance matching by, 355 
TE mode, 377, 381 
Telegraph systems, 221 
Telephone, frequency ranges used for, 181 
Telephone circuits, characteristics of, 203 
Telephone line, 11, 181 
open-wire, 219 
typical, 74 
Television, 169 
Television transmission, 221 
TEM mode, 377 
Temperature, 138 

Terman, F. E., 189n., 199n., 245n., 250n., 
309n., 384, 428, 429 
Terminal half-sections, 241 
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Termination, of filter, imperfect, 256 
of wave guide, 380, 382 
Three-phase capacitance, 130 
Three-phase inductance, 119 
Three-phase line, 423 
Tien, P.-K., 91w. 

TM mode, 377, 381 
Townsend, J. S., 297n. 

Transfer constant 7 , 229n. 

Transient phenomena, 390 
Transition to steady state, 411 
Transmission band, 230, 260 
Transmission-line equation, expanded, 59 
60 

Transposition, 109, 121 
Trap, half-wave, 325 
Traveling wave, 13, 17, 297n., 390 
on artificial lines, 179 
distortion of, 409 
Trigonometric equations, 39, 48 
Trigonometric functions, 50 
of complex variables, 55 
expansion of, 58 
Triple-stub tuners, 351 
Tubular conductor, GMR of, 119 
Tuning screw, 384 
Tuning stub, 335 
Typical cable circuit, 78 
Typical power line, 75 
Typical telephone line, 74 

V 

Vector diagram of transmission line, 281 
Velocity, 15,38, 74,129,164,305,392, 410 
group, 371 
of light, 38, 130 
phase, 370 


Video signal, 221 
Voice frequencies, 181 
Voltage distribution, 85 
Voltage rise, resonant, 319 

W 

Wagner, C. F., 117n., 119»., 429 
Ware, L. A., 429 
Wave, incident, 14 
reflected, 14 
standing, 39, 54 
traveling, 13, 390 
Wave equation, 393 
Wave filter, 224 

Wave guide, as filter, circular, 363 
rectangular, 365 
hollow, 362 
irregularities of, 382 
parameters of, 371 
practical dimensions of, 386 
rectangular, 365 
termination of, 380, 382 
Wave-guide formulas, 370 
Wave-guide susceptances, 383 
Wave impedance, 379 
Wavelength, 15, 38, 305 
Westinghouse Electric and Manufacturing 
Company, 428 
Whinnery, J. R., 128n., 429 
Windows, 383 
Wing, A. H., 428 

Woodruff, L. F., 105n., 115n., 273, 295n., 
410w., 429 

Z 

Zero sequence reactance, 426, 427 
Zobel, Otto J., 250n. 





